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PREFACE

The theory of space lattices and their symmetry properties and the
theory of x-ray diffraction in erystals form the subject matter of this
book. These are the fundamental theories of crystal structure with
which the serious student of the field must be thoroughly familiar. I
undertook to write this book because, in my opinion, none of the avail-
able books on crystal structure gives an adequate treatment of these
basic theories.

This book is to a considerable extent based upon the notes for a
lecture course on crystal structure which I have given periodically for
graduate students of physics and chemistry at this University. I have
tried to give a logical presentation of both the theory of crystal sym-
metry and the theory of x-ray diffraction in erystals. The treatment
of some topics is as a consequence radically different from that used
elsewhere, and a considerable fraction of the material presented in this
book represents the results of original researches. Indeed, the modest
size of the book is not a fair measure of the time I have spent on it.

Dr. R. E. Platzman kindly volunteered to read the entire manu-
script and made many helpful suggestions for improvements in style.

W. H. ZACHARIASEN

Universrry o CHICAGO

September 8, 1944
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EXPLANATION OF SYMBOLS
The scheme of notation used in this book is briefly the following:

Dyadics (Tensors)

Symbols for dyadics are printed in bold-face type. Examples:
n, %, 3.

A heavy bar printed over a bold-face character represents a negative
dyadic. Example: i = —n.

Vectors
The symbol for a veetor is a heavy bar over a character which is not
printed in bold-face type. Examples: 4, @, .

Scalars
A symbol which is printed neither in bold-face type nor with a heavy
bar over the character represents a scalar quantity.

Because of war restrictions it has not proved possible to attain com-
plete uniformity in the weight and length of the “ vector ”’ bars. How-
ever, there is a marked difference between the * vector ”” bars and the
much lighter * average ’ bars which are used to represent mean values.
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CHAPTER I
THE NATURE OF CRYSTALS
1. THE MACROSCOPIC CONCEPT OF A CRYSTAL

The term crystal is used to designate a class of solids exhibiting certain
characteristic properties; its meaning has been subject to revision and
augmentation from time to time as new experimental methods have been
developed and further properties made observable. The submicro-
scopic domain became accessible to physical observations in 1912 through
von Laue’s discovery, and the modern concept of a crystal is based
directly upon the characteristic internal structure as it is revealed by
x-ray diffraction experiments, whereas in earlier days the classification
of solids into crystalline and non-crystalline matter rested upon proper-
ties which we now consider less fundamental. The development of
crystal structure theory prior to the Laue experiment forms the subject
of the first two chapters, and it is accordingly proper to start with an
older concept of a crystal rather than with the one now commonly
accepted. A hundred years ago a crystal was characterized in terms of
its external geometrical form. Towards the end of the last century this
geometrical picture of a crystal was replaced by another based upon
physical properties, and we may conveniently begin with this late
nineteenth century concept.

The experimental physicist of the nineteenth century had to rely on
observations of comparatively limited resolving power. Thus, if Q(F)
represents a physical property of a material medium as a funetion of

) Qdv
position, only average values @ = NG

thousands of atoms can be directly measured. We shall call observa-
tions of this type macroscopic observations, and the corresponding crys-
tal will be referred to as the macroscopic crystal.

The macroscopic crystal may be described as a homogencous and an-
isotropic solid medium. Homogeneity implies that the physical proper-
ties are the same for every volume element in the solid. In a real
crystal there will certainly be some change in the physical properties as
the surface is approached, and in order to avoid difficulties of this sort
it is useful to imagine the crystal medium to have unlimited extension

1

over volumes AV containing
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in space. This formal procedure merely implies that only properties
independent of the actual size of the crystal are to be considered, and
homogeneity may then be conveniently defined as the invariance of all
physical properties under any translation, i.e.,

QF) =QF + 1) [1-1)

for any translation Z, It is clear that the quantities & must reduce to
constants if they are to be independent of position; but it is important
to note that the functions Q are not necessarily scalar functions, so that a
quantity © may be a constant scalar, a constant vector, or a constant
tensor of second or higher order, depending upon the nature of the
physical property which the function Q represents.

Just as homogeneity is defined as invariance under any translation, so
isotropy may be defined as invariance under any rotation. The aniso-
tropic nature of the macroscopic crystal is not to be interpreted as a
purely negative statement that the properties are not invariant under
any rotation. Measurements show, rather, that the variation of the
physical properties with direction is of orderly nature and may be
expressed by means of analytic functions which involve a small number
of constants. Examples of properties which may depend upon direction
are the dielectric constant, the coefficient of thermal expansion, and the
thermal and electrical conductivities. Certain properties, like density
and temperature, are always independent of orientation by virtue of
their scalar nature.

In contrast with vitreous substances a crystal has a sharp melting
point, and the chemical composition may as a rule be expressed in the
form of a definite chemical formula. These are additional important
features which in no way follow directly from the homogeneous and ani-
sotropic character of macroscopic crystals.

2. CRYSTAL FACES

Crystals are usually formed from the molten or vapor state or from
solutions. When formed in an unconfined space, they usually are
bounded by plane surfaces which are called crystal faces. It is to be
clearly understood that the actual presence or absence of crystal faces
need not be regarded as essential. The faces may be accidentally or
intentionally destroyed, but the substance does not thereby cease to be
a crystal, since we have adopted the viewpoint that the term crystal
applies to the physical properties of volume elements rather than to
the geometrical properties of the surface. The potential ability of all
crystals to develop crystal faces under proper conditions of growth is,
however, a characteristic and important property, and the study of the
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relative orientation of the crystal faces has played a decisive role in the
development of crystallography.

The appearance of different individuals of the same kind of crystals
may vary considerably with the conditions of growth, but it is found that
the angle between corresponding faces remains constant. (The inter-
facial angles may vary with the temperature since the thermal expansion
is anisotropic.) Accordingly the relative orientations of the crystal
faces are characteristic properties while the external form as such is not.
The orientations of the erystal faces may be represented by the collec-
tion of their unit normals. These may be drawn from any point in the
interior. After the unit normals have been obtained, we are no longer
concerned with the boundary of the finite crystal and may conveniently
imagine the surface receding to infinity.

The crystal faces will be expressed analytically in terms of a suitably
chosen coordinate system. Let the coordinate axes, X;, X,, X3, be
chosen parallel to three prominent crystal edges not all lying in a plane.
In the general case three mutually orthogonal edges do not occur so
that the coordinate system is oblique, i.e., the three axial angles,
a1 (% X2X3), aa(X. X3X,), az(¥ X1X3), are in general different from
7/2 and from one another. It is convenient to operate with different
unit lengths along the three coordinate axes. The unit lengths will be
denoted by ay, as, as, or by &, &z, &3 when their directions are also to be
indicated.

The equation of a crystal face in such a coordipate system is

hﬂ:] -+ hzxz + haxa -k=0 [1-2]

where z,; i8 measured in units a,, , in units as, and 23 in units az. As
long as we are interested only in the orientation of the crystal face, the
constant % is of no consequence, and only the ratios A; : ks : A3 and
ay : a3 : ag need be considered. The triplet hihohg, or rather the ratios
hy : kg @ kg, are called the indices of the face. From Equation 1.2 it is
seen that the indices are proportional to the reciprocal intercepts of the
crystal face on the three coordinate axes, the intercepts being measured
in their respective units a,, a,, az.

It was agreed to choose the coordinate axes along three edges not all
lying in a plane, but to specify the coordinate system, the units a;, a,, a3,
or rather their ratios, must also be known. These units may be chosen
in the following manner, A prominent crystal face is selected which
cuts all three of the previously chosen coordinate axes. None of the
three indices of the plane may then be zero, and we shall arbitrarily
assume that the three indices of this crystal face are all equal, i.e.,
hy:hs:hg =1:1:1, Thelengths of the intercepts of this face on the
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three coordinate axes are then proportional to the units ay, as, a3. Once
a coordinate system has been chosen in this manner the equations of all
other faces which occur on the crystal may be found from angle measure-
ments, and the orientations of these faces may be uniquely specified by
giving the ratios Ay : ha ¢ ha.

8. THE LAW OF RATIONAL INDICES

When the procedure outlined in the preceding section is followed, it is
found that the indices hy, ks, ha of any crystal face are proportional to
three small integers. This remarkable empirical law is referred to as
the law of rational indices, and it is supported by accurate measurements
made upon thousands of erystals. The law was first properly formu-
lated by F. Neumann in 1823,! but Renée Haliy probably discovered it
some forty years earlier.

It needs to be pointed out that the law of rational indices does not
hold if the coordinate system is chosen in an arbitrary way. On the
other hand, one must not be misled to believe that the law is valid only
in a reference frame which is sclected in accordance with the rules
suggested in section 2. The important point to be emphasized at this
stage is simply that we have at our disposal a method of choosing at
least one coordinate system in which the indices of any crystal face are
represented by small integers. A more detailed discussion will be found
in section 6 of this chapter.

As a consequence of the law of rational indices there arises the possi-
bility of expressing the orientations of the various faces of a crystal by
sets of three integers, called Miller indices. It is customary to enclose
the Miller indices in parentheses to avoid possible confusion, while
negative signs are indicated by bars over the indices, e.g., (403),(6-1- 10).
It may, of course, be assumed that the three Miller indices have no
common integral factor.

4. RECIPROCAL VECTORS

Since we are concerned only with the orientation of the crystal faces,
it is useful to operate directly with the face normals. The coordinate
system may be described by means of the three vectors a;, 3z, 33 which
are parallel to the three coordinate axes; we wish to express the unit
normals in this reference frame.

Imagine the plane in Fig. 1-1 to represent a crystal face with Miller
indices (kyhohz). The unit normal, which is to be drawn from an
interior point towards the face, is denoted by fis,a., or, in abbreviated

1 F, Neumann, Beilrdge zur Kristallonomie, Berlin and Posen, 1823.
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form, #y. The vector intercepts of the crystal face on the three coordi-
nate axes are proportional to &,/k,, 83/hs, and 83/k3. The normal 4, is
perpendicular to the two vectors @z/hy — 8;/h; and 83/hs — 8,/hy and

Fia. 1-1.

hence it is parallel to their vector product multiplied with the scalar
normalization factor hyhohs/(8,82h3). One finds readily

B -
= ml'—:l » Bn = hyby + hoby + habs [1-3)
where
8y x 8y _ @gx g 8y * 8y

T @) T @) T (@idels)
The symbol (,3,83) is used for the triple scalar product, which repre-
sents the volume of a parallelopiped with edges ,, a5, and ds.

The vectors by, by, b3 as defined by the relations (1-4) have interesting
properties.? They are called the set of vectors reciprocal to &;, 8,, a3,
since the scalar products a; - b; satisfy the conditions

(1-4]

=0 if j=k
a,.B,‘_a,,,Ll it j=k [1-5)
One verifies readily that
(318283) (b,15,85) = 1 (1-6]

% For a more detailed discussion see p. 81 in Gibbs-Wilson, Veclor Analysis, Yale
University Press, 1901.
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It is furthermore easily shown that

_ by = by _ bgxb, by = by
=G 2T Ghh BT GEEy MY

meaning that the two sets of vectors are mutually reciprocal. The
angles between the vectors by, by, b3 will be given the symbols
B1(% b2ba), Ba(% bsby), and Bs(X. b1ba). With the aid of the definitions
(1-4) the angles a;, aa, a3 may be expressed in terms of the angles g,
B3, B3, and vice versa. These relations are of the form

¢o8 fiz cos 83 — ¢os B
008 a1 gin B, sin B3 [1-8a]
c0s B, = cos ag. cos a? - €08 oy [1:8b]
sin ag sin ag

We also list several useful expressions for the volume V = (2,3,8;),
namely,
8,-8, 8;-8s day-383 %
G2-0) 8283 82-3,
3-8y 83-8; 83-33

V= {1-0a)

V = ajaza3(1 -+ 2 cos a; 08 aa €OS a3
— cos®a; — cos® ag — cos® ag)’®  [1-0B)

V! = bybabs(1 4 2 cos 8y cos B2 cos f3
— cos? By — cos? Bz — cos? B3)*  [19¢]

The representation 1-3 of the unit normals is of great convenience in
crystallographic calculations as well as for other purposes, and the con-
cept of reciprocal vectors will be used extensively throughout this book.

6. CRYSTAL EDGES. THE ZONE CONCEPT

Let & be a unit vector parallel to an edge which is defined as the
interseotion line of two faces (hikshs) and (R{R2h3). The vector @ is
then parallel to the vector product Bjx By multiplied by the scalar
factor V = (bybsbs)™!. Using Equations 1-7 one finds

ﬂ—ﬁ A1 =43, + Ls + L3

;'ih'l ’3| ﬁl

[1-10]

l=h2h3
M
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The quantities I, &, I3 may logically be called the indices of the edge.
According to the law of rational indices hy, hs, k3 and ki, h3, h} are inte-
gers, and hence I, Iy, I; are also integers. It is thus immaterial whether
the law of rational indices applies to face indices (hihoha) or to edge
indices [Lilols]. (We shall adopt the rule of enclosing edge indices in
brackets in order to distinguish them from face indices which are given
in parentheses.) Asshown by the representations 1-3 and 1-10 there is
a close analogy between face normals and edges. An expression of the
form By = hyby + haba + habs, where hy, ha, hg are any three integers,
is said to represent a possible crystal face, while the analogous expression,
Ay = U3, + Ly + Las with Iy, L, and I; integers, represents a possible
crystal edge.

All crystal faces which are parallel to a given direction are said to lie
in the same zone, and the given direction is called the zone axis. The
zone axis is obviously given as the intersection line of any two faces in
the zone. All faces B belonging to the zone A; must satisfy the zone
relation

Ay By =l + holy + hals = 0 (1-11]

Suppose that By, By, and By represent three different crystal faces.
In general three such faces define three different zones, the zone axes
being given by the three vector products Bjx By, By x By, and
Byn x By, It may happen, however, that the three normals are coplanar,
in which case only one zone is defined, namely, the one to which all three
faces belong. The condition that the three faces belong to the same zone
is evidently

hy he ks
(BhByBy) =0 or [ R B |=0 {1:12)
Ry Y WY

8. LINEAR TRANSFORMATIONS OF THE COORDINATE SYSTEM

In order to attain a better understanding of the significance of the law
of rational indices it is necessary to investigate the relationship between
various coordinate systems. Suppose that a reference frame has been
chosen in accordance with the conventions suggested in section 2.
This choice is not unique since there is ambiguity both with respect to
the edges that are selected as coordinate axes and with respect to the
selection of the crystal face defining the ratios g, : as : az. It is, how-
ever, an empirical fact, as expressed in the law of rational indices, that
the indices of all erystal faces are proportional to integers in any one of
the coordinate systems so obtained.

Let the vectors a,, 33, 33 characterize one such reference frame, and
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consider a new system, aj, 83, &3, which is related to the old one by means
of the linear equations

3] = cnfiy + 128z + 6138
8} = cnly + caall; + i3 Or & = );,cjkﬂk [1-13]
23 = eply + c3283 + caala

The three new vectors aj, a3, 83 must not be coplanar, and the triple
scalar product (3]3535) must therefore be different from zero, i.e.,

1 G2 CGs
€21 Cg2 Ca3
€31 Caz Ca3

V/ = (818383) = (2,8,83) =VA%0 [1-14]

The converse transformation formulas are readily found to be
1
3 =~ PR (1-15)
T

where ¢} ; is the cofactor of the element ci; in the determinant A. The
corresponding transformation equations for the reciprocal vectors become

1 -
’! = ZZC:in and 5,' = Zijb)'; [1'16]

By means of the transformation formulas given above it is easily seen
that face indices (hyhoha) transform as do the vectors @, i, 33, while
zone indices [llol3] transform as do the reciprocal vectors by, b, bs.

The old indices ((hihzhs) and [Lill3]) are rational according to the
law of rational indices; but our equations show that the new indices will
be rational as well if all the transformation coefficients c;; are rational.
Hence it becomes possible to find an infinite number of coordinate
gystems in which the indices are rational. In many of these coordinate
systems the indices are proportional to such large integers that it
becomes difficult to determine their values from the experimental data.
The additional stipulation of the law of rational indices that there are
coordinate systems in which the indices are proportional to small inte-
gers is thus of practical importance since it tells us that there is at least
one coordinate system in which the indices can be found with compara-
tive ease.

These considerations show that the fundamental value of the law of
rationsl indices lies in the statement that the indices are rational, while
the restriction as regards the proportionality to small integers in some
coordinate systems has practical use but it is of no basic importance.
All coordinate systems which give rational indices should be considered
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entirely equivalent. The rules governing the choice of a reference frame
are accordingly much more liberal than the discussion of section 2
suggests. Indeed, the coordinate axes may be chosen along any three
possible edges of the crystal (not all lying in a plane), while any possible
crystal face (cutting all the three coordinate axes) may be given the
Miller indices (111). Thus the coordinate directions need not corre-
spond to edges which are actually present on the crystal, nor need the
crystal face which defines the ratios a, : a» : a3 be observed.

7. THE LATTICE POSTULATE

Hitherto we have pictured crystals as homogeneous solids, but the
atomic structure of matter makes it clear that they must be treated as
inhomogeneous substances in small scale considerations. Homogeneity,
defined as invariance under any translation which is large compared with
atomic dimensions, is definitely to be associated with the gross proper-
ties of crystals. It is convenient to introduce the new concept of a
crystal in the form of a postulate.

All physical properties of a crystal medium are invariant under trans-
lations 143, + Lqll; + Lads, where Ly, La, L3 are any three integers and
a,, 8y, i3 three (non-coplanar) vectors characteristic of the medium.

Since crystals appear homogeneous in high-power microscopes it
may be inferred that the vectors a; are of submicroscopic length. On
the other hand, these vectors may be equal to, but certainly not smaller
than the smallest interatomic distance.

Let Q(F) be a function (of scalar, vector, or tensor nature), represent-
ing any one of the physical properties of a crystal medium. According
to the postulate it has the property

Q(F) = Q(F + L,8, + Lads + Lall) (1-17]

for any 7 and for any set of three integers L;, La, L3. All physical
properties are, in other words, periodic functions of position, with
periods &, @ and 83. The position vector # may be expressed in
terms of the components along the translation vectors &, i.e., # =
18y + x382 + 7383, and it follows from Equation 1-17 that the com-
ponents z; may be restricted to the range 0 < z; < 1.

Two points 7 and #' are said to be equivalent if 2(F) = (7' for any
property . The equivalent points generated by the expression
F + D°L;t;, where F is fixed and Ly, La, L assume all possible integral
values, form what is termed a simple translation lattice. The operation
transforming a point # into # 4+ > L3, is called a lattice translation
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and will be denoted by the symbol
Iy, or 'y

that is,
FeTp e, =7+ Lidy + Lyl + Lals (118]

The vector AL = L3y + L:8; + Lali; is referred to as a lattice vector,
The collection of all operations Iy, evidently satisfies the group postulates
and is called the translation group, (I'r). A simple translation lattice
may thus be written as #- (I'z). The assembly of all poinis # = pF B
with 0 < z; <1 constitutes the unit cell, which is a parallelopiped
with edges a,, 3, 83 and volume V = (2,3333). There is a simple
translation lattice for every point in the unit cell, and the triple
manifold of all these individual translation lattices constitutes the
crystal lattice. The crystal lattice is evidently obtained when the unit
cell as 8 whole is subjected to all the operations of the translation group.

The space lattice idea is contained in naive form in a remarkable
publication of Haily? (1784), who was the first to seek a correlation
between characteristic macroscopic properties and internal structure.
The correct formulation of the lattice concept is due to Bravais.* We
have introduced the lattice structure of crystals in the form of a postu-
late, and it is both logically and historically proper to do so. Through-
out the nineteenth century the lattice idea could not be directly tested
since it concerned a submicroscopic world not yet accessible to physical
observations. The lattice concept was accepted as correct on the basis
of indireet evidence only. The macroscopic consequences of the lattice
hypothesis were, indeed, found to be in agreement with experiment,
The postulated pericdic structure evidently leads to macroscopic homo-
geneity since the smallest volume elements concerned in macroscopic
observations contain a great many unit cells. Similarly the observed
anisotropic character of the physical properties is readily understood in
terms of the geometrical anisotropy of the lattice. Because of the
periodicity, the ratios between the numbers of chemically different
atoms which compose the crystal are the same for the unit cell as for the
crystal as a whole. The unit cell contains a comparatively small
number of atoms. The ratios between the numbers of different atoms
are therefore rational and the chemical composition may be expressed
by a stoichiometric formula, while the unit cell contains an integral
number of stoichiometric molecules. This prediction finds experimen-

3R.J. Haily, Essai d’une théorie sur la structure des crystauz, Parig, 1784.

4 A. Bravais, J. de I'école polytechnique Paris, 19, 1 (1850).
A. L. Cauchy, Ezercices de mathém., Paris, 1827.
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tal corroboration in most crystals. There are, however, many cases
(notably among minerals and metallic erystals) where it is necessary to
group chemically different atoms in order to attain rational proportions,
It is probably true that the sharp melting point of a crystal is directly
associated with the periodicity of the internal structure, but a satis-
factory theory of the melting process has yet to be developed.

These are just a few of the many observations which support the
lattice postulate, and additional supporting evidence will be brought
forth in other chapters.

8. LATTICE ROWS AND LATTICE PLANES

The points of a simple translation lattice 7- (I'y) are arranged in
straight lines called lattice rows and in planes ealled lattice planes, For
the sake of convenience let ¥ = 0, so that the lattice points are repre-
sented by the lattice vectors A, = Y L;a;. In the reference frame
8,, 8y, 33 the coordinates of the lattice points are thus three integers
Ly, Ly, L3. (When it is specifically assumed that three integers have no
common integral factor, lower-case letters will be used, i.e., &, b, I5
indicate relative primes.)

Two lattice points define a lattice row. If one of the two points is
taken to be the origin, the other to be I, lz, I3, the lattice row may be
represented by the vector 4. The row contains an infinite number of
equidistant lattice points given by nd; = A, where n is any integer.
The distance between two consecutive points of the row is the period,
which expressed in terms of the quantities a; and «; becomes

|| = (Baf + Ba3 + Baj + 2llsaz05 cos o
-+ 211130103 cos ag + 2’1130102 [0 ] aa)“ [119]

Let Az, A1, and A1 be three lattice points not all lying in the same
row. These define a lattice plane, the scalar equation of which has the

form
MXy + hoXag+hXg—k=0 [1-20]

As the three lattice points must satisfy this equation one finds

X 1 X 2 X 3 1
L, Ly Lz 1
g4 g
L' Ly Ly 1
Consequently ki, hg, ha, and k assume only integral values and h,y, ks, k3
may be considered relatively prime numbers. According to a well-
known theorem it is possible to find an infinite set of integral values

=0 [1-21]
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X1, Xa, X3 which satisfy the relation 1:21; a lattice plane contains
therefore an infinite number of lattice points. As the constant &
assumes all possible integral values while &y, ha, k3 are held fixed, one
obtains an infinite sequence of parallel and equidistant lattice planes
which contains all the equivalent points of the simple translation lattice.
The sequence may be described by the set of values hy, hg, hs. The
distance between two consecutive planes in the sequence, i.e., the dis-
tance between two planes for which the k-values differ by one unit, is
the spacing, daap,.
A plane having the equation

Hle +H2X2 + HaXs - K = 0 [1'22]

with H; = nh;j(n, hj, and K integers) is parallel to the sequence (hihohs).
As K ranges from — » to -+« one gets an infinite sequence of planes
(HyH4H3) which includes the sequence (h1hzhs). Equation 1.22 cannot
be satisfied by integral values X, X3, X3 unless K is divisible by =, in
which case one obtains a lattice plane of the sequence (hjhzks). Thus
only every nth plane in the set (H H3H3) is truly a lattice plane, and
clearly

1
d”l”s”a = ;dhx":"x (1-23]

The considerations given above show that lattice rows and lattice
planes have rational indices. By associating crystal faces and edges
with lattice planes and rows, we see that the lattice postulate has led to
an attractively simple explanation of the law of rational indices.

9, THE RECIPROCAL LATTICE®

Consider the sequence of planes (HiH,Hj3). The spacing du,m,5,
is the distance from the origin to the plane D H;X;—1=0. As
shown in section 4 the normal to a plane in & coordinate system a,, 8, 33
may be expressed in convenient form in terms of the reciprocal vectors
by, ba, B3; specifically, the vector By = Hyby + Hab: + Hsbs is normal
to the sequence (HyHpHs). The projection on this vector of any one
of the three vector intercepts &;/H; of the plane > H;X;—1=10
gives the spacing. Since ;- By = H; one finds

J8 Ba 1 .
9 = 5, 1Ba] = [Bal [1-24]

§ P, P. Ewald, Physik. Zeitschr., 14, 466 (1013).
M. v. Laue, Jakrb. d. Radicakt. u. Elektr., 11, 308 (1914).
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Consequently the vector By = H,b, + Haby + Hybg is normal to the
sequence of planes (H,H3H3) and its length is equal to the reciprocal
spacing of the sequence.

The assembly of all sequences (H,H;H3) may accordingly be repre-
sented, as regards orientation and spacing, by the assembly of all vee-
tors By, which forms a simple translation lattice. Since this lattice is
based upon the vectors b;, by, b3 rather than upon the vectors 3, @,, 8,
it is called the reciprocal lattice. With every lattice point of the recip-
rocal lattice is thus associated a sequence of planes in the initial lattice.
Because of the mutual reciprocity of the vector sets 3,,4s,@; and by, &, 3,
it follows that the reciprocal lattice points are arranged in an analogous
manner into sequences of equidistant planes associated with the lattice
vectors A, of the initial lattice.

The detailed expression for the spacing dy is readily obtained from
Equation 1-24 and is given below in terms of the constants b; and 8,
and in terms of the constants a; and «;.

= HibT + H3b; + H3b + 2H Habsbs cos B,

d%

+ 2H  H3b b3 cos 83 + 2H H3b by cos B3 (1-25a]
i _ 1
dh¥ (14 2 cos ay cos as cos az — cos® a; — cos® ap — cos® a3)

{Hf sin®e;  Hisin?ay + H2 sin® aq + 2H3H3(cos az cos a3 ~ ¢o8 ay)
2 2

al a3 a3 asag
+ 2H H3(cos a; €os ag— cos as) + 2H,H3(cos a; cos ap — ¢os a3)} (1-255]
aag a2

10. FOURIER SERIES REPRESENTATIONS OF PHYSICAL PROPERTIES®

The variation of a physical property from point to point within a
crystal medium is represented by means of a scalar, vector, or tensor
function Q(F). According to the lattice postulate any such funection
satisfies the condition Q(F) = @(F + A.). If all vector quantities are
referred to the coordinate system 8;, @5, 33 the lattice postulate may be
given analytically in the form

Qz1, 23, Ta) = Q@ + Ly, z2+ Ly, z3 + L)  [1-26)

where 0 < z; < 1.
The periodic nature of the lattice functions suggests expansion in
Fourier series. The general form of the Fourier series which identically

¢ P. P. Ewald, Zeitschr. f. Krist., 58, 120 (1921).
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satisfies the condition 1-26 is
+ @
Qzy, T2y 23) = 22,2 0m,m,m, € rimtBmtiz (1.97g]
-

The quantities H,, Ha, Hs denote any three integers in the entire range
from —  to +®. The product sum J Hr; may therefore be inter-
preted as the scalar product By - and permits formal correlations
between the different terms in the series and the points of the reciprocal
Iattice. In a simplified notation the expansion 1-27a becomes

0(F) = Xag ¢ rBat {1-278)

The expression for the expansion coefficients Q is obtained in the usual
manner: both sides of the identity 1.27b are multiplied by the term
¢2*B? and the resulting equation is integrated over the significant
range of variation of the variables, which is the unit cell in the present
case. One finds

1 1 1
f f f Q 2Byt dzidredry =
ovoveo

1 nal Al
Sou [ [ [ bt dndnds, (128
H LRI

All except one of the integrals on the right side of Equation 1-28 vanish
because of the orthogonality of the exponential functions. The remain-
ing integral corresponds to H = H’, ie., to Hy; = H}, Hy = Hj,
Hs = H}, and it has the value 1, so that the right side of Equation 1:28
reduces to 2. The problem of finding the coefficients of expansion is
thus formally solved:

1 a1 pl
Qp = f f f Q(z1, T2, 73) €278 dz drodzs [1-29a]
0JoJo

The integral of Equation 1-28¢ may conveniently be written as a volume
integral over the unit cell, Remembering that # = Y z;a; it is readily
seen that a volume element of the unit cell may be expressed as follows.

dv = (3,3,83) dzydxodzs = V dzydxadz; [1-30)

Hence Equation 1-289¢ may be rewritten as

Qy = V-1 j; Q(F) e bt gy [1-208]
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The constant termin theseries, Qggo, correspondingto H; = H, = Hg =0,
is given by

Qoo = V-1 j; QF) dv = 0 [1-31)

It is accordingly the average value of the function Q throughout the unit
cell —and hence throughout the entire crystal medium — and it is
interesting to note that Qyg0 becomes the only term of the series which
can be obtained from macroscopic measurements.

The function 2 and the coefficients Qp are treated as complex quanti-
ties in the series 1-27. If it is known that a given property is to be
represented by means of a real function 2 the corresponding Fourier
series must be real. The expansion coefficients may be complex, but it
is readily seen that they are subject to the condition g = 0¥, where the
symbol Q% is used to represent the complex conjugate of Rz, and A
stands for the triplet —H,, —H,, —H,.

Each term in the Fourier series 1-27b is characterized by a different
vector By. By associating the coefficients @y with the corresponding
points of the reciprocal lattice one obtains a discrete tensor field, which
may be considered.as a representation of the function Q. This visuali-
zation of the individual terms in the Fourier series is useful for many
purposes and may often give considerable insight into problems con-
nected with the Fourier expansion of lattice functions.

11. FOURIER SYNTHESIS OF LATTICE FUNCTIONS

The preceding section dealt with the problem of expanding a given
lattice function Qin a Fourier series. The results of these considerations
may, however, be applied equally well to the converse problem, that of
synthesizing the function by means of experimentally determined coeffi-
cients Q5. It is of importance to discuss this problem in considerable
detail, for although the available experimental methods lead to complete
or partial determination of the individual Fourier expansion coefficients
for only a few of the crystal properties, one of these is the fundamentally
important distribution function of physical matter.

It may be quite generally supposed that the Fourier series converges,
which implies that the coefficients Qu, 7,5, become negligible if we go to
sufficiently large values of |Hy|, |Hj|, or |Hs|. Accordingly it is justifi-
able to break the series at some particular point beyond which the
coefficients are so small that they may be set equal to zero without
serious error. Let us assume to begin with that all coefficients which
are to be included in this finite series are completely known. The pro-
cedure leading to a synthesis of the function @ is then simply the insertion
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of the known coefficients in the Fourier series and the evaluation of the
series for so many different sets z;, Z3, z3 that the value of the function
at any intermediate point may be obtained with sufficient accuracy by
interpolation. It is often found that the amount of labor involved in
this calculation is too great because the series contains hundreds of
terms, and that it is necessary to carry out the summation for thousands
of seta z;, za, 3 in order to attain the accuracy required for interpolation.
However, in many such instances our main interest in the function @
lies in its variation along a particularly important straight line or plane,
and the synthesis of the function in such restricted regions is naturally
less laborious. It is therefore useful to discuss cases of this type.

A. Synthesis of the Function Q along a Given Straight Line. Sup-
pose that the straight line is parallel to the lattice row A; and that it
passes through a point & = 88, + 8282 + 8383, The fixed reference
point 3 is conveniently chosen as the intersection point between the
straight line and one of the coordinate planes so that at least one (and
possibly two or all three) of the components 8; becomes zero. Any arbi-
trary point on the given line is represented by

?=35+24; (1-32)
where 2, because of the periodicity may be restricted to the range

0 <z < 1. If Equation 1-32 ig inserted in the series 1.27 there results
the single sum,

Q@+ 24) = ;ax g i3rks (1-33]
where By - A; = )_Hjl; = K, and where
Cr = —i2x(Hyort Hyort Hys) 1.
K %g%ﬂn,y,a, € (1-34]

which is a double rather than a triple sum since the set H,, Ha, Hs has to
satisfy the condition }_H; = K.

As an illustration we shall take the particular case corresponding to
¥ = 40 + 48, and 4; = 83,16, 1y =3 = 0,13 = 1. The quantities z
and K become synonymous with x3 and Hjg, and the latter symbols may
therefore be used in place of the former. Thus Equations 133 and 1-34
take the forms

o(3a, + §8; + zs8) = ;Cu, ¢ arm
and a )
= — r+H3
Ca, Z":‘%( 1) Qu,a,8,

B, Synthesis of the Function Q in a Given Plane, Let the plane
be parallel to a sequence of lattice planes (hjhshs) and thus normal to
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the vector By. The vector 3 = _s,a; represents a convenient reference
point in the plane; for instance, let us choose the intersection between
the plane and one of the coordinate axes so that at least two (and possi-
bly all three) components s; are zero. Any point in the plane may be
given in the form

F=8+ ZIA—I + 221{1' [1'35]
where A; and Ay are two lattice vectors parallel to the plane and where
they consequently satisfy the conditions A;- B, = A+ By = 0. The
Fourier series expansion of the function @ in the given plane is therefore

Q@ + 214, + 2,4p) = 33 Cr x, ¢ 2 FntEe [1-36]
K
where _ T _
Ky=By- -4, Ks=By 4 (1-37]
and ]
Crx, = > Qy ¢ 2xBun? [1-38]
F]

The quantities Ck,x, as expressed by Equation 1.38 clearly represent
single sums since only one of the indices H; is independent because of
Equations 1-37.

As an illustration let us choose & = 33;, A; = &;, and Ap = a,.
Thus the quantities 2; and z; become synonymous with z; and z,, the
quantities K; and K, with H, and H,, and the series becomes

Q218 + 2282 + 333) = ;HZC a1, €2t
1 32
with
Cmm, = ;(—I)H‘iny,u,
3

We have so far assumed that complete information is available regard-
ing all coefficients 4, i, 5, (Which are not small enough to be neglected).
This assumption does not hold in many instances met with in actual
practice, and a synthesis of the function 2 cannot be carried out. How-
ever, even a partial knowledge of the Fourier coefficients will sometimes
give valuable information about the function @, and we shall therefore
discuss two such cases of practical importance. In the instance to be
dealt with first it will be assumed that only a plane section of the com-
Plete three-dimensional array of coefficients Qu,u,5, is known. This
two-dimensional set of coefficients is represented by a lattice plane
By - A; = 0in the reciprocal lattice, so that the experimental data some-
how or other are restricted to one particular zone ;. In the second
important case we shall imagine that only the moduli |2u,,a,] of the
Fourier coefficients can be found experimentally, and it will further be
supposed that Q is a real function, i.e., that @ = Qg.
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C. Only the Coefficients Qp for Which By« 4; = 0 Are Known.
Any point in the crystal medium may be expressed in the form of
Equation 1:32, with 3 = Y s;3; representing a vector, parallel to a
certain plane, which may be chosen in any convenient way:. Accordingly
3 is a variable vector; but only two of three components s; are inde-
pendent, and it is easily seen that one of the three components becomes
zero if § is chosen parallel to a coordinate plane. The average value of
the function along the straight lines parallel to the lattice row A becomes
a function ¢ of the two independent components of 3, and it is given by
the integral

1
6(8) = fo Qdz (1-39]

The product of the function ¢ and the period M' 1] accordingly represents
the “ projection " of the function @ on a plane normal to the lattice
row A;. Using the expansion for the function £ given in Equation 1-27b
the integral 1-39 becomes

l -
8@) = Ty et [ e di g [1-40]
H 0

The integrals on the right side of Equation 140 vanish unless
By A, = 0. The triple series accordingly reduces to a double series
of the form

8() = 20 e-“'”""}
H
Ba-Ai=0

The synthesis of the function ¢ can thus be carried out if we know the
set of coefficients @z, iz, for which the indices satisfy the auxiliary
condition Y_H;l; = 0. The results will probably be clearer if we give
an illustration. Suppose that we have determined experimentally
only the coefficients Qg,,0, corresponding to A; = a3 in the equations
given above. These experimental data do not suffice for a synthesis of
the function @, but we are able to construct the function ¢. The vector &
can be chosen in any plane which is not parallel to A;; in the present
case we may therefore set = 7,84, + z28;. Inserting these particular
values in Equations 1-41 we find

&(z1, 1) = ;;95.11,0 g2l Hym)
1 g

[1-41)

By means of an analogous procedure it is easily shown that we are
able to synthesize a new function x, representing the projection of the
function onto a straight line, if the only known coefficients are of the
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type Quny, nb,, na, Where Ay, kg, kg are given integers while n assumes all
possible integral values.

D. Only the Moduli Qy 51, Are Known. A synthesis of the func-
tion @ is not possible when only the moduli |2¢| are known; but as in
the preceding case of partially known coefficients we can construct
another function which is related to 2. This new funetion, ¢, is obtained
asfollows.” Consider two points 7 and 7 -+ & within the erystal medium.
We shall vary 7, keeping 3 constant, throughout the entire unit cell, and
at each location 7 we shall form the produet Q(F)Q(F + &) of the values
of the function @ at the two ends of veetor 3. The average value of this
product is the function ¢ (3), i.e.,

$(@) = V- f 29 +3) do {1.42]

When we expand Q(7) and (7 + ) in Fourier series in accordance with
Equation 1-27b the following result is obtained

V) = VI S auag eirbes [ eBainr gy (14
H K \4

Every integral on the right side of Equation 1-43 vanishes unless
H4+K=0 (actually H1+K1=H3+K2=H3+K3=0), in
which case the value is V. On the assumption that the function 2 is
real we have furthermore Qp = Q. Accordingly Equation 1.43
reduces to a triple Fourier series

‘P(ﬁ) = ;Inulz eizrﬁﬂ.l l144]

which shows that the function ¢ can be synthesized if all moduli |2y|
are known,

The restrictions regarding the function © and the coefficients 5 which
were discussed under the headings 4, B, and C of this section may
equally well be imposed upon the function ¥(3) and the coefficients
|22|? and obviously with quite analogous conclusions.

In subsequent chapters we shall have to draw heavily upon the results
which have been obtained in this and in the preceding section.

12. PRIMITIVE AND NON-PRIMITIVE LATTICE REPRESENTATIONS

In formulating the lattice postulate it was stated that the vectors
a3y, 83, 43 are characteristic of the crystal medium. This statement
does not imply that the vector set is unique, and we shall therefore
inquire into the possible existence of equivalent sets. In order to investi-

TA. L Patterson, Phys. Rev., 48, 372 (1934); Zeitschr. f. Krist., 80, 517 (1035).
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gate this problem consider a lattice based upon the vectors &, @, ds.
The lattice vectors are accordingly of the form Lya3; + Lada + Lslis
where Ly, Ly, L3 are any three integers. Any three vectors aj, a4, a}
are defined as equivalent to the initial set if the following two conditions
arefulfilled. (a) Every lattice vector of the given lattice can be described
by means of a vector L{a] + L3d; + Lia} where L{, Li, L3 are three
integers, and (b) a vector Lia{ + L33; + Lia} where Lj, L}, L3 are any
three integers represents one of the given lattice vectors.

It is clear that the vectors d}, a3, 35 must be given as linear combina-
tions of the initial vectors &, 8a, 83 The relationships between the
two vector sets are accordingly of the type given by Equations 1-13 and
1-15 in section 6 of this chapter. If the two vector sets are equivalent,
then any one lattice vector is characterized by two sets of three integers,
namely, Ly, Ly, Lj referring to the original vectors @i, &z, 3s, and
L!, L% L} referring to the new vectors aj, a5, a3. The quantities L;
transform as do the reciprocal vectors; hence we find with the aid of
Equations 1-16

L; = ;c;ng, L,' = ;cg;Li [1'45]

Ble

where the symbol A stands for the determinant formed by the nine
coefficients c;s, and where ¢f; is the cofactor of the element c;x in the
determinant 4. As shown by Equation 1-14, A measures the ratio
between the volumes of the new and old unit cells, ie., (3{8383)/
(8,8583) = A. The two conditions for the equivalence of the vector
sets 4;, dy, 83 and 8], 33, 83 require that all coefficients ¢;i be integers
and in addition that the determinant A have the value +1 or —1.
According to the latter requirement equivalent vector sets correspond
to unit cells of equal volume. It is obviously possible to find an infinite
number of different sets of nine integers c;: which satisfy the condition
A = =1, and it is hence to be concluded that there is an infinite number
of equivalent vector sets in any erystal medium. .
A vector set 3, &3, 3 is said to be primitive if it is impossible to find
three vectors 8y, 3, &, for which 0 < | (8,828)| < |(@13285)| such that
Q(F) = Q( + Ly, + Lo8a + Lyd3) for any pbysical function @, for
any 7 and for any three integers Ly, Ls, Lg. Itis clear that if @, s, 83
is & primitive set, then any equivalent vector set is also primitive.
Consider a given lattice based upon a primitive vector set dy, 83, Gs.
Let us choose three new vectors &, 33, 83 equal to any three lattice
vectors not all lying in a plane. The new vectors are thus of the form
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a = );c,v,‘a,, with integral coefficients, and the determinant A is equal

to some integer different from zero. If A =<1 the set af, a4, 3 is
equivalent to &), s, 33 and a primitive set, while af, aj, a5 is a non-
primitive set if || > 1. We will assume that the set aJ, a}, 2 is non-
primitive and investigate some of the properties of such a triplet. A
lattice vector 3_L,a; will, according to Equation 115, be given by the
expression

;(; Ll-\c: ,-L,)a,’, (1-46)

. 1
when referred to the new vectors 3}, 43, 3. The coefficients > i chsLy
7

are not integers for every set of three integral values L;, A vector of the
form X Lja}, where L}, L3, Lj are integers, accordingly cannot represent
all the lattice vectors of the given lattice. In order to obtain all the
given lattice vectors by means of a non-primitive set ], a4, a3, fractional
values of the coefficients L) must also be permitted. Such a represen-
tation of the lattice is called a non-primitive lattice representation.

If there were not in existence well-established conventions restricting
our freedom in the choice of vector sets, it would be unnecessary ever to
make use of non-primitive vector triplets. We have found it advisable
to follow tradition rather than logic in this matter, and hence non-primi-
tive lattice representations will on oceasion be found in this book. It is,
however, to be understood that any given lattice representation is to be
considered primitive unless it is explicitly stated that it is non-primitive.
‘Whenever we are free to choose the vectors a,, 85, 3z without interference
from rules of convention it is convenient to use the following procedure.
The vectors 8, 3z, 83 are set equal to the three shortest lattice vectors
which do not all lie in a plane. The positive directions of the vectors
can always be so chosen that the angles a;, a3, a3 all lie in the range

2
%s«:,-sg,orallintherangezsa,-s-%- It is easily shown that

the vectors 3,, &2, 3 obtained in this manner form a primitive set.

We shall next illustrate our results by means of a series of examples.
It will be assumed that the vector set a,, 32, 33 is known to be primitive,
and a new set a1, &3, &3 is introduced by means of equations of the form
@} = D cile with integral coefficients. The transformations given in
these examples lead to the only non-primitive lattice representations
which will be used in subsequent chapters.

Ezample 1. The base- (or side-) centered lallice representation. Let
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the new set of vectors 3}, &3, & be defined by the equations

8 =u
2= 2 (1-47]
aG =128 +23

Thus A = +2 and the new vector set is non-primitive. The converse
transformation will accordingly contain fractional coefficients. Using
Equation 1:15, we find

H=q

iy = 3 (1-48]

8 = —48 + 1%

When the equivalent points of the lattice are referred to the new vector
set the representation takes the form

F + K8, + Ka0f + Kgth + K(3a] + 4a3) (1-49)

where Ky, K3, K3 are any three integers and where K may be set equal to
Oor 1l Since A = 2 there are evidently two equivalent points in any
one unit cell, namely, 7 and 7 + §2] + 43;. If one of the two points
is placed at a corner of the unit cell the other point will lie at the center
of the base (or at the center of one side) of the unit cell, whence the name
base-centered unit cell and base-centered lattice representation.

Ezample 2. The body-centered lattice representalion. Consider next
the transformation characterized by the equations

=4 4, = a
3 = /Y ' a3 = a {1-50]
ab = a, + 0y + 283 83 = —38] — 322 + 4%

The transformation determinant has again the value +2. In this case
the equivalent points are represented not by Equation 1-49, but by

f + K\3! + Ka04 + Ka} + K(38] + 425 4+ 333)  (1:51)

The representation 1-51 is called body-centered because & corner and the
center of a unit cell are equivalent points.

Ezample 8. The following transformation gives a non-primitive set
al, 2}, 8} for which A = 3,

- §ai — 300 + 3
3a) — 30} + 32 (152
3ai + a5 + 43

f=-0+10 o
2= — 85 + 8, Y
= 84+8+3 a3
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The equivalent points are expressed in the form
F+ Kial + Koz + Kad; + K333 + 30 + $25) (153

where K, Kj, K3 represent any three integers, while K is an integer
which may be restricted to the values 0, 1, and 2. There are three
equivalent points per unit cell. If one of these is the origin the three are

0, 381 + 8a: + 3235, $al + %a) + 304
Ezample 4. The face-centered lattice represeniation. In this final
example we will set
8 = —8 + 8 + a5 a = 303 + 383
3= 8 -8+, 8, = 31 +38;  [1-64)
8= 8 438 -3 a3 = 44 + 305
The determinant A = 44 and the representation of the equivalent points
become
F+ Ki8] + Ka2; + Kqtt; + Ki(32; + $a5)

+ Ka(381 + 333) + Ki(3a) + $ai)  (1-56)
where Ky, K3, Ky are any three integers and where Kj, K}, K} assume
the values 0 or 1 independently of one another. There are four equiva-
lent points per unit cell, and if one of these is chosen at the corner of the

unit cell the three others will be at the centers of the parallelopiped
faces. The representation is therefore called face-centered.



CHAPTER 11
THE SYMMETRY OF CRYSTALS

This chapter is devoted to a theoretical study of the symmetry proper-
ties of crystals, The subject can be presented in very elegant form if
results taken from matrix algebra and group theory are used to full
advantage. However, it is not fair to the reader to base the discussion
on a presumed extensive knowledge of these fields of mathematics, and
we shall therefore have to be satisfied with a less elegant treatment. On
the other hand, a logical presentation of the theory of crystal symmetry
cannot be achieved unless some use is made of matrix-algebraic and
group-theoretical concepts, These might have been introduced accord-
ing to need in the course of our investigation, but this procedure is not
altogether satisfactory. We have found it preferable to give the ele-
ments of dyadic algebra and of group theory in separate appendices at
the end of this volume. The reader who is not already familiar with
these topics will probably find it necessary to study the appendices (or
gimilar presentations) in order to follow the discussions in this chapter.

1. THE SYMMRETRY CONCEPT

The subject of crystal symmetry eannot conveniently be approached
until the symmetry concept has been properly introduced, and we shall
therefore begin with a general definition of symmetry in relation to an
object with a given set of properties.

Imagine that the space occupied by the object undergoes & trans-
formation which preserves all linear dimensions. If the given properties
of the objeet are invariant under this transformation it is by deﬁmtlon
a symmetry operation. Thus, if a point 7 is transformed into a point 7
by means of a symmetry operatlon the propertles of the object have
identical values at # and #/, i.e., ? and # are equivalent points. It is
possible that the object under conmderatlon is initially defined in terms
of the invariance of its properties under particular transformations of
the type just described. Such symmetry operations which are used to
define the object are said to be trivial. Any object has at least one
trivial symmetry operation, and this is the identity operation which has
the property of transforming every point into itself. Particular objects
may have additional trivial symmetry operations. Thus any transla-

A4
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tion is & trivial symmetry operation of a homogeneous body, and any
lattice translation is a trivial symmetry operation of a crystal lattice.

An object which has symmetry operations is said to have symmetry,
and the complete collection of all symmetry operations of an object
defines its symmetry. The symmetry of an object is trivial if all opera-
tions of the collection are trivial. The collection of all symmetry opera-
tions of any given object satisfies the group postulates (see Appendix B),
and is thus a group. In order to show the truth of this statement we
have to investigate some general properties of symmetry operations.

Let the symbol E designate the identity operation, and the symbol S
any other symmetry operation. Any point ¥ of the space under con-
sideration is transformed by a symmetry operation S into an equivalent
point #, and it is convenient to represent this transformation by means
of the symbolic equation

F=F8 (2-1)
The identity operation is accordingly defined by
F=#-E forany#f [2-2)

Symmetry operations preserve all linear dimensions and they belong
therefore to a particular type of linear transformations. Since the
relationship between equivalent points ¥ and # is linear it has the
general form

F=fg+i=f ol (23]

where ¢ is a dyadic (second-order tensor) and { a vector. Comparing
with Equation 21 we may accordingly set S = [¢, #] which operateson a
vector in the manner defined by Equation 2-3. In particular the analy-
tic form of the identity operation becomes

EsLO=I [24]

where the symbol I as in Appendix A represents the idemfactor. The
conservation of linear dimensions is expressed in the statement

|i] - 72' = I(?l - Fg) . SI [25]

for any two vectors ¥, and #;. This condition may be rewritten in the
form

(Fr—F) I (i —F2)=(F1—F) - @ @c (F1 — F2) [2-5a]
which according to Equation A-52 requires
Q- ¢c=1I ie, ¢ =¢z [2-5b)
where @¢ and ¢! are the dyadics conjugate and reciprocal to ®.
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Suppose that S; = (@1, 4] and Sz = [@2, k] are two symmetry
operations and that space is transformed first by §; and then by S,.
Any initial point 7 will thus be transformed into an equivalent point
# = 5.8, and this will further be transformed into the equivalent
point #’ = #'. S;. The single transformation which turns points ¥
directly into points #'’ is equivalent to the transformation S, immedi-
ately followed by the transformation Sp; it is called the product of S,
by Sz and denoted by the symbol S, - S, i.e, ¥/ = - 8; - S;. With
the aid of Equation 2:3 we find readily

Sl ¢ S2 = [Qh zl] ‘ [@2, 12] = [Ql * Q2 zI * P2 + z‘2] [2’6]
which shows that in general S; + S3  S; - S;. It follows immediately
from Equations A-46 and 47 that the transformation S§; - So satisfies
the condition expressed in Equation 2-5b and that it thus conserves
linear dimensions. Furthermore, it transforms points ¥ into equivalent
points #//. Consequently S, - Sz is a symmetry operation, and we have
obtained the important result that the product of any two symmetry
operations is also a symmetry operation. Since we have shown that
the theorem holds for the product of two symmetry operations, it
becomes obvious that the theorem will hold for products involving any
number of symmetry operations. In particular, the product S+ §--- S
containing the same symmetry operation j times is also a symmetry
operation. This produet is called the jth power of S and is denoted by
S/, Using Equation 2-6 one finds readily

Si=l¢h FI+o+e’t+ -+ (27
It is easily seen that the definition of the identity operation given in

Equation 2-2 conveniently can be replaced by
E=E.-8S=S8-E forany S (28]
The reciprocal (or inverse) transformation to the symmetry operation

S is designated by S~ and defined by

§:§'=8'.8=E (29)
Since S transforms any point F into an equivalent point #/ = 7 S, the
reciprocal transformation S~* will transform ¥ into 7, i.e, F = ¥ - S

The reciprocal transformation exists and has according to Equation 2-6
the form

St=lp7 -1 97 [2-10]

on the assumption that S = (¢, }]. The condition expressed by Equa-
tion 2-5b is obviously fulfilled by the transformation S, and since a set
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of points #' is transformed by S™! into the equivalent set 7 it follows that
the reciprocal transformation of any symmetry operation must again be
& symmetry operation.

We have accordingly demonstrated that the complete collection of
symmetry operations for any object has the following properties: it
has the closure property; it contains the identity operation E as defined
by Equation 2:8; it contains for every operation S an operation S™!
defined by Equation 2-9. These are just the group postulates given in
Appendix B. The symmetry of an object is thus defined by a group in
which the elements represent the various symmetry operations of the
cbject. Groups of this kind may properly be called symmetry
groups. Two different objects are said to have the same symmetry

if the elements of their symmetry groups represent the same set of
space transformations.

2. THE POSSIBLE SYMMETRY OPERATIONS OF CRYSTAL LATTICES

It has been known as an empirical fact since crystals were first studied
that nearly all have non-trivial symmetry, and, indeed, symmetry has
always been considered to be one of the most important properties of
crystals. Nevertheless, it cannot truly be said that symmetry in a non-
trivial sense is a universal property of crystals, and for this reason we
omitted any reference to symmetry in the first chapter, which dealt
with general properties. When the lattice hypothesis was proposed a
hundred years ago there arose naturally the question of whether the
empirically known symmetry properties of crystals could be explained
on the basis of an assumed lattice structure. The confirmative answer
to this question is contained in the theory of space groups which was
developed during the latter half of the nineteenth century. The space
group theory is concerned with the derivation of the symmetries which
are possible for periodic medis, and it has permanent value as an abstract
mathematical development even if it should be found that periodie
media cannot be used as models for crystal media. On the other hand,
if the lattice hypothesis is correct then the space group theory is also a
theory of erystal symmetry. The complete space group theory was
published more than twenty years before the Laue experiment. At
that time, therefore, only the macroscopic consequences of the theory
could be compared with experimental observations. Direct confirma-
tion of the theoretical predictions did not become possible until x-ray
diffraction methods were developed.

The presentation of the theory of crystal symmetry to be given in this
chapter is based upon the assumption that the lattice hypothesis is
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striotly correct. The experimental facts which justify this assumption
cannot conveniently be given at this stage and they will therefore be
divulged later. The particular objects the symmetry of which we wish
to investigate are accordingly defined by the statement that they are
media in which the physical properties, @, are periodic functions of
position as defined by the condition given in Equation 1-17. The
vectors &, &, 83 are characteristio of the medium and one has to assume
that they form a primitive set unless there is evidence to the contrary.
As a consequence conditions of the type

Q(F) = OF + 8) [2-11]

for any ¥ and for any 2 permit the conclusion to be drawn that the
vector 3 represents one of the given lattice vectors Az = > L;a;. In
order to make our considerations as general as possible it will be assumed
that we have no a priori knowledge of the functions or of the vectors
,, 32, 83 beyond the facts already stated.

A group of operations which defines the symmetry of a crystal lattice
is called a space group, and it is our problem to deduce all conceivable
space groups. The construction of the various space groups must,
however, be preceded by an investigation which determines the individ-
ual symmetry operations possible for crystal lattices.

Let 8 = [g, /] with ¢ = ¢z’ represent a symmetry operation of a
crystal lattice. We already know an infinite number of such symmetry
operations, namely, all lattice translations I'z,z,z,, but they are trivial.
The lattice translations may be given in the general form (g, ], and we
have

PLIL,L. = [I, ZL] = [I, Ly3y + Ly3s + L8a8]y [2.12]
To=E=lL0j=1

It is readily seen that the trivial symmetry operations of a erystal lattice
form a group, the translation group (I'), which thus is a subgroup of any
space group. If the crystal lattice has only trivial symmetry operations
the space group becomes identical with the translation group. The
statement that S is a non-trivial symmetry operation of a crystal lattice
imposes restrictions upon the analytic form of S, upon the vectors &;,
83, 33 and upon the functions . The functions @ are invariant under
the symmetry operation and must therefore satisfy the condition

2(F) = Q(F - S) [2-13]

for any #. The invariance of the physical properties implies the invari-
ance of their periodicity. Any transformation S = (¢, §] with ¢ = ¢¢*
which leaves the periodicity invariant will be called a possible symmetry



See. I1.8) SYMMETRY OPERATIONS OF CRYSTAL LATTICES 29

operation. If in addition the condition expressed in Equation 2-13 is
fulfilled then the possible symmetry operation is truly a symmetry
operation.

The lattice vectors A, are defined in terms of the natural coordinate
system 3,, 3,, 83 and it becomes convenient to refer the other quantities
to the same system or to the reciprocal system b;, b5, b3. Accordingly

we set
@ = L&l = 253 = 2.2 eabt

I= ;5:'5:‘, & = ,Z¢jk81 (2-14]
i= ;t,'d;, $ = ¥¢jknk

The condition ¢ = @g', which insures the conservation of linear
dimensions under the transformation S = {¢@, i), is readily expressed in
terms of the components ¢ and the reference vectors @;, and one finds

3-8 = Z;Zwmma; 8 [2-15]

According to results obtained in the preceding section we know that
S™! is a symmetry operation, if S is known to be one. Furthermore, we
know that any product of symmetry operations is again a symmetry
operation. Hence, if S = [, J] is 8 symmetry operation of a crystal
lattice, S - T'z- S is also a symmetry operation. This product is
easily evaluated using Equation 2-6 and the result becomes

S.r.-S=[, 4L ¢] [2-16]
which represents a translation. However, according to the statement
of Equation 2-11, the only pure translations which are possible for the
crystal lattice are by hypothesis the lattice translations. The invariance

of the lattice structure under the transformation S is therefore contained
in the condition

S1'.r,-8=Typ [2-17)
This requirement must be fulfilled for any translation I'; and we may
hence set

St.(r)-8S=(I) [2-18]
which shows that the translation group is an invariant subgroup of the

space group (compare Equation B:15). In terms of the components
¢ Equation 2:17 becomes

L= ;kaj {2-19]
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which must hold for any set of integers Ly, Ls, L3 and Lf, L}, Lj.
Accordingly we have the important result that all components ¢;; are
integers. It is obvious — but we will nevertheless emphasize the point
— that the components of ¢ are not necessarily whole numbers when the
dyadic is referred to an arbitrary coordinate system. The conclusions
that the components ¢;; are integral has a bearing on Equation 2-15
which is identically satisfied only if ¢;; = 0 for j > k and all ¢;; = +1
orall ¢;; = —1,ie,onlyif ¢ =Torif ¢ = —I. Accordingly, unless
¢ =Ior ¢ = —I Equation 2-15 imposes conditions upon the vectors
&y, 8, 83. For instance, if ¢13 = ¢2z = +1, ¢33 = —1 and all other
components are zero, one finds &, - 83 = 8z - dg = 0.

The dyadics ¢ = ¢g* are discussed in some detail in section A-5,
and we shall make use of results which are obtained there. These
dyadics represent rotations about an axis passing through the origin or
such rotations combined with the inversion with respect to the origin.
It is customary to refer to these transformations as proper or improper
rotations respectively. The determinant lq)I is +1 if ¢ is proper and
—1if @ isimproper. The complete set of all dyadics ¢ = ¢z is repre-
sented by

¢ =xf@lit(I—uB)cosp=I=xTAsing [2-20]

where the upper sign corresponds to proper, the lower sign to improper
rotations. The unit vector @ satisfies the condition @+ ¢ = & when
¢ is proper, the condition % - ¢ = —# when ¢ is improper and defines
the proper or improper rotation axis, while ¢ is the rotation angle.
When ¢ = 0 we have ¢ = =I, in which case any direction is a rotation
axis, The jth power of ¢ is easily seen to be

¢’ = |ollaa + (I — @a) cos jo + I sin jy| (2-21]

The dyadics ¢ which are contained in the symmetry operations of
crystal lattices belong to the general type given in Equation 2:20, but
they must in addition have integral components ¢, in the coordinate
system &;, 35, &3. 'This requirement imposes conditions upon the value
of the rotation angle ¢ and upon the direction of the axis & relative to
the crystal lattice. The particular values which ¢ may have are readily
found when we recall that the scalar of a dyadic is an invariant quantity.
In the reference frame &,, @;, 83 corresponding to the form of ¢ given in
Equations 2-14, we have ¢ps = 2 ¢;j, which is an integer since all com-
ponents ¢;; are integers. On the other hand @s = 2=(1 4 2 cos ¢)
according to Equation 2:20, Setting the two expressions equal we obtain
the result

14+ 2cos¢ = ) ¢;; = integer (222]
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The only distinet values of ¢ which satisfy this equation are

n=12340r6
ji=12..n

o
:p=—1g with
n

[2-23]
Since, according to Equation 221, ¢’ (¢) = £ ¢ (j) we may state that the
possible dyadies are powers of the dyadics given in Equation 2-20 with
e restricted to the values¢ = 2x/n,n = 1,2, 3,4,and 6. It is conven-
ient to introduce separate symbols for these dyadics and the following
scheme will be adopted. A proper dyadic for which ¢ = 27/n will be
denoted by n and the corresponding improper dyadic will be given the
symbol fi, and we recall thati = —n= —I-n=n- (~I). Thecom-
plete list of possible dyadics n is

1=1

2=2au—1

3= gum - 3+ iV3Ixa [2-24]
4=gaa+1I=%

6 =358+ 314 3V31xa

Let us next find the restriction which must be imposed upon the orien-
tation of the axes . Since i = —n it is evidently true that the restric-
tion is the same for proper as for improper axes. It is shown in section
A-5 that if ¢ is a proper dyadic (but ¢ # I), then ¢ — I is & uniplanar
dyadic with its plane normal to the rotation axis #. When ¢ is expressed
in the form given in Equations 2-14 we have

¢ —I=2[%— b =353 — a) [2-25)

The components ¢; are, however, integers and the three vectors
@; — a; are therefore lattice vectors 4;, while the three vectors $; — b
are reciprocal lattice vectors By. The plane of the dyadic ¢ — I con-
tains these six vectors and is thus a lattice plane in the initial as well as
in the reciprocal lattice. The rotation axis #, which is normal to this
plane, is consequently parallel to a lattice vector 4; and to a reciprocal
lattice vector B).

We shall next deduce the condition which must be imposed upon the
translational part 7 of symmetry operations S = (¢, /] of crystal lattices.
All symmetry operations in the set S- (T') are equivalent in the sense
that the existence of any one of them implies the existence of all others.
A produet S - T, has the form

8-Ty=lg, i+ Al (2:26)

It will suffice to consider just one of the transformations in the set
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8- (T). If welet S = (¢, 7] be the operation representative of the set
we may, as shown by Equation 2-26, restrict the translation vector
I=3ta;to therange 0 < t; < 1.

The dyadics ¢ are of the type n’ or i, All the various powers of
a given dyadic n or i are not distinet, however, since there exists an
integer m for every ¢ = n and for every ¢ = A such that

¢m = I [2‘27]
Thus ™t = ¢7, ¢! = ¢™*, and there are only m distinet powers of ¢.
The smallest positive integer m for which ¢™ = I is the order of the
dyadie. Clearly, m = n for all dyadics n and for all dyadics & with

even n, while m = 2n for dyadics i with odd n. The transformation S™
is a symmetry operation if S is known to be one, Using Equations 2:7

and 2:27, we have
S* = (L1 {pll [2-28a]
where

{@}EI+Q+.--¢m_l [2-28b)

Thus S™ is a pure translation and as stated in connection with Equa-
tion 2:11 we can therefore draw the conclusion that it represents one of
the lattice translations Ty, i.e.,

S"=Ty, or 1 (¢} =4L [2-29]

This equation is identically satisfied only if {¢} = 0, and consequently
! cannot be arbitrary when {¢} » 0. The dyadics {n} and {#} are
easily evaluated by direct summation in accordance with the definition
of Equation 2-28 and they are

f1) =1

[n} =n8a8 forn=234,0r6

{8} =0 forn=1,340r6

(2} =23 - am)
Thus the translation vector I of a symmetry operation (¢, 7] of a crystal

lattice may have any value when ¢ = 1, §, 4, or 8, while it must be zero

when ¢ = 1. When ¢ = n with n = 2, 3, 4, or 6, the vector } must
satisfy the equation

[2-30]

(R 1.11',, = ii{, [2-31)
n n

This equation shows in the first place that the rotation axis 4 is parallel
to a lattice vector, in corroboration of an earlier result, secondly that the
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component of the vector I along the rotation axis is equal to a fraction
i/m, 3 =0,1.-.n — 1, of the lattice period in that direction. How-
ever, there is no restriction upon the component of i normal to the
axis #. When ¢ = & Equation 2-29 becomes

i— (@ -8)8=j4,/2 j=0o0rl (2-32]

In this ease the component of the vector f along the axis & may have any
value, while the component normal to # is either zero or equal to one-
half of a lattice vector.

We have now deduced all the individual symmetry operations which
crystal lattices may have. It is useful, however, to study in greater
detail the results which so far have been obtained, before we pass on to a
derivation of the space groups.

3. CLASSIFICATION OF THE POSSIBLE SYMMETRY OPERATIONS
AND OF THEIR SYMMETRY ELEMENTS

Summarizing the results obtained in the preceding section we may
state that the possible symmetry operations S = [, ] of crystal lattices
are solutions of Equation 2-29, i.e., of 8™ = T'y, wherem = 1,2, 3, 4,0r6.
Accordingly the dyadic part ¢ is restricted to powers of the dyadies
+n,n = 1, 2, 3, 4, or 6, while the translation vector ? satisfies the con-
dition?- {@) = AL The scalar components ¢ of ¢ in the coordinate
system @, @y, 43 are all integers, and this requirement will in general
lead to interrelationships between the vectors &, Gs, @3 a8 expressed in
Equation 2:15.

In this section we shall investigate the nature of the space transfor-
mations which the possible symmetry operations represent and in the
course of this investigation we shall find it convenient to make extensive
use of the concept of symmetry elements. A symmetry element is a
point, a straight line, or a plane which is transformed into itself under a
symmetry operation and we speak thus of symmetry center, axis, or
plane. There are different ways in which a straight line or & plane may
be transformed into itself, and it is therefore useful to distinguish between
different kinds of symmetry axes and symmetry planes. Accordingly
we shall introduce the following definitions.

A point # = 7, is said to be a symmelry cenfer of the symmetry opera-
tion §, if it is transformed into itself, i.e., if

Fo-8S=F or Fo-(p—D+7=0 [2-33]

A straight line 7 = § + k% (% and # constants, %k variable) is a
symmelry axis of the symmetry operation S if, for any k,

(8o + k@) - 8 = & + k'5 (2:34)
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The symmetry axis is a proper rotation axis if, for any k,

(B0 + kB) - S = 3o + ki [2-35)
it is an ¢mproper rotation axis if, for any k,
F+ku)-S =38 —ku (2-36]
and it is a screw axis if, for any £,
(B +ka)- 8 =238+ (k+ k)2 (2-37)

where {; is & constant.
Aplane ¥ = 3, + 3,3 # = 0 (5 and & constants) is a symmetry plane
of the operation 8 if for any point in the plane

(8o +5)-8S=258-435, where 3 -2=0 (2-38)
The symmetry plane is a reflection plane if, for any 3 for which - % = 0,
@Bo+38)-8S=8+35 (2-39]

and it is a glide plane if, for any & for which 3- & = 0,
Bo+8)-S=8+8+1k [2-40]

where }y is constant and 4 - 8 = 0.

We note that every point of a proper rotation axis and of a reflection
plane is a symmetry center, while only one point of an improper rotation
axis, namely, the point 7 = J, is & symmetry center.

The dyadic part ¢ of a possible symmetry operation represents, as
we shall learn in section A-5, 8 proper or improper rotation about an axis
(about any axis if ¢ = =I) through the origin, and since

we may consider the possible symmetry operations to be combinations
of such rotations with translations. These combinations may represent
proper or improper rotations, although about axes which do not pass
through the origin, or they may represent types of transformations which
we have not hitherto discussed.

In order to classify the possible symmetry operations it is useful to
divide them into two main types. The first type includes only the
operations which satisfy the equation

S° = Tooo = E, i.e., i {Q’ =0 [2'42]

and we will call them closed operations since the equivalent points 7,
F-8, F-8%...7.8"...when interconnected by straight lines evi-
dently form a closed geometrical structure. All the transformations
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for which
8™ = Iy # Lo, i€, i {@}=Adr =0 [2-43]
belong to the second or open type of symmetry operations. With the

aid of the definition given in Equation 2-42, the complete list of closed
symmetry operations is readily prepared and is

=0 forn=1
In, & - where {z .@=0 forn=234,6 [2-44a]
. 1is arbitrary forn =1, 3,4, 6
[i, 7] where {I*ﬂ =0 form =2 [2-44b)

The dyadics ¢ with which we are dealing are solutions of the equation
¢™ —I=0. One root of this equation is ¢ = I, hence ¢ — I is a
factor and we have

" —I=f{e} - p-D=(@—-D-{gp} =0 {2-45]

In our considerations we have often encountered the dyadics ¢ — I
and {¢}, and Equation 2-45 shows that they are intimately connected.
Thus, if one of them is non-singular, the other must be zero; similarly
if one is uniplanar, the other must be unilinear, the plane of one being
normal to the axis of the other.

Suppose that a symmetry operation [¢, 7] has & symmetry center. If
we choose the origin in the symmetry center the vector # obviously
vanishes as seen from Equation 2-33, and the analytic form reduces to
[¢, 0] = ¢. Accordingly a symmetry operation which has a symmetry
center represents a proper or improper rotation. One verifies readily
that Equation 2-33 has a solution if Equation 2-42 is satisfied. Any
closed symmetry operation has therefore at least one symmetry center.
Closed symmetry operations consequently represent proper or improper
rotations and any one of them may be reduced to the form n or ii by a
proper choice of origin.

Let us examine Equation 2-33 in greater detail. The solution of this
equation gives a symmetry center, a proper rotation axis or a reflection
plane, depending upon the nature of the dyadic ¢ —~ I, whether it is non-
singular, uniplanar, or unilinear. We know from earlier results that
¢ — lis non-singular when ¢ = 1, 8, 4, or 8, and each of the symmetry
operations [, /] with n = 1, 3, 4, or 6 has thus one symmetry center.
The location of this symmetry center is given by the equation

fo=—i-(p—I)! [2-46]

and is, of course, dependent upon the value of the translation vector %
We see for instance that the operation {1, 7] is an inversion with 7y = /2
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as inversion center. The operations [§, ], [4, 7] and [8, 7] are improper
rotations about a unique axis. This improper rotation axis is f = 7, -+
k% where 7 is the symmetry center given by Equation 2:48.

The dyadic ¢ — 1is uniplanar if [, ] is equal to [3, %], [8, ], [4, 7], or
[6, 2] with . {n} = 0 and the solution of Equation 2-33 gives a straight
line, the proper rotation axis. Finally ¢ — I is unilinear if [p, 7] =
(8, 3) with I x& = 0, in which case the solution of Equation 2-33 gives a
plane, the reflection plane.

The existence of the following additional symmetry elements of closed
operations is readily verified. Any normal to the reflection plane is an
improper rotation axis. Any plane containing a proper or improper
rotation axis of even order is a symmetry plane. Any plane normal to a
proper rotation axis is a symmetry plane. The plane through a sym-
metry center normal to an improper rotation axis is a symmetry plane.

The open symmetry operations are:

n,}] withn=2,34,0r6
where

(1-a)a=-7’:z,, j=12n—1 [2-47a)

8,71 where I— (i-@)& = gl; +-2’€.33 #0 (2-47b)

withj=00r), £ =00rl.
In writing down the open symmetry operations in the form given in
Equations 2-47a and b, we have taken into account the fact that we limit
our considerations to only one of the operations in the set $- (T') in
agreement with the discussion of Equation 2:26. The vector A; of
Equation 2-47a is the lattice period in the direction #, while in Equa-
tion 247b the vectors A; and A; designate the two shortest lattice
vectors normal to direction #.
Any open operation may be written as the product of a closed opera-
tion and a translation as shown by the identities
0,7 = [, I~ G- 2)a) - [T, (- )]
2= ¢ na-mi- (¢ o)a

If the origin is chosen on the proper rotation axis or in the reflection plane
of the closed factor in Equations 2-48, the open operations will assume
simpler forms, namely,

(2-48]

[n,’%I,], j=12--n—1 and Axa=0  [24%q)

(2, 34.), (3 342 or (2 44, + 34, [2-49b]
with4d, - @=A4;-9=0.
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An operation of the type given in Equation 2-47g is called an n-fold
serew (or glide rotation) of pitch j/n. The serew is left-handed if
0 < j/n < 1/2, right-handed if 1/2 < j/n < 1 and neutral if j/n = 1/2.
It is seen that a proper rotation may be considered as a screw of zero
pitch. The equation

Fe@m@-D+i-@¢-0)a=0 [2-50]

has as golution a straight line which is the screw axis. The operation
given in Equation 2:47b is called a glide reflection. The solution of the
equation

PE-D+E-BE=0 {2-51]

is a plane and this is the glide plane. Evidently the screw axis coincides
with the proper rotation axis, the glide plane with the reflection plane of
the corresponding closed operations given in Equations 2-48.

Some of the results obtained in this section are for convenience

compiled in Table 2:1,

TABLE 21

TaE PossinLE SYMMETRY OPERATIONS
A. The Closed Operations, S™ = E

.0 Condition on Name of Operation Orier
1,9 I=0 identity 1
13,1
B0 o n-fold proper
in, ) 14,3 l.a=0 rotation n
16,1
i1, none inversion 2
187 . 6
8,7 =4, none n~f;l&:;1£roper 4
8,9 6
34 I-F-a)a=0 reflection 2
B. The Open Operations, 8™ = 'y, = E
(1, I=4dL=0 lattice translation 1
12,2 i
o, 1) = 8,7 (-am= RAr=0 n-fold screw of
T . pitch j/n "
(8, 1] j=1,2--n-1
i LY
28 (- o 2 At 2 4270 glide reflection 2
j=0orl k=0o0r1
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4. THE POINT GROUPS

The fundamental problem of the theory of erystal lattice symmetry
ig the derivation of all conceivable space groups. In the two preceding
sections the possible symmetry operations of crystal lattices, i.e., the
possible elements of space groups, were deduced and discussed; hence
the first step toward the solution of our problem has been completed.
In order to formulate an intelligent plan for further investigations it is
useful to consider some of the general properties of space groups.

We know from Equation 2:18 that the translation group (I') is an
invariant subgroup of every space group. Hence, using the result of
Equation B-18, any space group (G) may be written as the direct prod-
uct of the translation group and its factor group, i.e.,

(@ = ()- (G/T) = (G/T) - (T) (2-52]
The factor group (G/T') has the form
(G/r) = (El 8y, Sa,--) [2'53]

where the identity element E represents a lattice translation while all
other elements Sy = (@1, &), S2 = [@2, L] - - - are non-trivial symmetry
operations. Since (G/T') is a group it follows that the set

(I) 1, ¢2, - ') [254]

formed by the dyadic parts of the elements in the factor group is also a
group, and the groups of Equations 2-53 and 254 are evidently simply
isomorphic. Such a group as that of Equation 2:54 in which all ele-
ments are dyadics n or ii, withn = 1, 2, 3, 4, or 6, is called a point group.

These considerations show that the factor groups may be obtained
with comparative ease from the point groups and the space groups from
the factor groups. Thus the derivation of all possible point groups
logically becomes the next step in our investigations, and we shall devote
this section to a detailed study of the point groups.

A point group containing an element n or i necessarily contains all
powers n’ or i/ of that element. The set of all powers n’ or &’ forms a
cyclic group which we shall denote by (n) or (8). A point group conse-
quently has a cyclic subgroup (n) or () for every element n or & which
it contains. The groups (n) and (fi) are, of course, legitimate point
groups and we have thus the following ten cyclic point groups

@ @ @& @ @©
@, @ @, @ @
The complete list of the elements of these groups is given in Table 2-2.

The following statements are readily verified by means of Equations 2-21
or 2:24,

(2:55]
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TABLE 2-2
Tue ErLements or THE CycrLic Point Grours
Point
Group Elements
1) 1
()] 3 1
@) 3, 3% 1
) 43, 42 =3, 43, 1
(8) 8 62=3 82 =2, 6'=82 @ 1
(69} i, 1
@ 3, 1
t:)) 3 =93 8B=] ¥-=3 L ¢
@) 4 i2 =19, 43 1
@) 8, 82 =3, 8§ =3 8 = 33, 88, 1

(2) is a subgroup of (4), of (8), and of (4)
(8) is a subgroup of (8), of (3), and of (§)
(1) is a subgroup of (8)
(2) is a subgroup of (6)

(2-56]

The three groups of order six may according to Equation B-19 be written
as direct products of subgroups, i.e.,

©) =[®3)- @] =[@)- @)
@) =1®- D =(D)- @] (2:57]
® =1(® -@=1I(®-@©)

In order to indicate that the two subgroups have the same proper or
improper rotation axis their direct products have been enclosed in
brackets.

It is convenient to speak of a point group as proper if all its elements
are proper, whereas an improper point group contains both proper and
improper elements. The product of two proper or of two improper ele-
ments is proper, but the product of a proper and an improper element is
improper. An improper point group must therefore contain proper
and improper elements in equal number, and the proper elements must
form a proper subgroup.

An improper point group of which 1 is an element contains an element
—¢ for every element ¢, and since 1-¢ = ¢ - 1, it follows that the
inversion group (I) is an invariant subgroup. Hence all improper
point groups of this type have the form

A-®=@-D [2:58]
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where (P) denotes the subgroup formed by the proper elements, Con-
versely, if (P) is any one of the proper point groups, we may augment it
with the inversion group and construct an improper point group
- @).

An improper point group which does not contain the element I will
be given the symbol (P). Since 3 = I a group (P) may not contain
the element 8 and hence the improper elements must be odd powers of
3,4 0or8 Let —? represent any one of the improper elements of (B).
The product —¢ = 1 and consequently the corresponding proper
operation ¢ cannot be an element of (P). If we expand the group (B)
in cosets of the proper subgroup (P’) of index two we find

®) =@ -9 -C)=@) @) -9 [2:59]

where —¢ is any one of the lmproper elements. Since —¢ - P)=
®"- —¢ it follows that ¢ - ®H) = @)- ¢ where ¢ — we recall —is
not an element of (P). This being the case it must be true that the
two sets (P’) and - (P’) form a group, obviously one of the proper
point groups (P), i.e.,

® = @), ¢ @) [2:60]

Thus the two groups of Equations 2-59 and 2-60 are simply isomorphie.
Accordingly we have the useful result that every group (P) is simply iso-
morphic with a proper point group (P) which has a subgroup of index
two. Conversely, to every proper point group (P) with a subgroup
(P’) of index two, there is a corresponding improper point group (P).

These results show that only the proper point groups need to be
deduced in detail, for once they have been found we are able to write
down all the improper groups,

Let

®)=(@1,n,n2--) (2:61])

represent any one of the non-cyclic proper point groups. The character-
istic dyadic of the group will be denoted by the symbol {P} and it is
defined by

{Pl=1+n,+n2+--- (2-62]

i.e., by the sum of all elements. The scalar of the characteristic dyadic
obviously is the sum of the scalars of the elements contained in the group
and we will call it the characteristic scalar.

A non-cyclic proper point group must contain elements representing
rotations about different axes, for otherwise the group would be cyclic.
All elements which represent rotations about the same axis form a eyclic
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subgroup. Consequently the elements of the group (P) may be arranged
into eyclie subgroups, each subgroup associated with a different rotation
axis and any two of these subgroups having only the identity element in
common. Let there be s such cyclic subgroups of order six, 84 subgroups
of order four, s3 of order three, and s; of order two. The total number
of elements in (P), i.e., the order & of (P), is seen to be

[]
k=1 +22)(n — 1)sn =149, + 285 + 384 + 5sg  [2:63)

while 8; + 83 - 84 + 8g is the number of different rotation axes. The
characteristic scalar of a cyelic group (n), » = 2, 3, 4, or 6 is just n
according to Equation 2-30, while the scalar of the identity has the value
3. Thus the characteristic scalar of the point group (P) becomes

[}]
{Pls =3+ Zzl(n — 3)8n = 3 — 83 + 8 + 355 (2-64]

Let n; and n; be two elements of (P), representing rotations about two
different axes. Since n, and n; are elements of (P) we have (P) -n, =
(P) -nz = (P). In any relation such as this it is, of course, permissible
to replace the group by its characteristic dyadic, and hence it may be
stated that {P} = {P}.-n; = {P} -n,. Let 7 be an arbitrary vector
and let the three dyadics {P}, {P} - n; and {P} - n, operate on it. We
have just found that these three dyadics are equal and hence their scalar
products with the arbitrary vector # must be equal, i.e.,

PP} =7-{P}.0y=F.-{P) -, [2-65)

This equation shows that 7. {P} is a point on the rotation axis of n
as well as of ng, but this is possible only if {P} is identically zero. Con-
sequently, setting {P}g = 0 in Equation 2-64, we obtain the following
interesting relation between the number of cyclic subgroups

8 = 3 + 84 + 335 [266]

If n; and n; are two elements (representing rotations about two
different axes #, and @) of a point group (P) any product nf - nf is also
contained in the group, and consequently the product must represent a
proper rotation of order 2, 3, 4, or 6 about a third axis. The scalar
[n] - nfls accordingly must have the value —1, 0, 1, or 2 corresponding
to a rotation angle 27/n withn = 2, 3,4, or 6. The vector in] - nf]y is,
according to Equation 2-20, equal to —2% sin v where # is the rotation
axis and ¢ the rotation angle of the product nj - n¥. With the aid of
Equations 2:20 and 221 the scalar and vector of nj - nf are readily
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evaluated and we find

inf - nfls = (1 — cosje1) (1 — cos kea) cos® x — 2 sin joy sin ke cos x
+ (14 cosjor)(1+coske) —1=1+2co8ep [2:67)

[nf - nly = [cos x (1 — cos je) sin kez — sin jey (1 + cos ke,)liy
+ [cos x (1 — cos kepy) sin joy — sin kee (1 + cos jo1)]%2
+ [cos x (1 — cosjipr) (1 — cos k) — sin jiy sin kol * 2
= —2@sin¢ [2-68)]

In these equations ¢; and ¢ are the rotation angles, %, and %, the rota-
tion axes of n; and n», while cos x = #%, - @ia.

Suppose that n; and n, are rotations of even order so that the point
group contains the element nj¥? - n3¥2. The scalar and vector of this
product are

2. n?g =14 2cos2x =1+ 2cos¢ [2:60a]
[n]V2 . n§¥%)y = 4%, *Hp cos x = —2fsing [2-69b]

Thus the product represents a rotation about an axis normal to the plane
containing &, and %, and since the rotation must be of order 2, 3, 4, or 6
the angle x may assume only certain discrete values, namely multiples
of v/n withn = 2, 3,4, or 6. On the basis of Equations 2-69 the follow-
ing table may be constructed.

TABLE 23
PossiBLE INTERSECTION ANGLES FOR RoTATION AXEs oF EvEN ORDER
x P Nature of Rotation Axis Parallel to
i x fle

/6 2z/6 Sixfold

/4 2r/4 Fourfold

/3 2r/3 Threefold or sixfold

x/2 2r/2 Twofold, fourfold, or sixfold

Let us next investigate the possible intersection angles x for threefold
rotation axes. Setting n, = 8, and n; = 3;, Equation 2-67 gives the
following results

(8- 82)s =[] 8%ls = §cos® x — Feosx — % (2-70a}
82-3)s =13 -3g=Fcos® x+ Jcosx—~ % (7-20b)
Accordingly cos x = == 3§ and two of the four operations of Equa-

tions 2-70 become rotations of order three, Thus, if s3 > 1, then its
only possible value is s3 = 4 and the four threefold rotation axes inter-
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sect at an angle of 109° 28’ (or 70° 32’), i.e., they are directed towards
the corners of a regular tetrahedron.

Sixfold rotation axes are also threefold rotation axes since (3) is s
subgroup of (6), and they must therefore intersect at the same angles as
do threefold axes. This requirement cannot, however, be reconciled
with Equation 2-69a, and consequently no proper point group (P) may
contain more than one subgroup (8), i.e., s¢ = 0 or 1.

Consider next the case for which s; > 1. If one sets n, = 4; and
n, = 4; Equations 2-67 and 2-68 give

[4,-42]s = cos®? x — 2cosx =1+ 2cos¢ (2-71a}
(41 - 4]y = (cos x — 1)(fi) + 82 + &, * @) = —2Esinge [2.718]

The only possible value of x is thus #/2, i.e., %, - %2 = 0, and the product

4, - 4, is a rotation of order three about the axis % (@ + T + §, ~8.).

It is readily seen that @, - 4, - 4, = @, *#;. As a consequence #, * %,
is a fourfold rotation axis and we have s, = 3. Similarly the fourfold
rotations will transform the axis of the threefold rotation 4, - 4, into
three others making 83 = 4. In other words, if we assume 8; > 1,
then 34 = 3 and simultaneously s; = 4.

On the basis of the considerations given above we shall proceed to
deduce the possible non-cyclic proper point groups one by one.

Let us begin with the case for which sg = 55 = 83 = 0. According
to Equation 2-66, s; = 3, while the order of the group is k¥ = 4 according
to Equation 2:63. Table 2-3 shows further that the three rotation axes
are mutually orthogonal. The rotation axes are thus #,;, #,, and
@1y x iz with &, - @2 = 0. A proper point group in which there is one
rotation axis of order n and normal to it n twofold rotation axes separated
by angles v/n is called a dihedral group of order 2n and is given the
symbol D,. The group under consideration belongs to this type and is
obviously D;, the dihedral group of order four. According to the result
obtained in Appendix B and expressed in Equation B-19 the group may

be written as the direct product of any two of the three subgroups of
order two, i.e.,

D, = (2)-(2) = (2" (2

272
2=2ma, -1, 2 =2, ~1, 4,-8,=0 1272]

Axes which are transformed into one another by the operations of a
point group are said to be equivalent. Clearly, equivalent axes are of
the same order, but axes of the same order need not be equivalent. If an
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an axis % is transformed into —#% it is called a non-polar axis,
if not, it is said to be a polar axis. Thus all three twofold axes
of D; (W, @, and &, = &) are non-equivalent and non-polar.

If one of the three quantities 83, 84, 85 is equal to 1, then the rotation
axis @; associated with this subgroup must be transformed into itself
by all rotations n’ of other subgroups of the point group, i.e.,

g -0 = 44 (273]
Since #, is not to be the axis of n’ this equation is satisfied only

if n’ = 28483 — I where @, - l; = 0. Hence we obtain the following
combinations of values s,

8g 84 83 82 k

0 0 1 3 6
0 1 0 4 8
1 0 0 6 12

These sets s, evidently correspond to the dihedral point groups D3, Dy,
and Dg, and according to the oft-used Equation B-19 we have

Dy= (n)-(2) = (@) (m)
n =4 + {— &) 008'21—:: +Ix%; sin%ﬂ (2-74]

2 =200 -1 @8 =0
The three twofold rotation axes of D3 are
- 8) = T, —38— 3V3axm,, -4 3Vam xg, [275)

They are thus equivalent and polar. In the point group D, the two-
fold axes are all non-polar, but they fall into two sets of two equivalent
axes. The two sets are

Op- (4) = U, =0, %%,
and [2-76]

1 1
Vé(ﬂz'i'ﬂl aa)'@)—i'vi(ﬂz:!:ﬂx"ﬂa)

There are six twofold axes in Dg. They are all non-polar, but they are
not all equivalent; they form two sets, each set containing three equiva-
lent axes. The six twofold axes are

By- () = 0y, (3 = 3V30, <)
and (2:77]

Oy =Ty (8) = %0y * T, = (3V30, = 37, *0y)
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We have now deduced all point groups (P) for which s, 84, or 83 = 1,
while D, is the only point group for which 83 = 84 = 8¢ = 0. The
point groups yet to be derived must have s3 = 0 (since 83 = 1 gives Dg
and since 85 = 0 or 1 are the only two possibilities). With the aid of
Equations 2-70 and 2.71, it was shown that if s3 > 1, then s3 = 4, and
if 84 > 1 then 8; = 3 and simultaneously s3 = 4. Consequently there
are only two additional point groups and these correspond to the follow-
ing combinations of s, values

g 84 83 8 k Symbol
0 0 4 3 12 T
0 3 4 6 24 (4]

The three axes of order two in the point group T may intersect only at
angles #/3 or /2 as shown by Table 2.3. The former value leads to
83 = 1 and gives the already known point group Ds. The twofold axes
must therefore be orthogonal as in the point group Da which thus
becomes a subgroup of 7. The four axes of order three are directed
towards the corners of a regular tetrahedron according to Equations 2-70.
The threefold rotations must furthermore transform the three twofold
axes into one another, i.e., they must satisfy the equation

-8 = &4, =+f; or £, x4, [2:78]

These requirements give the following directions for the threefold axes
@+ 8+ @ *82)/VE, (@~ — 1, %8,)/V3
(=8 = s+ 6% 6)/V3, (=0 + % — 4 *1)/V3

The four axes of order three are equivalent and polar, while the three
axes of order two are equivalent and non-polar. According to Equa-
tion B-19 we have

T=@8)D;=D;-(8)=(8)-(()- @) = (3 @)@
2 =2u7 -1, 2 =2m@—-1, 4, 8,=0 [2-80)
8 =300 — 3 +3V3Ix4, @= (0 + 8%+ 8~0)/VE

(2-79)

The group is usually referred to as the tetrahedral group since it contains
the proper rotations characteristic of a regular tetrahedron.

The three fourfold rotation axes of the point group O must intersect
orthogonally as shown by Equations 2:71. If these axes are I, @ and
8, %%y with &, - fi; = 0 any one of the four threefold rotations must
satisfy Equation 2-78, so that the directions of the threefold axes are
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again given by Equations 2-79. The six axes of order two become
(0 = B)/V2, (0 *5)/V2, £@xh*R)/V2 [28]]

Since fourfold rotation axes are also twofold rotation axes (because
4% = 2) it is seen that T and D, are subgroups. There are three twofold
axes normal to every axis of order three and consequently D; is also a
subgroup. Accordingly the point group O may be represented in the
following manner.

O=(4)D3=D;-(4) = (3)-Dy = D~ (3)

=@)-(@)-@N=6)(®- @)

=i +1xm, 27 =@+ &) +8) -1
8 =gan— I+ 3V3Ixa, 4,5 =0, = +hL+5*5)/V3

All axes of O are non-polar and axes of the same order are equivalent.
The group contains all the rotations to which a regular octahedron may
be subjected, and it is therefore called the octahedral group.

We have thus deduced all possible proper point groups. They are
the five eyclic groups (n) = C,, the four dihedral groups (n) - (2) = D,,
the tetrahedral group 7T and the octahedral group 0. The complete
list of these eleven groups and their subgroups is given in Table 2:4.
Subgroups of index two are printed in roman type. It is seen from
Table 2-4 that all proper point groups are subgroups of Dg or 0.

[2-82]

TABLE 24
Tae PropeEr PoiNT Grours aND THEIR Sunarours
Point Group Subgroups
Gy Ch
Cs; C G
Cs C1 Cs
Cs Ci G Cy
Cs ¢, Cy G Cs
Ds G C Dy
Ds C: C: G Dy
D, G C Cq Dy D,
Dy Ci C C; Cs D: D D¢
T (o2 Cs Cs Dq T
0 Ch Cs Cs Cq Dy Dy Dy T [4)

The improper point groups are either of the form given by Equa-
tion 2-58 or of the form expressed in Equation 2-59. The latter groups
are simply isomorphic with proper point groups which have a subgroup
of index two. The groups C,, C3, and T have no subgroup of index two,
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and consequently no point groups of the type of Equation 2-59 may be
constructed from them. The other groups of Table 2-4 have all sub-
groups of index two and are thus isomorphic with improper groups
(P). Altogether ten groups (P) may be formed, one for every group
Cs, C4y Cg, Ds, D3, and T, and two each for the groups Dy and Ds.
Evidently there are eleven groups (1) - (P), one for every proper group
(P). Five of the twenty-one improper point groups are cyclic; they
have been derived earlier and are included in the list of ¢yclic groups
2.55. The improper point groups and the proper point groups to which
they correspond are given in Table 2.5, Clearly the improper point
groups have the same axial directions as the corresponding proper groups,
but in passing from the latter to the former some or all of the proper
axes become improper.
TABLE 25§

Tae PROPER AND IMPROPER GRoUPS

Proper Point Subgroup of (P) Improper Point Groups
Group, (p) of Index Two Typc u_,) rrype (1) . (p)
Gi(1) i)
C1(2) Q) C,(3) Ca(l)- (8)
Dy(3) - @) 2) C2o(3) - (3") Dad)- @)- (@)
Cy(8) C1i(8)
Dy(8) - (2") 3) C3,(3) - (3") Dy (3) - (3")
Ci(4) @) S«@) " Cad) @)

. (4) Cdv“) * ( ) . .’
D@ - @) { &% 9% loam @ @
Ce(8) 3) gu(ﬂ) 5 Ca(l) - 8)

’ (8) s (8) - (') . .
Dy(®) - () { ooy @ @ }Da.d) ®- @)
T@)- ((3)- @) " a8 - (@) - @)
0@)- (@)- @) | @) (@- @) |Tu3)- (@) - E')]0@) - () - @)

Generating elementas:
2 2
o =g + { — Q1)) cos _:;1: + Ixay sin—'::
2 =22 -1 with 2,4 =0

2" o (s + @yx 0g) (B + Gy xGa) — 1
8 = (I + 8+ G0 + g2 + 01 %G3)/2 — 1/2 + Ix (G + G2 + 01 xG3)/2

It is of interest to note that the various elements of any point group
may be represented as the products of powers of not more than three of
the elements, These we shall eall the generating elements of the point
group. For instance, 8 is the generating element of Cgy, 4 and 2’ are
the generating elements of D;, while 8/, 4, and 2" are the generating ele-
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ments of Op. The symbols of the point groups given in Table 25 are
those introduced by Schoenflies. The correlations between the symbols
and the group compositions as shown by the direct product form are
neither obvious nor consistent, and the Schoenflies nomenclature will
therefore in the next section be replaced by the more logical Mauguin-
Hermann nomenclature.

§. THE TRANSLATION GROUPS

In order to synthesige the space groups we must, as shown by Equa-
tion 2-52, know all translation groups and factor groups of which they
are composed. In the preceding section the point groups were derived.
Having determined all point groups it becomes possible to deduce trans-
lation groups as well as factor groups with comparative ease. Since
translation groups and factor groups are not independent, the order in
which they are derived is of some importance. An acceptable trans-
lation group must be invariant under the symmetry operations of the
crystal lattice as expressed in Equation 2:18 where S = [¢, /] denotes
any one element of the space group. It is readily seen that
Equation 2-18 can be expressed in the form

' (D)-¢=(D) {2-83)

which involves only the dyadic parts of the symmetry operations. The
translation group is in other words an invariant subgroup of the space
group if it is invariant under the operations of the corresponding point
group. Since all the point groups are known we are consequently
in a position to derive all translation groups without first having to find
all factor groups, We will therefore devote this section to an investiga-
tion of the possible translation groups, while the derivation of the factor
groups, which thus represents the final stage in the space group synthesis,
will be discussed in section 6 of this chapter.

All the elements of the translation group are the lattice translations.
If the lattice is deseribed by means of a primitive vector set 3,, 33, 3,
the lattice vectors have the form A = L)a; -+ Lalla + L3ly where
Ly, Lj, L3 are any three integers, positive, negative or zero. The corre-
sponding lattice translations are Pr,z,z, = I'z, = (I, A1) and the trans-
lation group is the set of all conceivable operations I'z, i.e., (T) = (T'z).
When the lattice is represented by means of a non-primitive triplet
8;, 3, 33 the lattice vectors have fractional as well as integral com-
ponents, as was shown by the discussion in section 12 of Chapter I, and
the group (T'z) is then merely a subgroup of the translation group.
Consider the body-centered representation as an example. Since the
lattice vectors referred to a body-centered set &;, 83, 43 have the general



Sec. I1-5) THE TRANSLATION GROUPS 49

form given by Equation 1:51, the corresponding lattice translations are
either 'z, .z, or T z,r,- T4y The group (T'z) is thus a subgroup of
index two and the translation group may be expressed in the form

Body-centered (I') = (I'p) - (E, M) 2-84]

In a similar manner we find the following results for the translation
group in base-centered and face-centered lattice representations (using
the results expressed in Equations 1-49 and 1-55).

Base-centered (I') = (T'y) - (E, Toy)

= (T1) - (E, Tjo3) (2-85]
= (T'1) - (E, Tyo)
Face-centered (T') = (T'z) - (E, Tow, Tios, Tont) (2-86)

Since the only non-primitive representations which will be used in the
following investigations are the ones just mentioned, it is convenient to
introduce separate symbols for the corresponding translation groups.
Following the Mauguin-Hermann notation we will adopt the following
scheme.
Primitive translation group ry) =6
Body-centered translation group (I'p)- (E, I'y) =3
Base-centered translation group (I'p)-(E, Topy) = @
(To)-(E,Typ) = ® (2-87)
(Tz) - (B, Tyo) =€
Face-centered translation group (I'z) - (E, Tou, Tiop, Tigo) = F

Equation 2-83, as shown by Equation 2:19, is equivalent to the state-
ment that all components ¢, are integers. In other words, if the vector
set 8;, 8y, 83 of the translation group (T') is such that all elements ¢ of a
given point group have integral components ¢; when referred to the
coordinate system &, 3z, 33, then (T') is an invariant subgroup of all
space groups which correspond to the given point group. Since

identically
¢ = );E;(a; - @ + be)b,as [2:88]

it follows that Equation 2-83 may be expressed in the form
o = 8;- @ - b = integer [2-89)

In any point group there is a set of constant dyadics ¢ which we know
and the variables of Equation 2:89 are therefore the vectors 2y, &, 2.
This equation is identically satisfied only if ¢ = I or if p= —1I, i.e,
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when the point group is C;(1) or C;(I). For all other point groups
Equation 2-89 represents scalar relationships between the three vectors
&,, 33, 83 and thus the six quantities ay, a3, a3, a1, a2, a3, which define
the lengths and relative orientation of these vectors, are no longer
independent.

The complete set of all possible translation groups will be deduced
with the aid of Equation 2-89. The derivation is greatly simplified by
the fact that it is not necessary to consider each point group separately.
Clearly if Equation 2-89 is satisfied for a dyadic ¢ it will also be satisfied
for the corresponding dyadic — ¢. Consequently Equation 2-89 will
have the same solutions for a proper point group (P) as for the corre-
sponding improper groups (P) and (I) - (P), so that it is sufficient to
solve Equation 2-89 for the proper point groups. It may further be
shown that Equation 2-89 gives the same solutions for a dihedral point
group D, with n > 2 as for the corresponding cyclic group C, and the
same solutions for the tetrahedral group T as for the octahedral group O.

TABLE 26. Tae

System Point Groups
Triclinic a@), cd)
Monoclinio Ca(2), C.(@), Caul)- @
Orthorhombic Dy(2)- (3), C1@)- @), Dud)-@)- (@)
Trigonal @), Cx@)

Dy(8)- @"), C3(3)- @), Du@®) - @")

Tetragonal Ci(4), 8.Q), Cud)- @)
Di(8)- @), Co@)- @), Vad)- @), Dud)-4)-@"

Hexagonal Cs(8), Cun(8), Cu()-(8)
Dg(8)- ('), Ces(8)- (&), Du(B)- @), Da(l)- 8)- @)

Cubio , T@)-(@)- @), @) (@) @)
0@) - ((9)- @), Ta8")- (D) @), 0u@)-(4)-@")
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On the basis of these considerations it becomes convenient to arrange the
thirty-two point groups into seven so-called systems in such a way that
a translation group which is invariant with respect to any one point group
of a given system necessarily is invariant with respect to all other point
groups of the same system. The distribution of the point groups among
these seven systems is shown in Table 2:6.

In section 12 of Chapter I, it was shown that there are an infinite
number of equivalent vector sets @, @iz, &3 by means of which any given
translation lattice may be described. We arrive at the same conclusion
when Equation 2-89 is considered. Suppose in particular that &;, s, a3
is a set of vectors which satisfies Equation 2-89. If we introduce new
vectors @j, ds, a3 defined by ] = D c;ifix where all coefficients cji are
integers, it is obviously true that the new vector set also satisfies Equa-
tion 2-89. It is, of course, sufficient to deal with just one of these equiva-
lent sets, and this one set is selected according to universally adopted
rules which are described in Table 2-6. The vector set so obtained is not

SEVEN Systems

Rules for the Selection of the Vector Set a,, d, ds

&y, Gy, and d; are chosen as the three shortest lattice vectors which do not all lie
in a plane.

ay, a3, @3, ay, as, ay are independent.

@3 is chosen as the shortest lattice vector along the twofold axis, while d; and a3
are taken to be the two shortest lattice vectors normal to the twofold axis.

83, @3, 3, ag are independent while a) = a3 = /2.

@y, g, and 4; are chosen as the three shortest lattice vectors along the three orthog-
onal twofold axes.

ay, ag, ay are independent while @) = az = a3 = =/2.

Case I. d, is chosen as the shortest lattice vector along the threefold axis, while
dy is taken to bo the shortest lattice vector normal to the threefold axis and
dz is chosen so that @ = d, - 8.
a3 and a3 are independent while as = ay, a1 = ag = 7/2, and ag = 2x/3.

Case II. ) is chosen as the shortest lattice vector which is neither parallel nor
normal to the threefold axis, while @2 = @, -8and 83 = d2- 8 = Gy - 82,
ay and a) are independent whileaz = a3 = a;and ay = az = a3.

ds is chosen as the shortest lattice vector along the fourfold axis, while d; is taken
to be the shortest lattice vector normal to the fourfold axis and d3 = dy - 4.

a4, a3 are independent while a; = a) and a; = a3 = a3 = z/2.

d3 is chosen as the shortest lattice vector along the sixfold axis, while @ is taken to
be the shortest lattice vector normal to the sixfold axis und d2 = dy - 8.

a), a3 are independent while a2 = a3, ) = a; = /2, and a3 = 2x/3.

8y, d3, and d; are chosen along the three equivalent and orthogonal axes of order
two in 7' and T, of order four in O, T'y and Oy,

a) is independent while a; = a3 = ay and a) = a2 = a3 = =/2.
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necessarily primitive and we must therefore in the following make
detailed investigations of the translation groups which come into con-
sideration for the various systems.

Triclinic System. Since Equation 2-89 is identically satisfied for
@ = 1 or 1 no restriction is imposed upon the vector set @;, 8z, 3. It
may therefore be assumed, as indicated in Table 2-6, that the three
shortest lattice vectors (not all lying in a plane) serve as the vector
triplet a;, d,, 3. This vector set is obviously primitive and we have
thus

Triclinic translation group @

According to the rules given in Table 2.6, we have obtained a specific
coordinate system &, &2, a3 for each of the seven systems and it becomes
convenient to express all our dyadics ¢ in terms of their components in
this reference frame. We will use the general form given in Equa-
tions 2:14 or the corresponding matrix form, i.e.,

d11 P Pa
¢ = Z;%kb}ak =|d12 o222 93 {2-80)
$13 P23 Pas

All the operations of any point group may be obtained with ease from
the generating elements, and we will therefore list the specific forms of
these elements. The generating elements of the triclinie point groups
are 1 and 1 which have the same simple forms in all systems, namely,

1 00
1= 5151 + Bzﬂg -+ 53(73 = (O 1 0) [2-91a)
0 01
100
1 = '—51&1 - Ezﬁg - 53&3 = (0 T 0> [2'91b]
0 0 1

Monoclinic System. Since the vectors a,, @,, and a3 are chosen either
parallel or normal to the only twofold axis of the monoclinic point groups,
any one of the three vectors is transformed into itself by the symmetry
operations which come into consideration in this system, ie., 3;- ¢ =
=8;, and Equation 2-89 is satisfied. When referred to the coordinate
system &,, @z, 33 the generating elements 2 and 2 become

1 00
= —Blal + 8202 - 53&3 = (0 1 0) [2-92a]
001
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]

1 00
2 = bja, — bty + bstig = <0 1 0) [2-92b)

0 01

Reference to Table 2:6 shows that the vectors &,, d,, @3 have not been
gelected in such a manner that they necessarily form a primitive set.
We must therefore investigate the possibility that the triplet is non-
primitive. According to the results obtained in section 12 of Chapter I a
lattice representation is primitive if all lattice vectors are of the type
A; = L4, + Lois + Lats with only integral values Ly, Ly, Ls. The
lattice vectors of non-primitive representations have on the other hand
fractional as well as integral components and they are thus either of the
form Az or of the form Ay + D f;4; where the components f; of the
vector f = D _f;a; are fractions which because of the periodicity may
be restricted to the range 0 < f; < 1. The corresponding lattice
translations are Prr,z, and Trrg, - Tsgs,.  (For example, f =
3(@3; + a; + @3) in the body-centered representation and the trans-
lation group is therefore (I'r) - (E, I'y).) In order to find out if a
given vector set &,, @z, @3 is primitive or both primitive and non-primitive
we shall proceed as follows. We assume the existence of a lattice veetor
§= 2f;8; with 0 < f; < 1. The existence of additional and equiva-
lent lattice vectors f - ¢ (where @ is any one element of the point group
under consideration) and of lattice vectors f + f- ¢ is then implied.
It is easily shown, as demonstrated below, that these lattice vectors can-
not exist unless the components f; assume specific values. The solution
] = 0is, of course, trivial and the set &,, &5, & is necessarily primitive if
J = 0 s the only solution. However, if we find an additional solution
for f, then the set a,, @;, ;3 may be primitive or non-primitive. For
example, if the two solutions are / = 0 and f = 4(a; + @, + a3) the
representation is either primitive or body-centered, and the correspond-
ing translation group is @ or 3.

According to the rules given in Table 2-6, the vectors &,, &, 35 of the
monoclinic system are so chosen that any lattice vector parallel to the
twofold axis has the form L,&,, any lattice vector normal to the twofold
axis the form L,&; 4+ Lal;. Since the same translation groups corre-
spond to a point group (P) as to the analogous improper groups (P)
and (I) - (P), it is sufficient to consider the point group (2) in the mono-
clinic system. The vectorsf 4+ /- 2and f — f - 2 are respectively paral-
lel and normal to the twofold axis. Hence we must set f + f+ 2 = Lj2,
and f— 7.2 = L;3; + Laft;. The possible values are therefore
fi =0or 1% The various solutions for f and the corresponding trans-
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lation groups (using the notation intreduced in Equations 2-87) are thus

M 1=0o, translation group ¢
2) f=14@;+ a33), translation group @
@) =13%@ +a), translation group @ [2:93]

(4) J=13@ +3,+3;5), translation group 3

It should be noted that it is not necessary to make use of all three trans-
lation groups @, @, and 3. The group € is transformed into @ if the vec-
tors &; and ag are interchanged. Similarly the group 3 is transformed
into @ when we introduce a new vector &} defined by a5 = a8, + da.

Orthorhombic System. In the orthorhombic system the vectors
G, 83, O3 are the shortest lattice vectors along the three orthogonal
axes of order two. Since a; - ¢ = ==3; for any operation which comes
into consideration it follows that Equation 2-89 is satisfied and the
translation group is thus invariant. All the three twofold axes are
proper in point groups (2) - (2') and (I) - (2) - (2’) (in the latter group
they are also all improper), while the point group (2) - (2’) contains
only one proper axis. We shall agree to choose the vector @ along a
proper twofold axis, and we may therefore take @iz along the axis %,
of the operation 2, &, along the axis i of the element 2’ and @, along the
axis fy x @i of the element 2 - 2’. Referring the generating elements to
the coordinate system &, 3z, d; we find

1 00
= —5;&1 -— 52&2 + 53&3 = (0 1 0) [2‘940]
0 01

1 00
+2" = (58, — boBty — ba83) = % (0 1 0) (2-94b)

0 0 T
In order to find out if the translation group may be non-primitive we
follow the procedure outlined in our discussion of the monoclinic system.
The vectorsf + f- 2,7+ f-2',and f + f - 2- 2 are parallel to the three
twofold axes, and they must therefore be of the form L;#;. Accordingly

we find f; = 0 or 13, and the following solutions are obtained.

M j=o translation group @
2) J=13(@ + 13), translation group G
() j=3@ + &), translation group ®
@) J=1%@ + ay), translation group € [2-95]
() J=3m + 2+ a3), translation group 3

6) 7= 350+ 3), §@ + 25),
and 3(a, + 3,), translation group §
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It is not necessary to use all three of the base-centered translation
groups @, ®, and €. Only one of the base-centered groups, say @,
needs to be used with the point groups (2) - (2') and (I) - (2)- (2")
since @;, @2, d3 are all proper axes and thus may be interchanged. In
the point group (2) - (2'), @, and & are both improper axes and may be
interchanged, but they cannot be interchanged with the proper axis ag
and hence two of the three base-centered translation groups, namely,
@ and € (or ® and @) must be considered.

Trigonal System. In order to avoid the use of non-primitive repre-
sentations there are two alternatives for the choice of the vector set
&, 8y, 3 in this system,

Case I. Let us begin by selecting the vectors @, @a, &; according to
the rules given under Case I in Table 2-6. According to this procedure,
we set d3 equal to the shortest lattice vector along the threefold axis,
3, equal to the shortest lattice vector normal to the threefold axis and
Gy = G, - 3. However, we shall use this vector set only if it is primitive.

It is readily seen that Equation 289 is satisfied for the point groups
(3) and (3). However, the vector set &, @, a3 is transformed
into d,, — (38, + @;), —@; by a twofold rotation about the vector 3,
and into &, + &, —a,, —d3 by a twofold rotation about the vector
2a, + a2 Hence, Equation 2-89 is satisfied also for the point groups
3)- @), 3 @ ), and (3) - (2"), provided the axis @ of the generat~
ing elements 2’ or 2’ is parallel to &, or to 24, + d,. In order to dis-
tinguish between the two possible orientations of #; we shall designate
the twofold operation by 2’ when #, is along &;, by 2" when %, is along
28; + ;. The point groups of the trigonal system may accordingly be
written as C3(3), C3i(3), D3(3) - (2) or (3): (2"), C3,(3)- @) or
(3)- @), D3a(8)- (2') or (8)- (2") with the following generating

elements.
010
+3 = 26,85 F bo(@; + G2) & b3dz = = (1 1 (‘)) [2-96a]
0 0
1 0
:1:2' = :!:51311 ¥+ 53(&1 + ﬂg) + 5303 = =+ (0 0) [296b]
0 I

O O we)

:i:2” = :!:51(211 + 62) F 5262 ¥+ 53&3

1 0
+ (l 0) {2-96¢)
0 1

We shall next investigate whether non-primitive translation groups
come into consideration. Let again J = D_f;a; rcpresent a hypo-

(=]
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thetical lattice vector for which 0 < f; < 1. f cannot be a lattice
vector unless the following sum and difference are also lattice vectors,
J+71-84+7:8 =301, F—7-3= {14+ 2f:— ).
Hence it must be required that f; = 0, 14 or 24, and the possible values
of f become
Li=o translation group (') = @
@) 7 =38, + 8% + 4%
and §8, + 33 + $8;, translation group
(L) « (E, Ty, Tin) [2-97]
3) J = 82, + 38 + }8s
and 42, + 48, + §8s, translation group
(Tz) - (E, Tyyy, Tygy)

Since d; and &; are equivalent vectors they may be interchanged and
the non-primitive translation groups given under (2) and (3) are
thus entirely equivalent. The non-primitive translation group
(Tz) - (B, Ty, Tiy) respectively (Tp) - (E, Ty, Iyy) is readily
transformed into a primitive translation group by means of a proper
choice of new vectors 3f, @3, 83 defined by a; = = }a, + 3a. + }as,
a5 =a{-3,and a} = a3-3, ie.,

& = +5i + 402 + 3

8 = —30; — 382 + 3da [2:98)

3 = +38 — 33 + 133

This transformation was discussed in section 12 of Chapter I (compare
Equations 1-52) and the new set aj, a3, @3 is evidently primitive. The
vectors &, @3, a3 are chosen in accordance with the rules given under
Case II of Table 2-6. In other words, the non-primitive translation
group of Case I becomes a primitive translation group when referred to
the vector set of Case II.

Case II. In accordance with the discussion given above we shall
employ the reference frame of Case II whenever the translation group
of Case I is non-primitive. The corresponding translation group of
Case II is then, as we have seen, primitive. It is customary to say that
the vector set &, d;, 33 of Case I is of hexagonal type, while the vector
set &, 8z, 3 of Case II is called rhombohedral. The two translation
groups which come into consideration in the trigonal system are both
primitive, but one is based upon a vector set of hexagonal type, the other
upon a vector set of rhombohedral type. In order to distinguish
between them, we shall continue to use the customary symbol @ for
the primitive translation group of hexagonal type and introduce the new
symbol @ for the primitive translation group of rhombohedral type.
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The rhombohedral vector set @,, &z, 83 is obviously invariant under a
rotation 3 about the axis d, - @2 + &z, and it is also invariant under two-
fold rotations about an axis &; — ;. The latter direction is normal to
the threefold axis. The vector set &,, @, @3 will therefore satisfy
Equation 2-89 for all operations of trigonal point groups provided the
axis #i; of the generating element 2’ or 2’ coincides with the lattice
vector &; — 3 (or with either of the equivalent vectors &; — a3 or
33 — @;). Itwill berecalled that there were two non-equivalent, possible
directions for #; in a reference frame of hexagonal type, but this is not
true of the rhombohedral reference frame, and accordingly we do not
now have to consider alternative forms of the point groups Dj, Cje,
and D34, Thus, using a rhombohedral vector set we have the following
point groups Ca(8), Cai(8), Da(3) - (2'), C34(8) - (), Dau(8) - (2"),
and the generating elements =-3 and 4-2’ become

0 01

+3 = :l:(Blag + 52&3 + 53&1) = =+ (1 0 0) [2'99(1]
0 1 0
010

+2 = =F(51a2 + Bgal =+ 5333) = =4 (I 0 0) (2'99b]
0 0 1

Telragonal System. The vectors 4y, &;, @3 of the tetragonal system
are chosen, aceording to Table 2-6, in such a manner that Equation 2-89
is satisfied for the point groups (4), (4), and (I) - (4). The vector set
&,, 83, 4z is, however, turned into &@,, —a,, —3&; by a twofold rotation
about the vector d,, into @, @,, —@s by a twofold rotation about the
vector @y + d2. Accordingly the triplet &,, 32, 33 satisfies Equation 2-89
also for the remaining tetragonal point groups provided the axis %,
of the generating element 2’ or 2’ is chosen along @, or along 4, + a,
(or along one of the other vectors equivalent to &, or to @; + 3;). We
shall agree to designate the twofold operation by 2’ or 2’ when its axis
is along vector &,, by 2’/ or 2’ when its axis is along the vector &, + 3.
The two possible orientations for the axis @, lead to two distinct forms of
the point group Dag, namely, () - (2') and (4) - (2’), but distinct forms
do not come into consideration for the point groups D, Cy, and D, since
4)-@)=4)-@") and (4)- @) = (4)-(2"). The generating
elements are

010
+4 = :l:(51(_13 - 6331 + 53&3) = =+ (1 0 0) (2:1004a)
0 0 1
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1 00
+2' = 2 (bay — body — b3liz) = & (0 1 0) [2-100b)
0 01
0 10
9" = byl + boty — bad = (1 00 [2-100c]
0 01

The monoclinic point groups are subgroups of the tetragonal point
groups. According to Table 2.6, the tetragonal vector set &, dg, &3
may be considered a special case of a monoclinic triplet in which the
vectors 3; and &3 have been interchanged. Accordingly the tetragonal
translation groups must be sought among the monoclinie translation
groups. These we found to be @, @, ®, 3 (the groups @, @, €, 3 were
actually deduced, but the vectors &, and iz are to be interchanged so that
€ is transformed into ®). In the tetragonal system the vectors &, and &,
are equivalent and it must therefore be required of a tetragonal trans-
lation group that it remain invariant under an interchange of &; and a,.
The groups@ and @ do not fulfil this condition. Tetragonal translation
groups are therefore either primitive or body-centered, i.e., ® or 3.

Hexagonal System. It is seen from Table 2-6 that the vector set
8, ds, a3 of the hexagonal system is the same as that of Case I of the
trigonal system. We know that this vector set satisfies Equation 2-89
for all trigonal point groups. Since the triplet is transformed into itself
by a twofold rotation about a3 it follows that @, @, &3 satisfy Equa-
tion 2-89 also for all hexagonal point groups.

According to results obtained in the discussion of the trigonal system
the axis %, of the twofold generating element of Dg, Cgy, D3y, and Dgy
is either along the vector &, or along the vector 24, + @,. In the former
case the symbol 2’ or 2’ is used to designate the twofold operation, in the
latter case the symbol 2/ or 2/, It is readily verified that (6) - (2) =
(6)- (2") and (8)- () = (8)- (") while (B)-(2') = (8- (@2").
The two alternatives for the direction of #; thus lead to two distinct
forms of Djp, while only one form of the remaining hexagonal point
groups needs to be considered. The generating elements 42’ and 2"/
are given in Equations 2:96b and ¢ and the elements =6 are

1 10
+6 = +5,(G; + o) F 0.8, & b3d3 = = <1 0 (:) [2-101]
0 0

Monoclinic as well as trigonal point groups are subgroups of hexagonal
point groups. Hexagonal translation groups must therefore be sought
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among the translation groups which are common to the monoclinic and
trigonal systems. Monoclinic translation groups are either primitive,
base-centered or body-centered, while trigonal translation groups
(veferred to the vector set of Case I) are either primitive or of the non-
primitive type shown in Equations 2-97. The two systems have only
the primitive translation group in common, and this is consequently the
only possible hexagonal translation group.

TABLE 27
Tae FourTteeN TraNsLaTION GROUPS
Nature of .

System Vector Set dy, dz, @ Translation Groups
Triclinic ay, ag, 83, a1, @, a3 @
Monoclinic ay, ag, 63, a3 ® or @ (or @ or J)

m=m=l
Orthorhombic a1, a2, G3 @, @ (or Bor@),
a1=a2=as=: Jyor &
2
Tetragonal ay, ag ®ord
az = ay, a1=az=aa=§
aj, oy (R
Gz = Q3 = 4], ay = a2 =ay
Trigonal <
Hexagonal ay, a3 (4
- car=Tr ay=2E
as = ay, dl-—az—-2 ay = 3
Cubic ay ® 3, orF
g2 = a3 = a1, a1 = az = ag =%

Cubic System. It is readily verified that the cubic vector set &,, @,, @3
chosen according to the convention given in Table 2.6 satisfies Equa-
tion 2-89 for all cubic point groups. The generating elements of cubic
point groups are +3', 4, 42, 42, and +2"’. The elements %2 and
+2' are given by Equations 2-94a and b, the clements +3’ by Equa-
tion 2:99a, the elements +4 and +2'’ by Equations 2-100a and c.

The ecubic vector set &,, 42, @3 can be considered a special case of the
orthorhombie set, the difference being that the three vectors are equiva-~
lent in the cubic system. In the orthorhombic system the translation
groups were found to be @, @, ®, €, 3, or . Since the base-centered
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TABLE 28, TRANsSLATION GRouPs

Type of Translation Group] Point Groups Rotation Axes
Triclinio
@ Ci(1)
cid)
Monoclinic ds
¢.a C2(2) 2
C.(2) 3
Ca(1)(2) =3
Orthorhombic i3 a ds
®acss C(3)@) 2 i 3
a8 93% { Dy(3)(3") 2 ] 2
Da()(@)(@") =2 +2 +3
Tetragonal ds éa dy + a3
Ci(4) 4
S.@) 3
Cu(l)@;) 4
D,4)@3 ) 4 2 2
@3 Co@®)@) 4 3 i
D:a(3) (@' ) 4 2 8
@)@ i 8 2
Du(i)(4)(2 ) +4 +9 +2
Cubic 4 d1+ada+dy dar+ds
T )((2)(2 )) 2 3
®,3F TA(? )((3)(3' ) =2 8
0(3')((4)@")) 4 3 2
Td(s')((a)(a’”)) i 8 b
08 (@)@") | +4 § %2
Rhombohedral d, +dg + as dy — ds
Cs(8 3
g“((a))(a g
3 2
® Cu(3) (@) 3 3
Dy (8)(3") § +=3
Hexagonal ds 4, 23y + ds
Cy(3 s
oy @ s 2
Da {(3) (all 3 a
Ca { (3) ﬁ:? 3 3
® ® (3)(9 ) 3 3
) 3 +2
{(3)(2' 3 +2
Cs(8) [
Cu(8) 8
Cu(i)(ﬁ) +=6
g |71
12
& 8 2 3
(2") 8 i 2
Du.( )(8)(2") +6 £ +2
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Generating Elements

o)

1 0 0O
%1l = % (0 1 0)
0 01
e (I 0 0
+2==x{0 1 0 =
o o i) {2) = 26s42
T oo
2 = :!:(0 1 o) (2] = 26ss
0 01
100 ,
+8' = :i:(g i 0) 8’} = 2614,
0T
010
+4 = d:((l) 0 0) (4) = 4538s
01
010
+2" = & ([l) 0 0) {27} = (b + b3)(@1 + d2)
01
0 0 1
+8 =+ ((1) (l) g) {8’} = (61 + b2 + 63)(a1 + a3 + d3)

+8 = &

O=O

18} = (51 + b2 + b2)(ds + as + &3)

01
0 o)
10
010
42 = (I 0 0) {3’} = (b1 — 62)(@1 — dG2)
0 0 1
01 0
:l_-s==|=(3 i 0) {8} = 3byd;
01
1 I
*3"::*:(3 1 (()7) 12’) = (25, — ba)ay
01
100
:I:B"c:i:((ll g (T)) {8”) = 51(24; + 1)
1 To
.-.|:6=-¢(1 0 0) (8] = 663ay
0 0 1
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groups are not invariant under an interchange of 4, &, and 83 they can-
not come into consideration in the cubic system. The cubic translation
groups are therefore @, 3, or , i.e., primitive, body-centered, or face-
centered.

All translation groups have now been deduced and the results have
for the sake of convenience been compiled in Table 2-7. The trans-
lation groups are either primitive, base-centered, body-centered, or face-
centered, but they are based upon different vector sets @,, 8,, @z in the
different systems, As a consequence there are, as shown by Table 2.7,
fourteen distinct translation groups.

In Table 2-8 are listed all translation groups and the point groups to
which they correspond. This table also contains useful information
about the direction and nature of the rotation axes in the various point
groups and gives the matrix form of the generating elements. In the
last column are given the characteristic dyadics {n} of the proper gener-
ating elements. According to Equation 2-30 this characteristic dyadic
has the value {n} = n #i# where % is a unit vector along the rotation axis.
The antecedent of the dyad in the last column of Table 2-8 therefore
represents the direction of the rotation axis in the reciprocal lattice, the
consequent the direction of the rotation axis in the initial lattice. The
rotation axes of the various point groups are given in the third column.
The information in this column is complete except for the fact that only
one representative of each set of equivalent axes is listed. The symboln
as usual indicates an n-fold proper axis, the symbol @i an n-fold improper
axis, while the symbol £n shows that the axis is proper as well as
improper. In the Mauguin-Hermann notation the point groups (and
space groups) are characterized by the nature of their rotation axes.
Thus the symbols given in the third column are simply the Mauguin-
Hermann symbols for the point groups. (Aectually Mauguin-Hermann

use the symbol m instead of 2, the symbol % instead of =n.)

In the point groups where the generating elements are associated with
different rotation axes it has been found advisable to differentiate
between the generating elements by affixing accents to their symbols.
The scheme which we are using is given in Table 2-9.

6. THE SPACE GROUPS

According to results obtained in preceding sections of this chapter we
know that any space group can be written as the direct product of the
translation group and its factor group. When the translation vectors
of the elements [@, ] are omitted the factor groups reduce to the thirty-
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TABLE 29
NOMENCLATURE For THE GENERATING ELEMENTS
Type of Translation Rotation Axes of Generating Elementa
Group G @ G+ds+8 G+E6 244 4 ~ay
Orthorhombic +2 +2
Tetragonal +4 +2' +2"
Cubic +2 =2’
+38’ +2"

+4
Rhombohedral %38 +2'
Hexagonal +3

+2’ +a"
+6

two possible point groups which were deduced in section 2-4. The point
groups are either cyclic or such that they may be written as the direct
produet of two or three cyclic subgroups. Thus the point groups may be
given in the following general form

(0)(91)(p2) [2:102]

where ¢, ¢1, and @ are the generating clements. (If the point group
under consideration can be written as the direct product of only two
cyclic subgroups we set ¢z = I, and if it is cyclic we set ¢1 = @2 = I.)
Because of the isomorphism the factor groups corresponding to the point
group of Equation 2:102 will have the form

(¢; i) (q’h i’) (¢2) z") [2'103]
while the space groups may be represented by the product
(T) (@, D@1, ¥){@z, ') (2-104)

We have deduced all point groups, i.e., all possible sets @, @1, ¢z, and
we have also derived all translation groups (I') which may be combined
with each set ¢, @1, ¢2. Thus the translation vectors 7, ¥/, and ¥’/ are
the only unknown quantities. In order to determine the translation
vectors we shall in the first place make use of the fact that the generating
clements [g, #], (@1, ¥'), and [¢2, ¥’} must be possible symmetry opera-
tions of the crystal lattice. Accordingly the translation vectors are
subject to the condition expressed in Equation 2-29, i.e.,
- {@} = a lattice vector
¥ - {@1] = alattice vector [2-105]
- {@a} = a lattice vector
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The conditions given in Equations 2:105 are necessary conditions, but
they are not sufficient. If the product represented by Equation 2-103
is to be a factor group it must be a group and this requirement imposes
in general additional conditions upon the vectors Z, ¥, and i/, Con-
versely it may be stated that the product given in Equation 2-103 is a
possible factor group, if its three generating elements represent possible
gsymmetry operations and if in addition the product is a group. These
two requirements are obviously fulfilled when ? = ¥ = ¥/ = 0, Accord-
ingly the point groups themselves are acceptable as factor groups, and
we may construct some of the space groups without further investiga-
tion. These space groups are the direct products of the translation
groups with the point groups. They are easily listed with the aid of
Table 2-8 in which the possible translation groups are given in the first
column and the possible point groups in the second column. The
seventy-three space groups so obtained are compiled in Table 2-10.
They may appropriately be called the seventy-three point space groups.
(In Table 2:10 we have introduced some obvious simplifications in the
nomenclature. The script symbols for the translation groups have been
replaced by the corresponding italic symbols. The parentheses (the
group symbol) around the generating elements have been omitted, while
the = sign has been substituted for the inversion group.)

The seventy-three point space groups represent less than one-third
of all space groups, and we shall next have to consider in some detail
the methods by means of which all conceivable space groups can be
derived. Unless systematic procedures are followed it will frequently
happen that apparently different space groups are derived which on
closer examination prove to be merely different representations of the
same space group. Difficulties of this nature can be attributed to the
lack of definite rules for the choice of origin of our reference frame. The
elements of space groups define transformations from one set of points
in space to another set of points in the same space (compare section 1
of this chapter). The initial and transformed set were described by
means of vectors drawn from a fixed point, the origin. Let ¥ and #
as in Equation 2.3 be two such vectors representing an initial point and
the transformed point. Suppose that the origin is shifted to the point
fo and that 7; and 7{ are the position vectors of the initial and of the
transformed point relative to the new origin. Obviously we have
=% +Foand# = #] + Fo. With the aid of Equation 2-3 we find

H=fi-@+i+f-(@—D="*%- (¢ i+7" (¢p—1D] [2106)]

Clearly the two symbols [¢, /] and [@, Z + 7o - (¢ — I)), where #, is
arbitrary, represent the same transformation. Accordingly we set

9.7 =g, 2+ 70 (¢ — D] (2-107]



TABLE 2:10
Tae Seventy-THRee Point Space Grours

Space Space
Group Mauguin-Hermann Schoenflics Group Mauguin-Hermann Schoenflies
Pl Pl c; P3 C3 g&
P1 PI i R3 R3 4
P2 P2 cl P3 c3 Cii
A2 A2 c3 R3 R3 C
P2 Pm ct P32’ 321 D3
A2 Am c? P32’ c312 Dé
2 R32' R32 D
Px2 Ll Ch  pgp C3m1 cl,
2 3 P3§" C3lm C;g
A4x2 4— Cin  R3y R3m s,
P22’ P222 DI pyy 32, Dl
A22 A222 D} m
122’ 1222 D 1" 2 1
F2o' F222 Dl P32 (04:) 1 ™ Dyq
P2’ Pmm?2 cl, R32 R3m D%
A28 Amm?2 clt PG cs cl
23’ Cmm2 céé P8 C8 ch
123’ Imm2 Ci 6 .
o4 Fmm?2 cil P£6 C;; Cor
g 222 1 Ps2’ C622 D}
Px22 P mmm Dz P63’ Cémm CD%;
, 222 w P cé2m 1)
4+22 mmm Dazn P2’ Com2 D
222 622
I =22 I——- D} P62 c-=~= Dl
2229 P3’'22’ P23 T
F & 22' Femm DR iz 123 ™
1 F3'22’ F23 T
P4 P4 Cs
I I Cs  pya pi3 T}
Sl N
P3 PI S; ;n
1 i N >4 =3 T3
4
Px4 P= Ch "
. F3'22’ F=3 8
Fx4 I Ca P3'42" P432 o
P42’ P422 D} 13'42"” 1432 o
142’ 1422 D} F3'42" F432 3
P43’ Pimm ch p3'3z" Pi3m T}
143’ I4mm 3l 13'33" Ii3m 5
PI2,' Pi2m D%,l; F3'33" Fi3m \ T
132 Ii2m D34 taal? i =4 1
pIo" Pim2 D%, P3'42 P o 3 po 03
17
12 H':22 2 Dz 342" I 4 3 2 (71
’ i Dl m m
P42 P——— N » T
422 F3'42 P—-3- o8
I +42 I--—= 234 m m
mm

66



66 THE SYMMETRY OF CRYBTALS [Sec. I1-6

It is consequently permissible to increase any translation vector by an
amount 7y (¢ — I). Although the vector 7 is arbitrary, this is not
necessarily true of the increment 7o - (¢p — I). The dyadies ¢ which
come into consideration in our investigations are =n. I ¢ =1, §, §,
or 8 the dyadic ¢ — I is non-gingular (compare the discussion of sec-
tion 3 of Chapter II) in which case the vector 7 - (¢ — I) can assume
any value. The dyadic ¢ — I is uniplanar if ¢ =2, 8, 4, or 6 and
() - I) is then an arbitrary vector normal to the rotation axis. The
dyadic 2 — I is unilinear and hence % - (2 — I) is an arbitrary vector
parallel to the improper rotation axis. Finally the increment
for(@ —I) =0, if g =1. In accordance with Equation 2-107 we
may set

(T, D@1, ¥z i) = (M@, i+ Fo- (o = 1))
(@1 ¥ + 7o (o1 =)@z, ¥+ Fo- (92 — 1))  [2108]

Since the vector 7y is arbitrary we may choose it in such a way that the
translation vector for one of the three generating elements assumes the
simplest possible value. For the sake of convenience let us agree upon
a definite order in which to write down the generating elements of any
given space group. In Tables 26 and 2-8 the generating elements of the
various point groups are given in a specific order, and we will adopt the
same order for the corresponding space groups as indicated by Equa-
tions 2:102 and 2:104, According to this scheme the space groups
may be classed into three types as follows.

Type A. The first generating element of the space group is [i, J]
withn = 1, 3, 4, or 6. The dyadic ¢ — I is then non-singular. The
space groups which correspond to the following point groups belong to
?'lisotype: Cl') CZ’U D2h} S4y C{h, D2d) DUD; CSI') Dad, Cah, Cﬁh: Dah, DG’A)

&y V.

Type B. The first generating element of the space group is [n, i
with n = 2, 3, 4, or 6. The dyadic ¢ — I is uniplanar, the plane being
normal to the rotation axis # of n. Space groups based upon the follow-
mg Imint groups are of t‘ype B: 021 DZ: CZW 04; D-h 0401 03) Da. 089’
Ce, D, Cﬁw 7,0, Ta.

Type C. The first generating element of the space group is (3, 7].
The dyadic ¢ — I is unilinear, its axis being parallel to the improper
rotation axis % of 2. Only the space groups based upon the point
group C, belong to this type.

Considering now Equation 2108, it is seen that the translation vec-
tor of the first generating element can be given the form 4 % - (¢
—I). For space groups of type A we can adjust ¥y so that the
translation vector becomes zero, for space groups of type B we can
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reduce the translation vector to the form i - i and for space groups of
type C to the form I — 7. @. ‘These simplifications of the translation
vector for the first generating element correspond to displacements
of the origin from an arbitrary point to the symmetry -center,
symmetry axis, or symmetry plane. (Compare Equation 2-48.)
Consequently only the following representations of space groups need
to be considered.

Type A (1) (@) (@1, ¥') (@2, ') [2-109)
Type B (T) (@, ¢ - @) (@1, i) (@2, ¥'') [2-110
Type C (1)@, I~ 1-um) (2111)

(The increments 7o - (@1 — I) and 7o - (¢2 — I) in the translation vec-
tors of the second and third generating elements have been incorporated
in the symbols # and #/. This may, of course, be done since the restrie-
tions on the translation vectors have not yet been considered.)

Let us next consider the conditions to be imposed upon the trans-
lation vectors in order to make the product (¢, ) (g1, ') (@2, #’) an
acceptable factor group. If Equations 2:105 are applied, each of the
three factors, (@,), (@1, ), and (g, '), becomes an acceptable
generating subgroup, but these equations do not make the produet
(@, H{(@1, ¥) (92, ) a group. In a non-cyelic point group (p)(¢:) or
(@) (@1) (@2), the group nature of the product can be expressed by means
of relationships between the generating elements. These relations are:

For point groups (¢)(¢1):

0= 0 P10 [2:112]
For point groups (¢)(¢1)(2):
®z=0Q1° Q2" M [2:113a]
o1 =o' ol i ¢! [2-113b)

where j, k, and ! are integers which we can specify for each point group.
(For example, in the point group (3')(4)(2’) we have j = 3, k = 2,
! = 2.) Because of the isomorphism the corresponding relations must
hold for the factor groups. Remembering that it is permissible to add
any lattice vector A, to the translation vector we have:

For factor groups (¢, H{(¢1, ¥'):

(1, ¥ + Ap) = (@, 8 (@1, ] - [g, ¥) (2-114]
For factor groups (@, #) (@1, ¥') (@2, I'):
[Q'A’) 1” + ‘;{p] = [Qh ZI] ° [QZ: i"] * [Ql: l’] [2‘11501

[Ql) 4 + ‘ZP] = [QJ ll—l ¢ [Qh Z’]j * [¢2) l”]k . [Q, z]l [2'115b]
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These equations together with Equations 2105 represent the restrictions
on the translation vectors of the generating elements.

On the basis of the preceding results the derivation of the space groups
can be carried out without difficulty. Because of the great number of
space groups this is, however, a tedious task. All space groups were
derived fifty years ago and under these circumstances our deriving the
set, of space groups completely serves no useful purpose. We shall there-
fore list the final results but carry through the derivation in detail only
for a few space groups in order to illustrate the general procedure which
we have just outlined. By way of illustration we shall derive all space
groups based upon the point groups Cys, D3, and C, as examples of space
groups of types A, B, and C respectively. B

Type A. Space groups (I)(¢)(¢p1, V) (@2, ¥'), ¢ =1, 8 4, or &.
Since for any generating subgroup (), i)

(Y, = (), 2+ 4,) (2:116]

where A, is any lattice vector it is permissible to add any lattice vector
to the translation vectors of the generating elements of any space group.
As a consequence, the two following products are equivalent representa-
tions of the same space group

() (@) (@1, )2, ¥'') = (D) (@, Ap) @1, ¥)(@a, ') [2117)

If we shift the origin to the point fo, the three translation vectors will get
increments in accordance with Equation 2-107. Since ¢— I is a non-
singular dyadic in space groups of type A we may set

Ay +7-(@-I)=0 [2-118]
The second representation of the space group may thus again be trans-

formed into a product in which the translation vector of the first gener-
ating element is zero, and we have the following result.

(M) (@) (@1, ) (@2 )
= (T) @) @n ¥ +Fo- (1 — D)2, ¥ +Fo- (@2~ 1)) [2:119]

where o is any solution of Equation 2:118. Theincrements#o - (91 — I)
and Fo - (p2 — I) may be lattice vectors (and if so the result expressed
by Equation 2-119 is trivial), but this is not necessarily true as the case
below will show.

As an example we shall deduce all space groups based upon the point
group Cai(1)(4).

Ezample 1. Space groups (T')(1)(4, ). According to the results
obtained in section 5 of this chapter and listed in Table 2-8, the trans-
lation group is either primitive or body-centered. In the former case a
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lattice vector A, is of the form A, = Ay = L,a, + Lo, + Lad,,
while in the latter case A, = AL or A, = Ay + 3@, + 3, + 83).
Setting ¢ = —I in Equation 2-118 we obtain the solution 7, = 34,,.
As a consequence of Equations 2:116 and 2:119 the following represen-
tations of the space group are equivalent.

D) = D@, ¥ + 4,)
=MD Y +34,- ¢ -1) [2-120)
where, according to Equation 2.100a, 4 —1= (@, — &) —
b2(@, + @;). The acceptable values of the translation vector ¥ are
given by Equations 2-105 and 2-114. Since {4} = 4b3d,, the former
equation gives {3 = 0, 1, 3, or 3, while Equation 2-114 becomes
[41 v + A-P] = [1] ‘ [4) 1'] * [1] = [4s —-I’]
or
V=-34, (2121]
With the aid of Equation 2-120 and our knowledge of the lattice vectors,
the distinct solutions for #’ are readily listed, and we find
(T)y=@¢: =0, 3a, 3 or 3@+ &)
(r) =3 =0 or %(01 + @ + 33)

Introducing new symbols for the generating elements according to the
definitions,

[2-122]

[n, 7] = [n, 4,8, + 638; + t383] = 0y, (2-123q]
(8, ] = [—n, 4,3; + L3, + (383) = fiyyy,,, [2-123b]
the space groups become
e)@), ed)(400), @1)(4on), @) (40y)
3@, 3D (4wm)

The two point space groups ®(I)(4) and 3(1)(4) were obtained earlier
and are listed in Table 2-10.

Type B. Space groups (T)(n, I a&) (1, ¥') (2, ¥'’). According to
Equation 2-116 it is permissible to add a lattice vector to any translation
vector, and hence we have

(TY(n, & - a7) (@1, ¥') (@2, ¥'")
=(T)(@m, i 28 + 4,)(@n V) (g2, ¥')  [2:125)
If we shift the origin to the point 7y defined by
Ay —Ap-ai+F-n—-1I)=0 [2-126)

[2-124]
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and transform the right side of Equation 2:125 in accordance with
Equation 2:108, the following result is obtained.

(P)(n) E'ﬂﬁ) (‘Pl’ lf)(QQ) z") =
(MY, ¢+ Ap) - 88) (g1, ¥ + o (o1 — D)(@a, ¥’ + 7o+ (@2 — 1))
[2-127]

Since n — 1 is a planar dyadic, the vector 7, as given by Equation 2:126
has an arbitrary component along the rotation axis 4.

According to Equation 2:30 {n} = n @ and according to Equa-
tion 2.105 - {n} = jA, where j is an integer while 4, is the shortest
lattice vector along the rotation axis. We have thus,

i-on= j-'zz‘. (2:128]

The translation vectors # and ¥’/ can be determined from Equa-
tions 2:115, and the distinet solutions selected with the aid of Equa-
tion 2-127.

Example 2. Space groups based upon point group D;3. According to
Table 2-8 and Equation 2-128 the space groups under consideration are:

@ (3, gas) @, (2-129q)
e (3, :—i as) @", 1) [2-129b)
@ (3; é @ + 3 + H:z)) @, ) [2-129¢]

The dyadics 8, 2/, and 2" of Equations 2:129a and b are given by Equa-
tions 2:96, the dyadics 3 and 2’ of Equation 2-129¢ are given by Equa-
tion 2:99. The translation groups @ and & are both primitive and we
therefore set A, = A = L3, + Lyliz + Lai;. In order to find
equivalent representations of the space groups we will make use of
Equation 2:127., As shown in the last column of Table 2-8 we have
{8} = 3b3a3 in the translation group @, and (8} = (B, + b; + b3)
(@ + a; + a3) in the translation group ®. Hence

(N)=e¢: A,-au=1L, [2-130a]
M=a: A, aa=—""2T8__~ (2-1308]

Ly, Ly, L3 are arbitrary integers and we may therefore in Equation
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2:130b set Ly + Lg + L3 = —j. The solutions 7y of Equation 2-126
become

2L, - L L
13 inil + ! ;— 2&2 + 8(‘13 [21310]

() = ®: Fo = L1ay — L33, + 8(2y + a2 + a3) [2-131b)

The scalar s is arbitrary and we may therefore choose it so that
# — 2s = 0. With this value of & the quantities 7o - (¢1 — I) (apart
from an additive lattice vector) are readily found to be

k 2
=0 ¢=2" (t{—g)ﬁ1+(l£-§-k)az,k=0, l,or2 [2-1324]

)=0@: fp=

(P) = @, ¢ = 2": t;al + tél-lg [2132b]
=&, @1=2" @ -8B+ (& — t5)a, (2-132¢]

Using Equation 2-127 and the results expressed in Equations 2-130 and
2-132, the space groups of Equations 2:129 may be given in the form

] k 2k
® (3, % aa)(z’, (t{ - 5) a; + (t;’; - g) az) (21334]

® (3, g- da) (2", tla, + 4ag) [2-133b]
®(3)(2, (t] — )3, + (15 — t5)dz) (2-133¢]

We shall finally determine the possible values of ¥ by applying
Equations 2:105 and 2:114 which become

V-lgi} = Ap with @1 =2"or2” [2-134a]
' +A,=7-3 [2-134b)

These equations are readily solved and give as result (again disregarding
an additive lattice vector)

k 2k
M=e ¢:.=2" t{=§’ t;=§»k=o, 1,or2 [2-135a)
M=e, ¢2=2": =0, =0 [2:135b)
M=@®, ¢=2: t1—4=0, ,—-4%=0 [2-135¢]

Setting 7 = 0, 1, or 2, the following space groups are consequently
obtained.

e@®) (@), @Guw)(2), *Bw)(@), @) @),

O @), CEu) @), ’E)E) (2:136]
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In addition to the point space groups @(3)(2’), ®(3)(2'’) and ®(3)(2")
given in Table 2-10, there are thus four new space groups which are
based upon the point group Dj.

Type C. Space groups (I)(2, I—#-u#@). Since the point group (2)
is monoclinic the translation group is primitive or base-centered; fur-
thermore, @@l = b8, and {3} = 25,3, + 26585, The space groups
consequently have the form

(1)@, 48 + 4333), (T)=¢ or @ [2:137]
and Equation 2105 gives
tiy=00r%3 tz=0o0r} [2-138]

When (T') = @ Equations 2-138 give four apparently different space
groups, namely, ®(2), ®(2i00), ®Zo03), and @(2103). However, in the
monoclinic system only the vector 3; of the set @, @,, @3 has a prescribed
direction so that the following primitive transformations are permissible:
&, 8y, 83 —> a3, 843, 4; and &, ag, 3 —> &) + a3, da,d3. Consequently
the products ®(2p0;) and @(Zjp)) can be transformed into ®(3g0).
When (T) =@ we have 4, = Ay or A, = Ay, + (4, + §;), and
Equa.tion 2:116 gives a(ﬁ, Hay + lsaa) = a(é, 4L1a, + (ta b %)aa).
Hence @(2) = G(2o04) and @(Zy00) = @(Zy04). The space groups which
come into consideration are thus

®@), @@io), a?), a@00) [2-139]

The examples discussed above demonstrate that, using the general
procedure which we have outlined, all space groups can be obtained with
comparative ease. The complete set of 230 space groups is listed in the
first column of Table 2-11. For the sake of convenience some simplifi-
cations in the nomenclature have been introduced. As in Table 2-10
Latin rather than script symbols are used for the translation groups, the
inversion group (I) is represented as a =+ sign, and the parentheses
around the generating elements have been omitted. For the generating
elements the notation defined by Equations 2:123 has been adopted.
Accordingly a constellation of symbols like I = 44;,2/q, is to be inter-
preted as follows:

I & 442’00 = (T2) - (B, Tyy) - (1) - (4 3@1 + 22 + 33)) - (2, 331)
(2:140]

The nature of the operations represented by the generating elements is

easily found on the basis of the discussion given in section 3 of this

chapter. Consider, for example, the element d4y;. According to
Table 2-1, this operation represents a fourfold screw of pitch }{. The
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P1
P1
P2

P230
A2
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TABLE 2:11

Tae 230 Srace Grours

Schoenflies
a
¢l
i
¢
c

73

Mauguin-Hermann

P1
Pi
P2
P2y
A2

Imm?2
Ima2
Iba2
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Space Group

F22'

F23iy
P+22

P 4 22604

P == 22409
P+ 22;0;
Px 22"0
P x 200120;0
P = 200,253
P = 20042434
P = 20204

P 2 2340%)0°

P * 240243
== 24502403

P = 2113240

P =+ 2‘0;200

P+ 2“;)2“0

A2

Ax 22,.,o

A =22
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TABLE 2:11 (Continued)

Schoenflies
ci

Symbels
Mauguin-Hermann
Fmm
Fdd

Pmmm
Peem
Pmam
Penm
Pbam
Panm
Pbem
Pnmm
Pnam
Pnnn
Pban
Pncn
Pcen
Pben
Peaa
Pbca
Ammm
Amam
Abmm
Abam
Amaa
Abac
Immm
Imam
Tbam
Ibca
Fmmm
Fddd

P4
P4y
P4,
P4,
I4
I4y
Pi

13
P4/m
P4y/m
Pi/n
P‘h/ﬂ
I4/m
I4,/a
Pi2m
P32
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TABLE 2:11 (Continued)

Space Group Symbols
Schoenflies Mauguin-Hermann
Pz?i'o ng Pi2ym
PZZ”, D;d PZQW
P2 D2y Pim2
P32, D34 PIc2
PI2l{o D4 PIb2
Pa24, Di PIn2
32’ D33 1i2m
12, Dl 1324
112’ DYy IIm2
142&'.' DY He2
P42’ D, P42
P42;}0' D P42,
Pigoy2 D; P4,2
I; 40012} 30 %1 P42y
40042 P42
P400|2’i0 D‘ P422!
Pdygy2 Dy P432
P%;)g?“o DS Pd32y
;::o 9! ID):o ;42
t 4 412
P42’ Clo Pdmm
P‘Qilo Cév P4bm
42)0) cfo Pdce
Pﬁhg' Cé P4ne
e & v
00} ,.o 4v P42bc
P40°i29°l Ci Pdgem
Piooy By, Cer Pignm
143’ 2 I4mm
142{,,,% cie I4em
Tdg032{00 Cl I4ymd
I4°°i§|°l Ciz 141cd
P %42 Dgs P4/mmm
P == 420, 719 P4 /mcc
Px 42";0 Dix P4/mbm
P 42y D P4/mnc
P & 400y2’ D3 P4/mme
P+ 4.,0,2{,0, D E P4/mem
g =+ 400‘3”0 D, 2 P4 /mbc
E] 400’2’“ Dy Pi/mnm
P & 44002040 D:). P4/nbm
P =+ 400200 D P4/nmm
P = 440020 D P4/nnc
P+ ‘1]00:..’;0‘ D‘h P4 /nec
P & 493,200 Dy P4/nbe
P = 490332400 Dij P4/nme
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. TABLE 2:11 (Continued)
Bpace Group Symbols

Schoenflies Mauguin-Hermann
P = 40320 Dy} P4/ncm
) 3
I 42 D I4/mmm
T 2= 420, DY I4/mem
I £ 4332000 DY} I4/amd
I 41112404 D},‘i I4/acd
P3 gi c3
P30y ] C3;
P3ooy C C3s
R3 cs R3
P3 ck c3
RS Cg; R3
P32: g%, C3ml
P32 30 C3cl
P32" 30 C31m
P3%4, c3 C3le
R3%' cs R3m
R3§;“ 03, R3ce
P32 D3 C321
Paz’; D? 03:2
3

o 2 s

3 3 2
R3? D} R32
P32’ Dis C3mi
P32%aq Dis C3c1
P32 géd C3im
Pgﬂé(); Dg C31c
R32 R3m
R32;“ Dia R3c
P8 ch c8
P6 C c6
P6oo} Ci Céy
PBooy C C62
Pﬁoo’ C‘ 063
Py C Céy
P6ooy C; Cég
Px6 chs Co/m
P = 6gq, Cér C63/m
Pg2’ D3 C82m
PB5260; Dia Cct2c
pa2”’ Dl Cim?2
P24 D3, CBe2
P63’ Cho Cémm
P63 C3y Cbce
P ﬁoﬂé’ cgv Céyme



Sec. 116}

Space Group

PGooy 250y
P62’

134434281

Iy
F3'400) 200,
F3'40 240
F¥'4244
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TABLE 2-11 (Continued)

Schoenflies
(13

Symbola
Mauguin-Hermann

CBscm
C62
C6,2
C6,2
C6,y2
C642
C6y2
C6/mmm
C6/mec
Cos / mmec
C 63/ mem

P23
P23
123

F4,3
Pm3m
Pn3n
Pm3n
Pn3m
Im3m
ITa3d
Fm3m
Pm3c
Fd3m
Fd3c
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screw axis is given by Equation 2-50 and becomes 7 = 1a; + z3d;.
Since a space group (@) contains as elements all symmetry opera-
tions of the space lattice, trivial as well as non-trivial, all points
equivalent to a given point # will be given by 7. (@). The set of
equivalent points within a given unit cell can be written 7. (G/T'z)
where (G) = (I'): (G/T'L). The coordinates of the equivalent points
of a unit cell are readily obtained using the matrix forms of the gen-
erating dyadies given in Table 2-8 and remembering

d11 ¢21 éay
fre=*F (¢12 $22 ¢32) = (71611 + Top21 + Tada1)dy
$13 ¢23 ¢33/ + (Tad12 + Todoz + Tads2)la (2-141]
+ (11913 + Z2628 + Tacss)ls

Let us list as an example the coordinates of the equivalent points for the
space group of Equation 2-140. Since the product (&, Ty - ) -
4, 3@, + @ + @3)) - (2’, 3a;) contains thirty-two elements, in general
there will be that many equivalent points per unit cell. Expanding
according to the elements in the subgroups (E, I'y;) and (1), the thirty-
two equivalent points fall into four sets of eight as follows.

Fo4, 1@+ a2+ 3)) - (2, 321)
—F (4, 1@ + 82 + %)) - 2/, 31)
Fo4, 1@+ 8+ 833)) - (2, 38) - Ty
—F-(4, 1@ + 32+ 3)) - (2, 301) - Tuy

[2-142]

The second set of points is thus obtained from the first set merely by
changing the signs of all coordinates, while the third and fourth sets are
obtained respectively from the first and second sets by adding 14 to all
coordinates. The coordinates of the first set of points become

Fo4 3@ + a2+ 33)) - (2, 30) = 3y, 2, 73;
l—zz,z-i-zx,.i‘l'-’ﬂa, -‘L‘hz‘x 32,§+Ia,xz ?11‘—-'51, + z3;
31 + % —T2 —%3; % - Iz &' xy, % r3; % 31, 2 + T3, 4 — T3,

t+oan—-4 -2 (2143

When F is chosen on a rotation axis, in a symmetry center or in a
reflection plane, the number of distinct equivalent points in the set
7+ (G/T'L) is only a fraction of the order of the group (G/F.). One
says then that 7 - (G/T'1) represents a set of special positions.

The location of the symmetry elements, the coordinates of equivalent
points (for general as well as special positions) and other useful infor-
mation concerning the 230 space groups have been compiled in con-
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venient form in International Tables for the Delermination of Crystal
Structures Vol. I, Berlin, 1935.

Columns 2 and 3 of Table 2-11 contain the space group symbols of
Schoenflies and of Mauguin-Hermann.

7. THE SIGNIFICANCE OF THE SPACE GROUP THEORY

With the derivation of the 230 space groups it may be said that the
problem of finding the possible symmetry groups of periodic media is
completely solved. The results which have been obtained are direct
consequences of the assumed periodicity and the space group theory as
such must accordingly be accepted without qualification. According
to the lattice hypothesis crystals represent periodic media. If the lattice
hypothesis is strictly correct the space group theory thus becomes a
theory of crystal symmetry and the results obtained in this chapter may
be directly applied to real erystals. It is therefore important at this
stage to review briefly the experimental evidence for a periodic structure
in erystals.

When the space group theory was first published, fifty years ago, there
was no way of directly testing the lattice hypothesis. All available
measurements were of macroscopic type so that only the macroscopie
consequences of the lattice hypothesis could be checked against experi-
mental observations. The law of rational indices, the homogeneity and
anisotropy, the definite chemical formulas, and the sharp melting points
are some of the physical properties of macroscopic crystals which we
have already cited as either explained or readily understood by means
of an assumed periodic structure. The most impressive evidence of
indirect nature in support of the lattice hypothesis is, however, the agree-
ment between the empirically observed and the theoretically deduced
symmetry groups of macroscopic crystals. As long as erystals have been
studied it has been recognized that most crystals have non-trivial sym-
metry. The symmetry was particularly apparent in the orientation and
distribution of crystal faces, but it manifested itself in a great many
other physical properties as well. Since a symmetry operation by
definition is an invariance operation with respect to all physical proper-
ties of the erystal, it is not in general justifiable to deduce the symmetry
group from a study of one isolated property. However, it was empiri-
cally demonstrated that the symmetry group of the set of unit face
normals as a rule is the symmetry group of the macroscopic erystal with
respect to the sum total of all physical properties, and it is for this
reason that the study of crystal faces has played such a significant role
in the development of erystallography.

With the aid of the results of the space group theory it is easy to
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deduce the possible symmetry groups of the macroscopic physical prop-
erties of media which are periodic on a submicroscopic scale. The sym-
metry of the periodic medium is described by one of the 230 space groups
which we customarily write as the product of the translation group and
its factor group. Any clement of the factor group other than the iden-
tity represents a non-trivial symmetry operation and it consists of a
dyadic and a vector part. The vector part ! may always be so chosen
that 0 < ¢; < 1 and the length of this vector is therefore comparable to
or smaller than the shortest lattice period. In macroscopic measure-
ments the smallest volume elements with which we are concerned are
still large enough to contain a great many unit cells. The uncertainty
of linear messurements is therefore large compared to the smallest Iattice
period. Macroscopically it is thus impossible to detect the vector parts
of the elements in the factor group so that the factor group becomes
indistinguishable from its isomorphic point group. For the same
reason the discrete translation group will, from the macroscopic view-
point, be indistinguishable from the continuous group formed by all
conceivable translations in much the same way as the individual lines
of a band spectrum by insufficient resolving power appear to form a con-
tinuous band. A medium which is periodic submicroscopically con-
sequently will have macroscopically a symmetry which corresponds to
the product of the continuous translation group and a point group.
Obviously the continuous translation group merely expresses the fact
that the macroscopic medium is homogeneous. By leaving the trans-
lation group out of consideration as trivial we have thus found that the
only possible macroscopic symmetry groups are the thirty-two point
groups. This consequence of the space group theory is in complete
agreement with the results of empirical studies of the symmetry of
macroscopio crystals,

With the development of x-ray diffraction methods direct tests of the
validity of the lattice hypothesis could be made. In anticipation of
results to be discussed in subsequent chapters it may be stated that x-ray
diffraction experiments prove the existence of periodic structure in
erystals. The periodicity of real crystals is, however, of a less perfect
type than is assumed by the lattice hypothesis. For one thing the real
crystal medium is dynamic in character because of the heat motion of
the atoms, whereas the lattice hypothesis deals with a static medium,
Thus the periodicity of real crystals is to be associated with the time
average rather than with the instantaneous structure. The periodic
structure of actual crystals may be in other respects also less sharply
defined, and it is therefore convenient to speak of real crystals as distinct
from ideal erystals. By definition an ideal crystsl is a static, solid
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medium for which the periodicity requirement of Equation 1-17 is
exactly fulfilled. In the next chapter we shall develop the theory of
x-ray diffraction for ideal crystals. The diffraction phenomensa pre-
dicted on the basis of ideal crystals agree closely with those observed
for real crystals although there are small but significant differences.
These differences are not at once apparent and to begin with we shall do
well to disregard them. At a later stage when we have become thor-
oughly familiar with the theory of x-ray diffraction for ideal crystals we
shall be in a better position to give a worth-while discussion of the differ-
ences between real and ideal crystals.

If for the present the lattice hypothesis is assumed to be correct, the
space group theory may be regarded as a theory of crystal symmetry.
It must be emphasized that the space group theory contains no physical
principles, and the predictions to which it leads are therefore of purely
formal nature. Thus the theory cannot predict the specific symmetry
of any given crystal, but provides an exhaustive list of the symmetry
groups which come into consideration. If we have no information
beyond the fact that the sample under investigation is a crystal, the
correct space group must be sought among the 230 possible ones. With
the knowledge of the point group describing the macroscopic symmetry
of the erystal the choice is narrowed to a considerable extent since the
possible space groups are isomorphic with the point group. Similarly
the number of possible space groups is greatly reduced when the trans-
lation group is known. A discussion of the methods which are used for
space group determination will not be given in this book, but it may be
stated that the space group theory provides the theoretical basis for all
systematic studies of the symmetry of crystal lattices. The knowledge
of the space group represents valuable information about the erystal
lattice, and the space group determination forms an important step in all
crystal structure investigations.
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CHAPTER III
THEORY OF X-RAY DIFFRACTION IN IDEAL CRYSTALS

The complete space group theory was published in 1891 and four years
later Rontgen discovered the x rays. In the following years great
efforts were made to determine the nature of this radiation. By 1912
the advocates of the wave nature could claim considerable experimental
evidence in support of their viewpoint. The polarization of x rays had
been demonstrated and it was observed that a beam of x rays passing
through a narrow slit suffered a small broadening leading to a wavelength
estimate of 1078 em. This reported value was only slightly smaller than
the fairly reliable estimates of interatomic distances in solids from the
density, the molecular weight, and Avogadro’s number. The possi-
bility of using crystals as natural diffraction gratings for x rays was
suggested by von Laue in 1912, and the subsequent experiments immedi-
ately proved that the idea was correct. von Laue was able to show that
the observed effects could be interpreted as due to ditfraction of electro-
magnetic waves in a three-dimensional grating.! Thus von Laue’s dis-
covery gave convincing proof both of the wave nature of x rays and of
the periodic structure of crystals. Accordingly the foundation was laid
for two important ficlds of scientific research: the study of x rays and
the study of crystal structure. The improved experimental technique
due to W. H. and W. L. Bragg? contributed greatly to the rapid develop-
ment of both fields, and their early work demonstrated clearly the far-
reaching consequences of von Laue’s fundamental discovery.

In this chapter the theory of x-ray interference in ideal crystals will
be developed in detail. The purely geometrical part of the diffraction
problem is concerned only with the directions of the diffraction maxima,
and the detailed intensity distribution of the seattered x rays is left out
of consideration. The geometry of x-ray interference in crystals can be
satisfactorily discussed on a quite elementary basis, but treatment of the
intensity questions requires extensive theoretical consideration. It is
therefore convenient to begin this chapter with a discussion of the
geometry of x-ray diffraction effects in crystals.

L M. von Laue, Munchener Sitzungsberichte, 1012, 363; Ann. der Phys., 41, 089
(1913).

2W. H. Bragg and W. L. Bragg, Proc. Roy. Soc. London, 88, 428 (1913); 89, 246
(1913).
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1, THE LAUE AND BRAGG EQUATIONS

A linear diffraction grating may conveniently be defined as a straight
line along which the scattering power is a periodic function of position,
ie, ¢(F) = ¢(F + Lyd,), where L, is any integer. &, is the period or
grating space and measures the veetor separation of neighboring equiva-
lent points. A plane wave of monochromatic electromagnetic radiation
incident upon the grating will be scattered in all directions by a line
element. Because of the periodic nature of the scattering power per
unit length of the grating diffraction maxima occur in the direetions
corresponding to path differences equal to an integral number of wave-
lengths. This elementary formulation of the diffraction problem leads
to the familiar grating equation

ay - (ka, — ko) = Hy (3-1]
ko is the wave vector of the incident x-ray beam and kg, that of the
diffracted beam, i.e.,

1 1
ko= xﬂo, ky, = ;‘1711l (3-2]

where % and %y, are unit vectors along the direction of incidence and of
maximum diffraction and ) is the wavelength.

The linear grating can be considered as a special case of one in three
dimensions. A three-dimensional grating corresponds to a spatial dis-
tribution of matter for which the scattering power is a triply periodic
function of position, i.e., ¥(F) = ¢(F + L8, + Lads + L3ds). It is of
no consequence whether we consider the function ¢ to be continuous or
discrete. In the preceding chapters we have learned that all physical
properties of erystals are represented by periodic functions of this type,
and the crystal lattice may accordingly serve as a three-dimensional
diffraction grating. When two of the three integers Ly, La, L3 are held
constant while the third is allowed to assume all possible integral values,
a linear grating is obtained. The three-dimensional grating may thus
be considered as consisting of three sets of component linear gratings
with grating spaces &;, @3, and 3. In order to find the diffraction
maxims for such a three-dimensional grating we require that the wave
vectors simultaneously satisfy Equation 3-1 for each of the component
linear gratings. Accordingly we have

ay - (ku, — ko) = 1
G - (]EH,H,II, — ko) = H, [3-3]
a3 - (Ruymy, — ko) = Hs

Three integers Hy, Ha, Hj are thus associated with each diffraction
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maximum. It is convenient to use these integers as subsecripts for the
wave vector representing a diffraction maximum. When we are not
dealing with any particular diffraction maximum the abbreviated form
kg(= Eg,y,y,) will be used, Equations 3-3 are the three Laue equa-
tions. The three secalar equations can be written in more convenient
form as a single vector equation. By making use of the identity given
in Equation A-14, one finds readily

ky — ky = Bx (3-4]

In this equation By = By g n, = H1by + Habs + Hsbs, where by, b;, b5
is the vector set reciprocal to 3,, &3, 83. Equation 3-4 is, of course,
entirely equivalent to the three scalar Equations 3-3 and may
hence properly be called the Laue vector equation. According to
Equation 3-4 a vector By of the reciprocal lattice is associated with each
difiraction maximum. It was shown earlier (in Chapter I, section 9)
that the vector By is normal to a sequence of planes in the space lattice
and that the magnitude of By is equal to the reciprocal spacing for the
sequence, The quantities H;, Ha, Hy which in Equations 3-3 have
significance only as integers may accordingly be interpreted as Miller
indices of a family of lattice planes. The formal correlation which we
have found between a difiraction maximum and a sequence of planes in
the space lattice permits a simple physical interpretation of Equation 3-4.
Since |£g| = |Fo| = 1/, the Laue vector equation expresses the fact

that the vectors kg and kg are
) edges of a rhomb of which By
is a diagonal as shown in Fig.
3:1. The sequence of planes

B,
“ in the space lattice represented

9

E
& ; by By accordingly makes
\ 8] (] / equal angles with vectors ko

and 5. In other words, one
may consider the diffracted
beam to be produced by a
reflection of the incident beam
Fia. 3.1 in the family of planes nor-

mal to By, Of course, it is

not a reflection in the usual sense for the reflected beam is produced
only for specific values of the incident wave vector. These discrete
values are readily found by equating the magnitudes of the two sides
of Equation 3-4. The magnitude of the left side of the equation is
2 sin 6p/M, where 205 is the scattering angle. The angle 05 is thus
complementary to the angle of incidence or reflection and is called the
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Bragg glancing angle. The magnitude of the right side of Equation 3-4
is 1/dm,m,n, or, using Equation 1-23, n/daas, when H,, Ha, Hg have
a common integral factor n. Accordingly we have
2sin 8p 1 n
A dy (8:5]
This is the Bragg equation.

The spacings dg are (for numerically small values of Hy, Ha, Hj) of
the same order of magnitude as the smallest lattice periods. Because
of the atomic nature of matter these pericds must be greater than the
smallest interatomic distances, while we, on the other hand, know that
they are of submicroscopic order of magnitude since crystals appear
homogeneous in & high-power microscope. The wavelength of x rays
is of the order of 1078 ¢cm., whereas the smallest lattice periods according
to the considerations given above may be expected to lie in the range
1078 — 1075 cm. Accordingly it may be expected that the scattering
angles for the diffraction maxime are large enough to be measured
conveniently.

2. CONSTRUCTION OF THE DIFFRACTED WAVE VECTORS IN THE
RECIPROCAL LATTICE

Bragg’s formulation of the diffraction phenomenon as a reflection of
the incident beam in a lattice plane is convenient for many purposes,
but a simple construction in the reciprocal lattice of the diffracted wave
vectors associated with a given direction of incidence and a given wave-
length is more directly useful for a general discussion of the
various experimental methods.® Let Fig. 3-2 represent a section of the
reciprocal lattice with the origin at the point O. The point P is so
chosen that the line PO corresponds in direction and magnitude to the
incident wave vector £o. Since |Eg| = |Fo] = 1/), it is possible to
represent the vector £y as a radius vector in a sphere of radius 1/\
constructed with the point P as center. This sphere, which obviously
passes through the point O, is called the sphere of reflection. According
to the Laue vector equation the three vectors ko, £, and By form a
closed triangle. A vector By which satisfies the Laue vector equation,
in other words, must have its terminus on the sphere of reflection. It is
clear that the sphere of reflection in general will not pass through any
reciprocal lattice point, if the incident wave vector IEO is chosen entirely
at random. In order to satisfy the Laue vector equation and thus pro-
duce diffraction maxima, it becomes necessary to adjust the wavelength

3P, P. Ewald, Phys. Zeitschr., 14, 465 (1913).
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or the direction of incidence in such a way that one or more of the
reciprocal lattice points, i.e., in addition to the point O, fall on the sphere
of reflection. Since the incident wave vector is a function of three scalar
variables, there are different ways of making this adjustment. We
have thus been led to a general discussion of the various experimental
methods which are being used to preduce x-ray diffraction maxima.
When the wavelength or the direction of incidence is varied continu-
ously there will be a corresponding variation in the radius or in the orien-
tation of the sphere of reflection in the reciprocal lattice. In either case
the surface of the sphere of reflection moves through the reciprocal

Sphere of
reflection .

Fra. 3-2.

lattice. Any reeiprocal lattice point lying in a region which is swept
through by the spherical surface as £, is varied must at some instant
during the variation have been located on the instantaneous sphere of
reflection. At that instant the Laue vector equation was satisfied and &
diffraction maximum produced. It is readily seen that in order to
produce diffraction maxima it is sufficient to vary only one of the three
variables in the incident wave vector while the other two are held fixed,
but two or all three variables may be varied simultaneously.

It is not difficult to prepare an exhaustive list of all conceivable
methods for the production of diffraction maxima. For this purpose let
A\, &, » be the three scalar variables of the incident wave vector. ), the
wavelength, measures the reciprocal length of £, while x and v are two
suitably chosen parameters describing the direction of incidence.
According to the Laue vector equation any diffracted wave vector £y
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can be written as a vector sum £y + B, while conversely a vector sum
ko + By represents a diffracted wave vector only if the reciprocal lattice
point By lies on the sphere of reflection. This condition is expressed by
|Ez| = |ko| = |Bo + Bu| = 1/, which in terms of the quantities A, 8, v
has the form of a functional relationship f(\, g, ») = 0. In agreement
with the conclusion reached on the basis of geometrical considerations in
the reciprocal lattice, this functional relationship is not in general satis-
fied for an arbitrary set of values N = N, u = pg, v = »o, and in order to
produce diffraction maxima it becomes necessary to allow at least one
of the three quantities N\, 4, » to vary continuously. The different
experimental methods consequently must fit into the following scheme.

A. The incident wave vector has one degree of freedom. The diffrac-
tion direction is then uniquely determined.
I. The wavelength is variable, but the direction of incidence
is fixed, i.e., A variable, g = g, » = vq.
II. The wavelength is fixed, but the direction of incidence
varies with one degree of freedom, i.e., A = )\, u variable,
v = v, OT N = Ny, u = po, v variable,

B. The incident wave vector has two degrees of freedom. The dif-
fraction direction has then one degree of freedom.

III. The wavelength is fixed, but the direction of incidence
varies with two degrees of freedom, i.e., A = Ao, u and »
vary independently.

IV. The wavelength is variable and the direction of incidence
varies with one degree of freedom, i.e., u = gg, A and »
vary independently, or » = v, N and u vary inde-
pendently.

C. The incident wave vector has three degrees of freedom. The
diffraction direction has then two degrees of freedom.
V. A, u, and » vary independently.

Using the methods of type A the directions of the diffraction maxima
are sharply defined and will hence be recorded as spots on a photographic
film or plate. In the methods of type B on the other hand the difirac-
tion maxima will trace out a line of some sort on the photograph. In
the method of type C any direction in space will in due course correspond
to a diffraction maximum and thus a general blackening will be produced
on the photographic plate. Method V is for this reason not practicable
and may safely be left out of consideration. The variation of wave-
length in methods I and IV is effected experimentally by the use of con-
tinuous x rays, while the discrete wavelength values of methods II and
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III are obtained by the use of characteristic x rays, The first method on
our list is called the Laue method since it was used in the original experi-
ment by Laue. Since this presupposes a sharply defined direction of
incidence a single crystal must be used. In the second method the
direction of incidence is to be varied with one degree of freedom. The
best way of accomplishing this experimentally is to rotate the incident
beam relative to a single erystal or, what is obviously simpler, to rotate
the single crystal relative to the incident beam. The second method is
therefore called the rotating erystal method and is one of which many
modifications have been developed. It is not absolutely necessary to
use a single crystal for method II. In many cases, particularly among
biologically important substances, it may not be possible to obtain a
single crystal, but one may find aggregates of a great many crystals
with a common axis although the orientation around this axis is purely
random. The direction of incidence with respect to such an aggregate
or fiber will in effect have one degree of freedom since we cannot isolate
any one crystal in the fiber and observe the x-ray diffraction phenomena
due to it alone. The x-ray diffraction effects due to a fiber are accord-
ingly equivalent to those observed with a single crystal rotated through
360 degrees about a direction corresponding to the fiber axis.

In the third method on our list the direction of incidence is to be varied
with two degrees of freedom. If a single crystal is available the practical
procedure is obviously to vary one of the two parameters z and » at a
time, and we are then really dealing with method II again. However, a
great many substances may be obtained only in the form of aggregates
or powders consisting of a huge number of minute crystals, of miero-
scopic or even submicroscopic size, with random orientation. Since
we cannot isolate any one crystal in such an aggregate, we must be
satisfied with observing the diffraction effects of the aggregate as a whole.
Clearly the observed efiects will be the same as for a single erystal with
all conceivable combinations of values for pandv. The third method is
accordingly of importance only in connection with the study of such
aggregates. These aggregates are mostly in the form of finely divided
powders (or they are ground into powders before examination) and the
third method is therefore commonly called the powder method. The
fourth method on the list may be described as a rotating crystal method
with continuous rather than characteristic radiation. The sample must
be in the form of a single crystal or in the form of an aggregate with fiber
nature. Under these conditions methods I or II may also be used, and
since they give more detailed information than method IV they are to
be preferred. The fourth method is consequently of little practical
importance. There are thus only three principal experimental methods
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which come into consideration, the Laue method, the rotating crystal
method, and the powder method.

The determination of the atomic arrangement in crystals is the basic
problem of erystal structure, and it is therefore proper to ask what a
study of the geometry of the diffraction effects can contribute towards
the solution of this problem. This question is readily answered, since
the vectors By are the only quantities of the Laue vector equation which
are related to the structure of the crystal. We may, in other words,
expect to be able to determine the vectors @, @, &3, i.e., the translation
group, and the three integers /1y, H,, H; which characterize the various
diffraction maxima. In order to find out how the atoms are distributed
in the lattice it is necessary, however, to go beyond the purely geometri-
cal properties of the diffraction phenomena and investigate their inten-
sity as well.

The detailed geometry of the x-ray diffraction field for the three
principal methods is easily deduced from the Laue vector equation by
means of the reciprocal lattice construction discussed above. The
geometry of the x-ray difiraction cffects, including the procedure for
determining the lattice constants &, &z, 3 and for the assignment of
indices H,, Ha, Hj to the diffraction maxima, has been thoroughly
treated in several books on crystal structure! In order to avoid
unnecessary repetition we shall therefore omit further discussion of the
geometrical part of the diffraction problem.

8. ELEMENTARY THEORY OF X-RAY SCATTERING BY
A SINGLE ELECTRON AND BY A SINGLE ATOM

The x-ray interference pattern of a erystal may be described in terms
of the intensity of scattering as function of seattering direction. The
intensity distribution depends upon the incident beam, its direction
relative to the crystal, and upon the crystal structure. It is the object
of the theory of x-ray interference in crystals to find the specific form of
this intensity function, thereby laying the theoretical foundation for
the determination of the structure of ecrystals from experimentally
measured intensities of scattering. The intensity function exhibits
sharp maxima for certain seattering directions, but the considerations
of the preceding sections have shown that an experimental study of only
the directions of the diffraction maxima does not suffice for a determina-
tion of the crystal structure. A more profound theorctical treatment
of the interference phenomena is accordingly needed. As an intro-

4 See: International Tables for the Determination of Crystal Structures, 11, Berlin,
Borntraeger, 1935.

M. J. Buerger, X-Ray Crystallography, John Wiley and Sons, New York, 1942.
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duction to the general theory of x-ray diffraction in crystals we shall first
discuss the classical theory of the scattering of x rays by single electrons
and by single atoms.

A, Scattering by a Single Electron. Consider an electron of charge
—e and mass m to be held at the origin with a small restoring force.
A plane wave of monochromatic x rays

Eo el'wol—i2 rko? [3_6]

acts on the electron. E; is the electric vector, & is the wave vector,
while wg = 2myg, where g is the frequencey. We shall assume that the
natural frequency of the electron is small compared with the x-ray fre-
quency. The force on the electron due to the electric field of the wave is

—e B, ¢“**. Since the restoring force by assumption is negligible, the
2=

impressed force equals m &7; where Z is the displacement of the electron.
The steady state solution of the equation of motion is

5 = — Iy 6ot (3-7]
mew
The electric moment of the electron is —e Z for which we may write
. 62
—eZ = P, emot’ Po = _-1;0—(2-) EO [38]

The polarizability, «., is by definition the dipole moment induced by unit
field and hence

Qe = — —/3 [3'9]

According to electromagnetic theory an oscillating dipole #, &%
gives rise to an electromagnetic field. At distances from the dipole large
compared with the wavelength the electric and magnetic fields are given
by

iwtff = _ o swot—i2ak B
e e = UxP, 2R e
(4)2 [3'10]
elwolEe = (ﬁ " I-’c) x cz-_;é emgt—.%k-ﬂ

R = Ruis the radius veetor from the dipole to the point of observation
1
and £ = ;‘ .
Equations 3-10 represent spherical waves originating at the dipole.
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The average intensity of the radiation at the point of observation R is

c . . . -
I, = i E?, while the intensity of the incident wave given in Equa-
T

tion 3-6 is Ip = gc; E3. Using Equations 3-8 and 3-10, the intensity of

scattering from a single electron becomes

2 . 2
e” sin ¢
Is = Iy —— .
[} 0( "sz ) [3 ll]
where ¢ is the angle between Eg and .
If the incident wave is unpolarized the angle ¢ becomes indeterminate

and the term sin® ¢ oceurring in Equation 3-11 must be replaced by its
average value, From Fig. 3-3 we have obviously

1 + cos® 20
2

where 26 is the scattering angle, i.e., the angle between the direction of
incidence and direction of scattering.

gin2 ¢ = 1 — sin? 20 cos® Y = [3-12]

Fia. 3-3.

The result given in Equation 3-11 is the familiar J. J. Thomson scatter-
ing formula. It shows that the intensity of scattering is independent of
the frequency of the x rays.

B. Scattering by an Atom. We imagine next that the nucleus of
an atom containing z electrons is placed at the origin. At a given instant
the positions of the various clectrons may be described by means of
veetors #y - - - 75 - + - 7. Under the action of the field of the wave given
in Equation 3-6 the electrons will be displaced by amounts Z; from their
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instantaneous rest positions. If we neglect the restoring forces and the
interaction between the electrons, we find the following steady state
solution for the displacement of the jth electron
e? B ghwnt—i2rke?
T; = —— tool—1exko 75 .
Tj mwg o€ {3-13]

The dipole moment #; of the jth electron becomes
—cz; = p; ¢, ;= P,k (3-14]

The field strengths at a point of observation £, where R is large compared
with the wavelength and atomic dimensions, are obtained by superposi-
tion of the fields due to the various electrons. Using Equations 3-10
and 3-14 the electric field at point & becomes

. O entmizaki s
Ey e = 3 (5, p;) * & 62—1; g et—izaki Ry [3-15)
7 )

with a similar expression for the magnetic field. Rj; is the radius vector
from the jth electron to the field point so that B; = R — #;, where
R; = R;#; and R = RG. 1In Equation 3-15 it is justifiable to replace
R; by R and k; by. £ without making appreciable errors. Accordingly
we have

B, = E.X 6" [3-16]

where the symbol § denotes the vector 2x(k — %;). Equation 3-16
represents the instantaneous amplitude of scattering at the point E;
the instantaneous intensity is obtained upon multiplying by the complex
conjugate and by the factor ¢/8r. The quantity §-F; mensures the
phase difference between the radiation scatiered by the jth electron and
that scattered by an electron at the origin. Since x-ray wavelengths are
comparable to the distances between the electrons, these phase differ-
ences are appreciable and cannot be neglected. The electrons in an atom
are changing positions so rapidly that it is quite impossible to measure
the instantaneous amplitude and intensity of the scattered radiation.
Accordingly we must deal with average rather than instantaneous values
for these quantities, and then the question arises of how these average
values are to be obtained. In this connection it becomes important to
distinguish sharply between coherent and incoherent radiation. It isour
object to study x-ray diffraction effects in crystal lattices. We are there-
fore primarily interested in the coherent part of the scattering by an
atom, i.e., in the part of the scattering which can give rise to interference
effects.
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Let the motion of the various electrons be represented by distribution
functions oy - -  g; - « + o, such that o, dv is the probability of finding the
jth electron in the volume element dv. Furthermore, let it be assumed
that all functions o; are independent of one another. In order to obtain
the coherent scattering we average the instantaneous amplitude of
Equation 3-16 over the variable positions of the electrons, From the
mean amplitude so obtained we find the intensity of the coherent radia-
tion in the usual manner, namely, by multiplying the amplitude by its
complex conjugate and the factor ¢/8x. The expression for the mean
amplitude is thus

E, ;,p,- (3-17)
where the symbol ¢; is defined by
o = f aj €% dp [3-18]
while the intensity of the coherent scattering becomes
Ioon. = 1, Igwlz (3-19]

The total scattering is obtained by averaging the instantaneous
intensity expression, i.e.,

Tow = L[ [T 0io0 0 dosdu'= LGe + TXset) 1320]
J ok in

Since the total scattering represents the sum of coherent and incoherent
scattering, we have

Iipe. = Lz + ;;m: - I;so,-lz) =I(z— );,IWP) (321}

The incoherent scattering is, in other words, equal to ¢/8= times the
difference between the mean square and the squared mean amplitude.
The results obtained above can be accepted only as long as they are
confirmed by more rigorous quantum mechanical treatments of the
scattering problem. According to quantum mechanics x rays scattered
by an atom are partly coherent and partly incoherent. As far as the
coherent part is concerned classical and quantum mechanical methods
lead to the same formulas for amplitude and intensity. The classical
formula for the incoherent radiation as given in Equation 3-21 is but an
approximation to the quantum mechanical expression. Moreover,
according to quantum mechanics the coherent and the incoherent parts
of the radiation are due to two distinct scattering processes, The inco-
herent, or Compton, scattering represents a distinct quantum process
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and involves a small frequency shift. Because of its incoherence the
intensity of the Compton scattering from a crystal is represented by the
sum of the intensities of the Compton scattering from the individual
atoms composing the crystal. Since the Compton scattering thus is
independent of the erystal structure it is of no further interest to us.
According to Equation 3-17 the coherent scattering can be interpreted
as due to an atom in which the individual electrons are smeared into
continuous distributions represented by the probability functions.
The number of electrons per unit volume in this smeared atom will be
denoted by p, and we have obviously p = ;c,-. The atomic scattering

power f° is defined as the ratio between the amplitudes of the radiation
scattered by an atom and by an electron under the same conditions.
Hence

L= ,Zw = f pe*Fdy [3-22}

When the electron distribution function p has spherical symmetry it is
possible to express the atomic scattering power in & simpler form. For
this purpose we shall introduce the radial distribution function U(r)
defined by

U(r) = 4nr®p(r) [3-23]

so that U dr represents the number of electrons between spherical shells
of radii r and r 4 dr. Using spherieal coordinates with § as the unique
axis we have dv = 2z7% sin pdr dp and 5+ F =s# cos ¢ where ¢ is the
angle between § and #. Hence

I b for con o _: re sin sr )
1°(s) —j; j;vsU(r)e singdr de —‘/; U(r) dr [3-24]

sr

In order to obtain numerieal values for the atomic scattering power one
must know the electron distribution functions ¢; or the function p. The
electron distribution for many atoms lias been calculated with con-
siderable accuracy by means of Hartree’s method of selfconsistent fields,
and it is known with fair approximation for all atoms, Conversely, if
the atomic seattering power is known from experimental data the elec-
tron distribution function can be found. This is readily seen from
Equation 3-24 which may be solved for U(r) with the aid of the Fourier
reciprocity theorem. The solution is

Ulr) = 2;’ f " 4f%(e) sin s ds (3-25)
0
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4. ATOMIC SCATTERING POWER AND ANOMALOUS DISPERSION

The results of the preceding section do not apply when the x-ray fre-
quency approaches the characteristic frequencies of the electrons, and
resonance phenomena oceur. It is the purpose of this section to consider
the modifications which must be introduced into our equations when the
electronic binding forces are taken into account.

The amplitude of the coherent scattering from the atom may again be
expressed in terms of the amplitude of scattering from a free (Thomson)
electron, i.e.,

JE, {3-26}

where f again is called the atomic scattering power. The more rigorous
treatment of the problem will lead to a somewhat different expression
for the amplitude of coherent scattering than was obtained in Equa-
tion 3-17, and hence the atomic scattering power defined by Equa-
tion 326 is somewhat different from the quantity f° given by
Equation 3-22. f° is in other words the limiting value of f for high
x-ray frequencies.

Clearly a satisfactory theory of the scattering problem must be
developed on quantum mechanical basis. It is possible, however, to
modify the classical viewpoint in a formal manner to such an extent that
the quantum mechanical results may be reinterpreted in terms of such a
flexible classical picture.

If we include the binding force of the electron —mw?Z; and a damping

term —mu; %’ (in order to include the radiation damping formally) the

equation of motion of the jth electron under the action of the electric
field of the incident wave becomes
d’z; dz; - e iontmizekor
I; + xjjdf + wiZ; = — ;l Eo giwet—i2 ko-#4 [3-27]

The steady state solution is

1 .
£ s —— E, giwat—i2rke 7y (3-28)
Mmuwy wj . &
wo wo

A comparison with the derivations of the preceding section shows that
the revised expression for the atomic scattering power becomes

=3 £ [3-29)
i 1= _"ﬁ) . |
wo wo

Z; =
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In order to modify this classical formula so as to agree with the
quantum mechanical picture of the atom, the electrons will be replaced
by continuous bands of virtual classical oscillators. Consider the jth
electron in an atom in which all levels are completely occupied so that
transitions to these levels are forbidden by the Pauli principle. The
characteristic frequency of the electron must then be associated with a
transition from the normal state to an excited state of the continuum.
Accordingly we assume a frequency distribution of the corresponding
oscillators between w; and «, the specific form of the distribution func-
tion being determined by the transition probabilities,

Let w;(w) be the distribution function so that w; dw is the number of
virtual oscillators (associated with the jth electron) in the range w to
w + dw. In accordance with the suggested modification the terms

\2 .
1/ [1 - (:’T’) - zwﬁ] are to be replaced by integrals giving for the
0 0
atomic scattering power
® w; dw
1= [ —745 13:30]
7 ("’) . K
1-(—) -2
wo wo
It is to be noted that according to the quantum mechanical calculations

the integral f w; dw = g; (the oscillator strength of the jth electron) is

in general different from unity, but the total oscillator strength is equal
to the total number of electrons in the atom, i.e., Zg,- =z,

E
As we expect f to approach f° at high frequencies, we shall assume that
the integral in Equation 3-30 may be given in the form 1 + §; - in;.

Hence
f=r+ ;%’(Ei + ;) (3-31]

The term ¢;(¢; + in;) is called the anomalous contribution to the
atomic scattering power due to the jth electron.,

A detailed study of the application of quantum mechanical dispersion
theory to the problem of the atomic scattering power has been given in
articles by H. Honl® to which the reader is referred. Numerical com-
putations of the anomalous contributions will be discussed in section 12.

6. THE STRUCTURE FACTOR

In this section we shall go one step farther and consider the scattering
from a single unit cell of a crystal lattice. Placing the origin of our

5 H. Hoal, Zeitschr. f. Phys., 88, 1 (1033); Ann. der Phys., (5], 18, 625 (1933).
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reference frame at a corner of the unit cell under consideration any point
within the unit cell is represented by a vector 7 = D _z.; where
0 < z; < 1. Let there be n atoms in the unit cell, the nuclear positions
being Fy - - - F; - - - F,.  Since we are interested only in the coherent part
of the scattering it may be assumed that the clectrons have been smeared
into continuous distributions. The amplitude of seattering from a single
atom, as we have seen, can be expressed in terms of the amplitude of
scattering from a free electron. The ratio between the two amplitudes
was called the atomic seattering power and was denoted by f (or by f°
when anomalous dispersion was neglected). The amplitude of seatter-
ing from a single unit cell may in a similar manner be written as ¥ E,. F
may be called the scattering power of the unit cell, but we shall use the
more common term structure factor. When anomalous dispersion is
neglected we shall use the symbol FC instead of F.

A. No Anomalous Dispersion. In an x-ray frequency range where
anomalous dispersion ean be neglected it is not necessary to distinguish
between different types of clectrons. Hence the electron distribution
throughout the crystal medium may be represented by means of the
single function Q(F) so that Q dv is the number of electrons contained in a
volume element dv at position 7. The distribution funection € must of
necessity possess the periodicity of the crystal lattice. According to the
discussion given in section 10 of Chapter I the distribution function may
thus be expressed as a Fourier series.

QF) = ZQH ¢ir Bt

V—lfQ ci2r§u-? dU [332]

Qy

The constant term in the series, Qggo, represents the average electron
density, i.e.,
VA
Qoo = v (3-33]

where Z is the total number of clectrons per unit cell and V the volume
of the unit cell.

Consider a volume clement dv at 7 containing  dv clectrons, having a
charge —e Qdv and a mass m Qdv. The equation of motion of this
volume element under the action of the clectric field of the wave given
in Equation 3-6 becomes

d’z € = ..
dT:: - — TnEO emot—&rkg-? [3.34]
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By comparison with the results obtained in section 34, the polariza-
bility of the volume element is scen to be
2
e‘Q
dy = ——dv 3
a ek [3-35)
while the contribution from the volume element to the amplitude of
gcattering at an observation point 2 becomes E, ¢* "2 dv. The expres-
sion for the structure factor is therefore

P = f Q et dy (336}

Usually it has physical significance to distribute the electrons between
the various atomie nuclei contained in the unit cell. The number of
electrons belonging to the kth nucleus will be denoted by z; so that
> % = Z. The electron density function for the crystal lattice, i.e.,
the function @, may thus be considered as the superposition of the
electron distribution functions for the various atoms. Hence we write

QF) = Z.:Pk(f — Fi) (3-37]
Combining Equations 3-36 and 3-37 and using the identity

i # i3 7k eil-(?*-h)

€ =¢

we find readily
Fo = ;;2 et (3:38]

where f§ is the scattering power of the kth atom. Because of the inter-
action between the atoms in the crystal lattice, the distribution func-
tion pi for the kth atom is somewhat different from the electron dis-
tribution function for the same atom in free space. The interaction will
primarily affect the loosely bound electrons, i.e., the electron distribution
at relatively large distances from the nucleus. The effect of the inter-
action on the scattering power is therefore negligible except for small 8
and for light atoms where the number of the outer electrons represents
a major fraction of all electrons.

B. Anomalous Dispersion. When anomalous dispersion is no
longer neglected the results obtained in part A of this section need to be
modified. It is necessary to distinguish between the different kinds of
electrons in the unit cell. Let the subseript j indicate a specific type of
electrons (for instance, a K electron of a sodium atom). The distribu-
tion of electrons of type j in the unit cell will be represented by a function
9;(7). The electrons of a given type may belong to different atoms and
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we write therefore
%) = 2o (F = 7) [3-39]

where ¢'¥ is the distribution function for electrons of type j in the kth
atom. In accordance with the procedure of section 4 the electrons are
replaced by continuous distributions of virtual oscillators. The number
of virtual oscillators associated with electrons of type j, having frequen-
cies in the range w to w 4 dw and contained in a volume element dv
becomes

Q;(F)w; (w) dv doo 3-40]

By comparison with the derivations given in the two preceding sections,
it is readily seen that the polarizability is no longer given by Equation
3:35 but by

e? )
== ;(l + &; + i9,)9; (3-41)

Similarly the amplitude of scattering due to the entire unit cell becomes
F E, with

F =30+ &+ i) f Q; " do (3-42]
)

Using Equation 3-39 the expression for the structure factor may be
rewritten in the form

F= 2020+ + inef] e n [3-43]
2
where

o = [of ¢ = n) e g [3-43a)

According to Equation 3:31 the expression D (1 + & + tn,)/® is
7
simply the scattering power of the kth atom and we have thus
F=3fie"™ (3-44]
%

6. SCATTERING FROM A SMALL CRYSTAL

Having now discussed the scattering from an electron, from an atom,
and from a single unit cell, we shall next consider the scattering due to a
single ideal crystal. We shall assume that the dimensions of the crystal
are small compared with the distance R from the erystal to the point of
observation. If the origin is chosen at a corner of one unit cell the
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location of any other unit cell in the crystal is described by means of a
lattice vector Ay, = I4d;, + Ls@s + Lalia. The problem of finding the
amplitude of scattering due to the entire erystal is seemingly a simple
one. It might be expected that the resultant amplitude is merely the
sum of the contributions from the various unit cells with the phase
differences taken into account. If we assume for the present that this
reasoning is correct, the contribution to the total amplitude from the
unit cell located at Ay is F E, e 4% gince §- Ay, is the phase difference
with respect to the radiation scattered by the unit cell at the origin.
Accordingly the total amplitude becomes

Eg= E.JF Y e*4c (3-45)
L

where the summation is to be extended over all the unit cells composing
the crystal. For the sake of convenience we shall assume that the erys-
tal has the shape of a parallelopiped with edges N&,, Nalz, and N3ls.
The number of unit cells contained in the erystal is thus N NoNz = N,
The detailed form of the sum contained in Equation 3-45 becomes

L. Ni-1 | Ni—-1 | Ni—-1 iL
ZelI-AL - Z elel-m Z etLg§~dg Z e 33- 33 [346]
L 0 0 [

The summation is the familiar one of a geometric series and hence
Equation 3-45 may be given in the form

E uv.l 8 1
E“ F]'[T— [3-47]

-1
The intensity ratio is obtained from the amplitude ratio by multipli-
cation with the complex conjugate and we have thus
I_Xl. _ IF|2 Sin2 éng H.

I, i sin® §5. a; [3-48)

It is to be recalled that 3 = 2z (£ — ko) where &g and £ are the incident
and scattered wave vectors respectively. Accordingly Equation 3-48
gives the intensity of scattering as a function of the scattering direction
expressed in terms of the direction of incidence and the structure of the
crystal. The maximum values of the intensity ratio occur for such
values 34 of § that

8 H"® (_ll = 211‘H 1

3}{ * (-12 = 27rH2 [3'49]
8y -d3 = 2=H;

where H,, Hy, and Hj arc three integers entirely independent of one
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another. Solving Equations 3-49 for the vector 35 the following result
is obtained.

5” = 211'EH = 211'(”15; + Hzl;g + 11353) [350]

Obviously Equations 3-49 and 3-50 are identical with Equations 3-3
and 34, i.e., with the scalar Laue equations and the Laue vector equa-
tion respectively. The elementary method for the determination of the
diffraction directions described in section 1 is thus properly justified.

When the Laue equations are satisfied the intensity of scattering
becomes

LIFy|?N? [3-51)

where N is the number of unit cells in the crystal and where Fy is the
value of the structure factor for § = &y, i.c.,

FPu= Zkfk R LIRS (3-52)

It is seen from Equation 3-48 that the scattered radiation is concentrated
at or very necar to the intensity maxima, while the radiation is quite
negligible between the maxima except when Ny, Ny, or N3 is very small.
It is not difficult to obtain an approximate expression for the half width
of the diffiraction maxima. When the Laue equation is satisfied we have
sg = 4 sin 05/\ where 20p is the scattering angle. Let the direction
of incidence be unchanged, but consider a direction of scattering in the
plane of incidence slightly different from the difiraction direction and
thus corresponding to a scattering angle of 203 + e.  The corresponding
value of § may be written as § = §y + 3, and a simple geometrical con-
sideration shows that

27

= _k— ¢ cos 8p [3'53]

The intensity of scattering close to a maximum will be denoted by Iy
and may be given in the form
sin? N3 - a;

> 1% 3-54
sin? 35 - @; 18-54]

Iy = IelFu|2I‘l
We shall next smooth out the oscillations in Iz by replacing each of the
N%:%

l'l2 %N,'.‘C,' e

si
three factors ———
sin® 3z;

which has the same maximum value and the same area. In this manner

by an appropriate smoothing function NZe
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Equation 3-54 is transformed into

_l(x. AN
Iy =~ L|FglN2 e ® " 3-55)
where Ay = Nyl + Nafiz + Nalis is the diagonal of our crystal block.
Within the limit of the desired accuracy we may set § - Ay = 5D where
D is the average linear dimension of the crystal. Hence we have

—r:e'D'eon'Ba
In(e) = I|Fpl*N?e (3-56]
The half width value e; becomes
log 2 S
4= = Dcostp (3:57)

Although this equation is to be considered only as an approximation
it shows that the diffraction maxima are exceedingly sharp. Indeed
they attain a measurable width only when the scattering crystal
approaches colloidal size.

Further discussion of Equation 3-48 will be postponed until we have
examined the validity of our derivations. Equation 3-48 was obtained
on the assumption that the incident wave anywhere in the crystal is
given by Equation 36, i.e., it was tacitly assumed that the incident wave
is not affected by the presence of the erystal medium, This assumption
is clearly uutenable, A beam of x rays traversing matter will suffer
absorption, i.e., there will occur a diversion of energy from the incident
beam. There are two main types of absorption processes. In the first
type, the photoelectric or true absorption process, part of the incident
radiation energy is converted into the kinetic energy of an ejected elec-
tron plus the potential energy of an excited atom. The second type of
absorption corresponds to an energy transfer from the incident to the
scattered radiation. There are two distinct scattering processes which
divert energy from the incident wave, the Compton scattering and the
coherent scattering. According to Equation 3-48 the intensity of the
coherent scattering from a crystal is negligible unless the Laue vector
equation is exactly or very nearly satisfied. When the Laue equation is
not fulfilled we may speak of normal absorption, i.e., absorption due to
the ejection of photoelectrons and to Compton seattering. The addi-
tional absorption which arises when the Laue equation is exactly or
nearly satisfied and strong diffracted waves are produced will be called
extinction. Normal absorption is quantitatively described by means
of the linear absorption coefficient i which is defined as the frac-
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tional intensity decrease per unit length of path through the medium, i.e.,

a__ o
1 [3-58]
I = Io e

where I is the intensity of the incident radiation at the crystal surface
and 7 the intensity at a depth of penetration z. Clearly normal absorp-
tion becomes negligible for sufficiently small crystals, namely, when
uD < 1, where D is the average linear dimension of the crystal. Equa-
tion 3-48 shows that the intensity associated with the diffracted wave
decreases with decreasing crystal size. In the limit of very small crystals
it is thus justifiable to neglect both normal absorption and extinetion.
Later investigations will show that extinction in an average case must be
taken into account when the linear dimension of the erystal is of the
order of 10~ cm. or greater. The intensity formula given in Equa-
tion 3-48 consequently represents an asymptotic solution which is valid
only for crystals with linear dimensions of 10~ ¢cm. or smaller.

Before we attempt to develop a general theory of x-ray diffraction in
an ideal crystal of any size the results obtained for a small erystal will be
discussed further in the next section.

7. INTEGRATED INTENSITY FOR A SMALL CRYSTAL

According to Equation 3-48 the intensity of coherent scattering from a
small crystal is negligible unless the Laue vector equation is exactly or
very nearly satisfied. In other words if we set §=35y 4+ 4 =
27 By + A, the intensity of scattering may be taken to be zero unless &
is nil or very small. Setting

& = piby + poba + p3bs {3-59]
Equation 3-48 takes the form
.01
- 2 proin® 2N
14(3) = L|Fyl I'I sin® Ip;

The particular values for the directions of incidence and scattering and
for the wavelength which satisfy the Laue vector equation will be denoted
by @2, #f and AZ respectively, so that

2
= ;lf (@} — aB) = 2r(k§ — &B) 3-61)

[3-60]

In order to satisfy the Laue vector equation it is necessary experimen-
tally to provide for a continuous variation of the incident wave vector as
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discussed in section 2. In the Laue method only the wavelength is
varied, while in the rotating crystal method the direction of incidence is
varied with one degree of freedom by means of a relative rotation of
incident beam and crystal.

Experimentally one cannot measure the intensity for a sharply defined
scattering direction. The best one can do is to measure the average
intensity for scattering directions lying within a finite solid angle. The
intensity function I ;7 has very sharp maxima and it cannot be considered
a constant throughout a solid angle of the order of magnitude used in
experiments. Hence experimental data cannot be directly compared
with the formuls given in Equation 3-60. Suppose that the measure-
ments are made with an ionization chamber and that the axis of the
chamber coincides with an ideal diffraction direction #5. Let dS be an
element of area in the aperture of the ionization chamber. We may then
measure the power Py defined by

Py = f f Iy dS (3-62)
S

where the integration is to be extended over the area S of the entire
aperture. The intensity I, goes to zero as the scattering direction devi-
ates more and more from the diffraction direction &2. It will therefore
be assumed that the aperture of the ionization chamber is sufficiently
large so as to receive all radiation scattered in the diffraction direction
and in neighboring directions. In other words the integral of Equa-
tion 3-62 approaches a limiting value as the area of the ionization cham-
ber slit increases, and it is this limiting value of Py in which we are
interested. Since the diffraction maximum is very sharp the limiting
value of Py is quickly reached.

In the Laue method and the rotating crystal method the incident
wave vector ko is varied with one degree of freedom. We therefore set
ko = FEy(2,) where the parameter e is so chosen that £y = £Z for¢; = 0.
Clearly the power Py received by the ionization chamber becomes a
funetion of the parameter ¢; and if this functional relationship is plotted
we will get a curve with a sharp maximum at ¢; = 0. The area under
this curve will be denoted by 3, i.c.,

du = f Pude = f f f T dSdey [363]

The quantity 3x may logically be called the integrated power, but inte-
graled inlensily is the common name. We shall find the explicit form of
the integrated intensity for the Laue method and the rotating crystal
method.
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A, The Laue Method. We shall let the parameter ¢, represent the
difference between the actual wavelength and the ideal wavelength, i.e.,

A =M +a (364

A direction of scattering near

a diffraction direction %5 will

be described by means of the

two parameters ¢z and ezshown

in Fig. 34. From the figure e
we have dS = R2 de, des where Rty \{
R is the distance from the 7] %
crystal to the observation 20y
point, i.e., to the aperture of

the ionization chamber or to

the photographic plate. With

the aid of simple geometrical
considerations based on Fig.

3-4 the vector A = § — &y is Fia. 34.
readily expressed in terms of

the three parameters ¢, ¢z, and e3.  The result is

A

Uy

- 2 2:
A= :r:; {(1 — cos 20g)7 — sin 20g r2} + T2 73
)‘8 xE
27 €3 .
v {—sin 26p 7, + cos 205 72}  [3:65)

11, 72, 73 are three unit vectors forming an orthogonal set as shown in the
figure.
The expression for 3 is

Sy = R? f f f 14 (@) dey des deg [3-66]

The vector & may be given ecither in terms of ), s, p3 as in Equation
3-59 or in terms of ¢, ¢, g3 as in Equation 3-65. For the triple integral
of Equation 3-66 we may therefore write
A
J (_

[[[1n@®dederdes = [ [ [12 (Zig dpy dpsdps  [3-67)
J(
de;

dA A
where J (5) and J (5‘) are the two Jacobians. Using Equations
; A
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3-59 and 3-60 we have

65) 95 95 A 1

Jl— -———x.___E,ExB - = 3.6

(ap, ap‘ ap2 ap3 1 2 3 V [ Sa]
aZ) 08 9A aA 1673 sin2 65

J (aet dey . 662 333 A\ (3-68b]

where V is the volume of the unit cell. Hence Equation 3-66 becomes
R L X |Ful® f“‘ sin® §Np;

1673V sin®0p v J _;, sin® §p; 9P 13-69]

Ig =
The integration limits ==4; are to be chosen large enough to make the inte-
grand negligibly small in agreement with the requirement that all radia-
tion associated with the diffracted beam is to be received by the ioniza-
tion chamber. Since N; may be considered a large number (except for
crystals of colloidal size) the limit 5; is still small compared with =/2
and the following approximation may therefore be used

+a‘sin2 %N{p‘ o Sinz %N{p‘-
.[_,.. sin? §p; dpi = _[_ o Gp)? dp; =2z N;  [3-70)

Hence we have

T4 8in® AN s 24)8
0, e S 871

where 8V = N;N2N;3V is the volume of the crystal. Remembering
Equation 3-11 the final result for the integrated intensity becomes

= I,Q 8V
e® \21 4 cos® 205 |Fu|®2d
Q= (mc2v) 2 2 sin? 05 [3-72]

Instead of defining the parameter ¢; by means of Equation 3-64 we could
have defined it by% = -)‘l- + ¢ in which case the factor A} in the expres-
B

gion for Q would have to be replaced by A%,

B. The Rotating Crystal Method. In this method the wavelength
is fixed, i.e., A = Ag, while the incident beam is rotated relative to the
crystal. Let the constant angle between the incident beam and the

rotation axis be 1—2r — x and let the parameter ¢; deseribe the rotation

angle as shown in Fig. 3-5. Hence we have
To =1 + eyt x85 =) + e COsXT2 {373)
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where 73 is a unit vector along the rotation axis and 7, another unit
vector normal to the plane containing 73 and #5. We shall introduce a
third unit vector r; defined by 7, = %5 x r3 s0 that 7, 73, 73 form an

F1e. 3:5.

orthogonal set. The diffraction dircction #f} will be described by means
of its longitude ¢ and its latitude ¢ in the system »,,7, 73, while ez and eg
are the increments in ¥ and ¢ respectively which correspond to a neigh-
boring direction iy, With the aid of Fig. 3:5 we find

dS = R? cos ¢ dey dea [3-74)
and
. 2 2
A=—w—xﬂcosx?2+”+mpl—5in¢fx+005¢/721
2m g3 . . .
+ Y {—sinpcosyr —sinegsiny v, + cosprz} [3-75)

The integrated intensity becomes

GA
Ji = R? cos qafffI”(A) dpy dpa2 dp; [(3-76)
(aal




108 X-RAY DIFFRACTION IN IDEAL CRYSTALS  (Sec IlI.7

!

The Jacobian J (%) isreadily evaluated from Equation 3-75. We find

A\ 93 9B oA 87° i 2
J(a_>5_'__x_= i cosxs;n\l«cos @ 377]
ae,' 661 662 ae3 X
Using results obtained in part A of this section we have therefore
g = 1@V

e \° 1 4 cos® 20p IFylz)\s
Q= (mc2 V) 2 sin Y cos ¢ €os x [3-78]

The relation between ¢, ¢, x and the scattering angle 205 is
cos 20 = cos ¢ ¢0S ¢ ¢0s X -+ sin ¢ sin x [3-79]

C. The Powder Method. For the sake of completeness we shall
also consider the third prineci-

) pal experimental method in
which the vector %, is varied

1 with two degrees of freedom
in such a way that all direc-

tions of incidence become

equally probable, We are in-

7 terested in the scattering as-

€, N Vin o7 Q) sociated with a reciprocal vec-
tor By of the crystal. This
scattering is negligible unless
the glancing angle of incidence
is 8p + ¢; where ¢, is a small
quantity. The directions of
incidence which correspond toa
Fia. 3-6. glancing angle 65 + ¢; are the
generatrices of a circular cone.

The axis of this cone is By and the semi-apex angle is g— (05 + ).

The probability w de, of finding an incident glancing angle in the range
0p + e tofp + ¢, + de, is therefore

wde, = % cos (0p + &) dey =~ 3 cos 8p dey (3-80]

Consider any one of these directions of incidence #,, its associated
diffraction direction #Z and a neighboring scattering direction iy. Let
e and ez be the angular separations between %z and @5 parallel and
normal to the plane of incidence as shown in Fig. 3.6. The
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power reaching the ionization chamber is P(g,) = f f Iy dS where

dS = R%dey deg. The integrated intensity is the total power of the
diffracted beam as the incident beam is varied, i.e.,

2
Sy = f wP de, = %cos 65 f f f Tude desdes  [381]
From Fig. 3-6 we find

2 2
A= —ﬂ;‘ﬂ (cos 0p 7y + 8in 8 72) + -”T-ez (cos 8p 7, — sin O 72)

27 &3

+ s (3-82]

where 7, is the unit vector along By, 73 the unit normal to the plane of
incidence and 7o = 73 x 7y,
The integrated intensity may be written in the form

(2
R? 0 p;
gy = X Cosln f f f Iy —=2L dp, dp, dps [3-83)
: (3)
I\as;

With the aid of Equation 3-82 we obtain

-} 879 gin 205
J (a—e') == [3-84]
and the formula for the integrated intensity becomes
3[{ =] oQ 114
e® \21 + cos® 205 |Fy|2N®
Q= (mc2v) 2 4 sin 65 [3-85]

We have been speaking of a variation of the incident direction and a
fixed vector By. However, we are concerned only with the relative
orientation of incident beam and crystal, and it is therefore immaterial
whether we consider the crystal fixed and the direction of incidence vari-
able or the direction of incidence fixed and the crystal orientation vari-
able. Adopting the latter viewpoint the diffraction directions &5
appear as generatrices of a circular cone of semi-apex angle 265 about the
direction of incidence as shown in Fig. 3-7. Equation 3-85 represents
the total power associated with this and with neighboring cones. The
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diffraction cone intersects a plane normal to the incident beam in a circle
of radius R sin 205. Experimentally it is customary to measure the
integrated intensity per unit length of this cirele, i.e.,

I e? )2 1 + cos? 205 lF};Iz)\a
—_— =] V [3-86
2 R sin 20p 0 (mc2V 2 16 R sin? 85 cos 0p 8V (3-86]

When the crystal has symmetry there are in general other reciprocal
vectors equivalent to By. Two equivalent vectors By and
Bg: = By - ¢ (where ¢ is a symmetry dyadic of the crystal) corre-
spond to the same glancing angle and to the same integrated intensity.

RN

T 1 —
) ;
I”' R
it
Fra. 3.7.

A given diffraction cone is therefore to be associated with the total set of
equivalent vectors By. If there are j equivalent vectors in the set the
observed integrated intensity will obviously be j times greater than the
expression given in Equation 3-85.

As mentioned in section 2 a random relative orientation of crystal and
incident beam is statistically realized if a sample of finely divided crystal
powder is placed in the incident beam. The integrated intensity from
such a powder sample is evidently given by Equation 3-85 provided
8V now stands for the aggregate volume of all erystallites. (It is, of
course, assumed that the powder sample is sufficiently small so that
absorption and extinction may be neglected.)



See. I11-8) DYNAMICAL THEORY OF X-RAY DIFFRACTION m

8. THE DYNAMICAL THEORY OF X-RAY DIFFRACTION

The theory of x-ray diffraction in ideal crystals presented in section 6
neglected both normal absorption and extinction. This theory is there-
fore valid only in the limiting case of small erystals. In the remaining
sections of this chapter we will develop a general theory of x-ray difirac-
tion in which normal absorption as well as the interaction between inci-
dent and scattered radiation are taken into account. The theory given
in section 6 could easily be modified so as to take care of normal absorp-
tion. Indeed, the effect of normal absorption on the intensity of
scattering can be represented by means of the factor €7* where yo
is the normal linear absorption coefficient, = the path through the crystal
and where the averaging is to be performed over all paths which come
into consideration. Normal absorption occurs for all directions of inci-
dence while extinetion is important only when the incident wave vector
has such a value that the Laue vector equation is exactly or very nearly
satisfied for one or more reciprocal lattice vectors By. It is clear there-
fore that the general theory will not greatly affect our earlier results
concerning the directions of the diffraction maxima, but the results we
have obtained for the inlensity at or near these diffraction maxima may
have to be radically changed.

In the simplified theory it was assumed that the incident x-ray wave
suffers no change when it enters the crystal medium, ie., that the
expression

Ea ciuol—l".’tku- # [3‘87]

represents the incident wave within as well as outside the erystal. In
1

Equation 3-87 k§ = o i where A is the wavelength in vacuum and @
0

the propagation direction outside the crystal. The contribution to the
electric field inside the crystal medium coming from the diffracted waves
was in other words neglected. The diffracted waves depend upon the
internal incident wave which in turn depend upon the diffracted waves.
Hence the incident and the diffracted waves form a coupled system.
The general theory of x-ray diffraction in crystals accordingly becomes
a problem in dispersion theory and is therefore commonly referred to as
the dynamical theory of x-ray diffraction, while the simplified theory
presented in section 6 is called the wave kinematical theory. Clearly
the wave kinematical theory is the first approximation to the dynamieal
theory in the limit of small crystals.

Due to the interaction between incident and seattered radiation inside
the crystal medium Equation 3-87 will no longer represent the internal
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incident wave. Let us for convenience suppose that the wave of Equa-
tion 3-87 enters the crystal through a plane boundary., The orientation
of the boundary plane will be described by means of a unit normal 7
pointing into the crystal medium. If the origin is chosen in the bound-
ary plane the equation of this plane consequently becomes #-7 = 0.
Within the erystal medium the incident wave will be represented by
the expression

ﬁo eiml—ﬂrﬂov ? [3_88]

where the amplitude D, and the wave vector By have to be determined
from the following considerations. (1) At the boundary 7 - # = 0 the
external incident wave (Equation 3-87) must be joined to the internal
incident wave (Equation 3-88), (2) The internal incident wave and the
internal diffracted waves with which it is coupled must form a self-
consistent set.

When considering the boundary conditions at 7 - # = 0 it is useful to
remember that the dielectric constant in the x-ray region is only slightly
different from unity (in the next section we will show this to be true).
For the refractive index of the incident wave we may accordingly set
1 4 &, where & is a small quantity. Hence we have

63 = k(1 + 80)® =~ K3(1 + 28) (3-89}

At the boundary the exponential functions of Equations 3-87 and 3-88
must agree. This requirement is fulfilled if By = k£ 4+ Ai. By using

Equation 3-89 one finds readily A = ;:ﬁ%o-é = Kobo , and hence
: 0
kod
Bo =K+ ﬁﬁ [3-90]

The normal components of the displacement vectors and the tangential
components of the electric vectors are continuous at the boundary.
Since the dielectric constant is so nearly unity these boundary conditions
may be given approximately as

Do =~ B¢ [391]

The internal incident wave is not yet completely determined since the
refractive index 1 + §; is unknown. The refractive index is variable
and depends upon the strength of interaction between the incident and
diffracted waves.

It was stated earlier in this section that the results of the kinematical
theory as regards the directions of the diffracted waves must hold with
great accuracy also for the dynamical theory, According to the kine-
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matical theory each diffracted wave is associated with a different recipro-
cal lattice vector By such that the diffracted wave vector is
ko + By. The amplitude of seattering is, however, negligible unless
]/Co + BHI = kg, i.e., unless the Laue vector equation is exactly or very
nearly satisfied. By analogy we write o 4 B for the wave vectorof a
diffracted wave in the dynamical theory and expect the amplitude of this
wave to be negligibly small except when the Laue vector equation is
accurately or very nearly fulfilled. The wave field in the interior of the
crystal, corresponding to the incident wave and any number of diffracted
waves, may thus be represented by the expression

=YDy giuot—i2e By
" [3-92]

Bu = Bo + Bn

If the Laue vector equation is far from satisfied for any vector By we
may set Dy = 0and Dy =~ Ofor H £ 0. In order to find which ampli-
tudes Dy may have appreciable values, it is convenient to make use of
the reciprocal lattice construction discussed in section 2. If a reciprocal
lattice point By lies relatively far from the surface of the sphere of
reflection one may set Dy =~ 0. In our discussions we shall specifically
treat the case in which all amplitudes except Dy and one Dy are negli-
gibly small, i.e., the case in which the incident beam produces just one
diffracted beam at a timme. Of course, by proper adjustment of the
incident wave vector £ it is possible to make two or more reciprocal
lattice points fall very nearly on the sphere of reflection so that two or
more diffracted waves are produced simultaneously. Such cases are,
however, rarely encountered under the usual experimental conditions
and they will therefore not be discussed in detail.

The wave field given in Equation 3-92 represents a set of coupled
plane waves. Accordingly the amplitudes Dy are not independent and
the requirement of selfconsistency leads, as we shall learn in the next
section, to a system of linear and homogeneous relations between them
while the secular equation of this homogeneous system determines the
possible values for the refractive index 1 + &.

9. THE FUNDAMENTAL EQUATIONS OF THE DYNAMICAL THEORY

In order to find the conditions of selfconsistency for the coupled system
of incident and diffracted waves in a crystal we shall require the internal
wave field (as given in Equations 3-92) to satisfy the electromagnetic
field equations. Before trying to solve this problem it is useful to dis-
cuss in detail the nature of the dielectric constant of the erystal medium,
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A, The Dielectric Constant of the Crystal Lattice. The dielectric
constant e and the polarizability per unit volume « are connected by the
well-known relation

e=1l4————=1+t+4dra [3-93]
1- 4_1r a
3

The suggested approximation ¢ = 1 4 47 « is justifiable since « accord-
ing to Equation 3-41 is small compared with unity. In the x-ray region
it is thus not necessary to distinguish between the polarizability per
unit volume and the electric susceptibility. The dielectric constant
bhas, furthermore, scalar rather than tensor character. However, it is
not a constant but a function of position having the pericdicity of the
crystal lattice. We shall introduce the symbol ¢ for the funetion
4r a. Since ¢ is periodic it may be written as a Fourier series, i.e.,

V= dra= Sy eerbut
H

. (3-94]
vy = ff.f weiz.-ﬁu-r dv
v
Using Equations 3-41 and 3-42 we find
4 ezF J: 4
Y= — T (3-95)

where F g is the value of the structure factor for § = 2r By.
The square of the refractive index n is equal to the dielectric constant.
Hence, since ¢ is a small quantity,

=141y (3-96]

According to Equation 3-41 the refractive index becomes a complex
and periodic function of position. The complex character of the refrac-
tive index implies that the scattering is accompanied by an absorption
(scattering taking place with a phase shift). This absorption process
corresponds to the ejection of photoelectrons, i.e., to true absorption.
We shall separate real and imaginary parts of the function ¢ and obtain
by definition

4 2

V= SO By [3-67a)
4 2

¥ = - ;’:g Xy [3-978]
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where ¢ = ¢/ + #/’. The imaginary part of the refractive index,
3", is called the absorption index and, as we shall see from a simple
consideration given in section 12, it is related to the linear absorption
coefficient u (for true absorption) by the following equation
2 ‘PH
Ao
Thus the true absorption coefficient is a periodie function of position
also and can be expanded in a Fourier series

—i2sBy-7
= uge’
b2

p= - (3-98]

2% {3-99)
= Eho o _i2zBgF
ha = v ,-Zﬂ’ fvﬂ,e do
The average true absorption coefficient throughout the crystal medium is
- 2e%)o
A== —2rkopy = —7 ’Z'ljzi [3-100)

where Z; is the number of electrons of type j per unit cell. Similarly
the average real refractive index is 1 + 4y’ where
242
-7 ’ e Ny
S = - = )Z; 3-101
V== — g 2+ )2 [3-101]
B, The Fundamental Equations for the General Case. The dielec-
tric constant of the crystal medium for x-ray frequencies ise = 1 + ¢,
where ¢ is a small quantity, and we shall assume the magnetic perme-
ability to be unity and the current density to be zero. Maxwell’s
equations lead to the following differential equation for the displacement
vector
1 0%
x x -_ = —— — +102]
Ve (¥x(1-y¢)D) 2o (3-102)
where we have set —t =1 —y. For the displacement vector D we shall

use the wave field given in Equations 3-92. Expanding the func-
tion ¢ in Fourier series gives

- = piwot —i2x By _ —2s(Br+BL)- ¢ :
(1 — 9)D = ¢ [;ﬁy ¢ i2rdn Kz;wxﬁ,, € ] [3-103)
This equation can be simplified. In the first place Bx + B = Br4z

according to the definition of B given in Equation 3-92. Secondly we
shall let K 4- L = H in the double sum and obtain thus

(1 = ¢)D = et };(ﬁ,; — Cp) e 3=Bu-? (3-104)
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where
Cus= 2;,4'11-1.5:. [3-1044]

By inserting the expressions for D and for (1 — ¢)3 in Equation 3-102
and comparing coefficients the following set of equations is obtained

—Bux[Br*(Dy — Cx)) = k}Dy [3-105a]
or

ZL{"’H—L(BII + Dp)Bu — ¥u-1. 85D} = (k§ — 8%)Dg  [3-105b)

This is the fundamental system of equations of the dynamical theory
upon which our study of the interference phenomena will be based. It
is seen from Equation 3-105a that Dy - By = 0 so that all waves are of
the transverse type. Accordingly our wave field satisfies the equation
V.5 =0. This result requires discussion. A priori it might have
been expected that I would satisfy the equation ¥-D = 4x e(Q’ — Q)
where @' and  are the distribution functions for positive and negative
charges respectively, and where @' — @ = 0 since the net charge is zero
for every unit cell. However, we have been dealing only with the oscil-
lating part of the electric displacement while the static part is left out of
consideration. The apparent discrepancy is explained when we reeall
that the divergence of the static part of the electric displacement does
not vanish.

Let us assume at first that the Laue vector equation is far from satis-
fied for any vector By. The incident wave will in that case produce
diffracted waves of negligibly small amplitude. We set then Dy » 0
and Dg = O (for H ## 0). The system of Equations 3-105 reduces to

s = 1 _k_g% or fo = ko(1 + vo) (3-1086]
showing that the refractive index for the incident wave must be equal to
the average refractive index for the crystal medium. The internal
incident wave is completely determined by means of the condition of
selfconsistency (Equation 3:106) and the boundary conditions
(Equations 3-80 and 3-91).

We are particularly interested in the case for which the incident
wave produces only one diffracted wave of appreciable amplitude.

C. Solution of the Fundamental System of Equations for the Case
of Two Internal Waves, Suppose that the direction of incidence is so
chosen that only one reciprocal lattice point By lies near the surface of
the sphere of reflection. In accordance with the arguments given in
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part A of this section we may then set Dy # 0, Dy 5 0 and D, =~ 0
(for L = H or 0). Equations 3-105 become

va®Bo- Du)Bo — vaBiDy = (k5 ~ B5(1 — o)1 Dy
vr@Bu - Do)Bu — vubiDo = (K — 841 — o)1 Du

The second of the two equations shows that Dy lies in the same plane as
By and Dy and normal to By.
We shall set

85 = ki(1 + 250), B = k5(1 + 28y) (3-108)

so that 1 4 8 and 1 + 85 are the refractive indices of the incident and
diffracted waves respectively. Now multiplying the first of the two
Equations 3-107 scalarly with Dy and the second scalarly with Dy
we find

[3-107]

(260 — vo)Do — ¥gsin x Dy =0
—ypsin x Dp + (28 — Yo)Dy =0

where x is the angle between D and B. These linear and homogene-
ous equations represent the selfconsistency conditions and they have a
non-trivial solution only if the determinant vanishes, i.e., if

(3-109]

(260 — ¥0) (255 — Yo) = ¥r¥p sin® x (3-110]
and this non-trivial solution is
_Dn _ 25—
= Do = e — [3-111]

It is convenient to introduce the two principal polarization directions
of the incident wave. In normal polarization Dy is normal to the plane
containing B, and By so that x = =/2. In parallel polarization Dy
lies in the plane of 8y and By, and consequently x = (7/2) — 28 where
29 is the scattering angle. If the incident wave is unpolarized the
intensity of the scattered wave is given by the average value of the
intensity for the two principal polarization directions (compare Equa-
tion 3-:12). Settingsin x = 1in Equations 3-110 and 3-111 corresponds
to the normal component of polarization, while the value sin x = cos 26
corresponds to the parallel component. It isseen that it will be sufficient
in the following to deal with the normal component, for the correspond-
ing result applying to the parallel component is obtained by the simple
procedure of replacing ¢,y and ¢ g everywhere by ¢ 7 cos 20 and ¢ g cos 29,

Remembering that 8y = By + By and using Equation 3-90 we find

Bu =k + k—;’? it + By (3-112)
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Combining Equations 3-108 and 3-112 the quantity 55 may be expressed
as follows.

1 1
by = -580 + §a [3-113]
where
1 i By
3= 1+ TR [3-114q)
1
«a=a {BY + 283 By} [3-114b)

It is useful to remember that our considerations are limited to the case
where the Laue vector equation is exactly or very nearly satisfied for one
reciprocal lattice vector Byy. Let £5 and £5 be the particular values of
the incident and diffracted wave vectors for which the Laue vector equa-
tion is satisfied, i.e., £f — & = By. The quantity b may then be
written as
7t - kg Yo
Ry R 13:115)
where o = 7 - 85 and vy =i - &5 are the direction cosines of the
incident and diffracted wave respectively.
Let us next consider the detailed expression for the quantity «. In

the rotating crystal method the wavelength is constant while the direc-
tion of incidence is varied. Hence we find

Rotating crystal method « =~ 2(6p — 8) sin 205 (3-116]

where 65 is the Bragg glancing angle and ¢ the actual glancing angle of
incidence. In our discussion of the rotating crystal method (see Fig. 3-5
and part B of section 7) we introduced a set of angles x, &), ¥, and ¢ to
describe the direction of incidence and of scattering. When the parame-
ter ¢, is zero the Laue equation is satisfied and a simple consideration
shows that the deviation from the Bragg angle (65 — 6) can be expressed
in terms of the parameter ¢, as follows,

(0 — 6) 8sin 20p = ¢; cos x 8in ¥ cos ¢ (3-117)

In the Laue method the direction of incidence is fixed, i.e., # = 6p, but
the wavelength is varied. Let Mg be the particular wavelength for which
the Laue equation is exactly satisfied and let Ay be a neighboring wave-
length. In this case we find

N — Ap
B

Laue method « =~ 4

sin? 0g (3-118)
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In using Equation 3-113 Equation 3-110 becomes a quadratic equation
in 5p. Since Equation 3-110 thus determines the possible values for the
refractive index of the incident and the diffracted wave as functions of
the incident wave vector, we shall call this equation the dispersion
equation. The dispersion equation (for normal polarization) becomes

(280 — 'I'o)( b — Vo + a) = Vava [3-119]

Introducing the amplitude ratio z defined by Equation 3:111 the disper-
sion equation may also be written as a quadratic equation in z, namely,

b 1 Z:4
1-b b=—==0 3-120
=+ x[( ) w: ] va [ )
The solutions of Equations 3-119 and 3-120 are:
' —
:z,} = Mo — 2z = Vg + 2%} (3-121]
“’l} _zzxVet?s (3-122)
2] va
with the following abbreviations
1- b
z= Yo + g® 1= Wavn (3-123]

Since there are two possible values for 8y and for the amplitude ratio z,
there are two internal incident waves and two internal difiracted waves
in the general case. The general form of the incident beam inside the

crystal medium is thus

eiw—izdg-r [D('J e—iﬁl + D('DI e—iﬁt] [3_124]
and for the diffracted beam
giwot—i2x(k3+Bm-¢ [z D} €% + z,D}! €7%) (3-125]
where
. o/
PR BENPA. . SP (3-126]
Yo Yo

The external incident wave enters the crystal medium through the plane
boundary # - # =-0 where it must be joined to the internal incident

wave. This requires
Do+ Dy = Ej (3127]
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This boundary condition alone does not, however, uniquely determine
the internal incident and diffracted waves, since the ratio D} : DY is
arbitrary and additional boundary conditions must accordingly be
imposed,

10. GENERAL SOLUTION FOR PLANE PARALLEL CRYSTAL PLATES

In the preceding section we found a general expression for a self-
consistent internal x-ray wave field in a crystal medium. It was
assumed that an incident wave entered the crystal through a plane
boundary and produced a diffracted wave in the interior. In order to
obtain a unique solution to the problem it becomes necessary to deal
with & bounded crystal which obviously must be presupposed if the inter-
ference phenomena are to be observed. We shall assume the crystal to

Laue Case Bragg Case
3 Diffracted Incident
Incident wave ‘Wave
- n.r=0 -
t, £
R-T=ty
/ \ Diffracted /
wave
Fia. 3.8,

be a plane parallel plate of thickness f; with unlimited lateral extension,
The equations of the two boundary planes are thus #-7 =0 and
7i- 7 = {5 Although the incident wave enters the crystal through the
plane 7.7 = 0, the diffracted wave may emerge either through the
plane 7« # = 0 or through the plane # -7 = ¢,. Since the boundary
conditions are different for the two cases it becomes necessary to dis-
tinguish sharply between them, and this is conveniently done by means
of the quantity b of Equation 3-115. When b is positive the diffracted
wave emerges through the boundary 7 -7 = . We will refer to this
case a8 the Laue case. When b is negative, the Bragg case, the diffracted
wave leaves the crystal through the boundary 72 - 7 = 0.

A. The Laue Case, The directions of the incident and diffracted
waves for the Laue case are shown schematically in Fig. 3-8. The
boundary conditions for the incident wave at the surface 7.7 =0
have been discussed earlier, and the condition for the amplitudes is
expressed by Equation 3-127. No diffracted wave enters the crystal
medium through the boundary #:7 = 0, and it must therefore be
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required that the internal difiracted beam shall vanish at this surface,
This requirement gives

21D} 4 2Dy =0 [3-128])
Accordingly we have

T2 z)

Dy =

0 " . __
Tz — 4 & Do = Tz — I

and the internal incident and diffracted beams are thus completely

determined.

Let IS and I be the intensities of the transmitted incident wave and
of the external diffracted wave. These quantities are readily found, for
they may be set equal to the intensities of the corresponding internal
waves at the boundary - = 5. By setting ¢ = { in Equations 3-124
and 3-125 and using Equation 3-129 we find

E} [3-129]

I a2
Ia _ z1z3(cr — €2) (3-130}
I3 Ta — Iy
I |zge; — 2ycal?
I_f, = _ng [3-131)
where
6 = O g = i [3132]

and where I§ is the intensity of the external incident wave.

Since the result given in Equation 3-130 will be extensively used in
the following paragraphs we shall rewrite it in more explicit form. One
finds after some manipulation that

Iy _., sin®(av) + sinh? (aw)
- =p? 2 —Hot
I [ul? ¢ lg + 27

where the following abbreviations are used

(3-133)

vhiw=Ver s amam, 1=3(2+2)0 pisa
Yo Yo YH

The quantity ¢ is obviously the average length of path through the erys-
tal plate, while pg is the average absorption coefficient given in Equa-
tion 3:100.

B. The Bragg Case. If b is negative the diffracted wave emerges
through the boundary 7 -7 = 0 as shown in Fig. 3-8, while it must
vanish at the boundary 7% -7 = #5. Instead of the boundary condition
given in Equation 3:128 we get therefore

c;xlD{, + cgzzD(',’ =0 [3135]
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which with Equation 3-127 gives

D= —22 _p, Diy=——L_F  [3136]
C2T2 — CiT) %2 — Oy

Using Equations 3-125 and 3-136, we find the following result for the
intensity of the difiracted wave at 7 -7 = 0

- 2
IL: _ |#szaler — e2) (3-137]
Iy C2T3 — €Ty

The intensity I?, which as in the Laue case must be evaluated at
A -7 = {o, is obtained from Equations 3-124 and 3-136 and becomes

0 - 2
L_ &1ea(®3 — 1) [3-138)
Iy | cza—oam

Equation 3-137 may be written in more explicit form as follows.

Iy b¥|yal?

T3 " fo+ 21+ (g + 21 + [} sinb® aw — ([g + 2] — [’} sin® aw
{sin® av + sinh? aw}

+ 3tla + 2% + |21*)? — [g[*]* sinh [2aw] +
3ltle + 22| — |2]%)® — |al?|*sin|2av] [3-139)

We have now obtained the general solutions for the plane parallel
plate. The formulas for the intensity of the diffracted wave, as given
in Equations 3-133 and 3-139, are, however, fairly complicated. It must
also be remembered that the expressions we have obtained apply to nor-
mal polarization, while the corresponding results for parallel polarization
are obtained by everywhere replacing ¢z and ¥ g by ¢x cos 265 and
¥g cos 205. Because of the complexity of the intensity formulas it
becomes a laborious task to make detailed numerical ealculations of the
diffraction patterns for the general case of absorbing crystal plates of
arbitrary thickness. We shall therefore limit detsailed discussions to
special cases for which the intensity expressions are greatly simplified.

Let Sy represent the cross section and Pg = Syly the power of the
difiracted beam. Similarly, Sy and Py = Syl denote the cross section
and power of the incident beam. If the linear width of the incident
beam is large compared with the depth of penetration in the crystal

plate we may set -Si{ = The power ratio (the reflecting

0

Pg 11
power), — o H I‘H’ is a function of the quantity a which can be

expressed in terms of some convenient variable, The power ratio
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plotted as function of this variable gives the diffraction pattern. The
area under the diffraction pattern will be called the integrated power
ratio or the integrated reflecting power and denoted by the symbol Ry,
The integrated reflecting power is related to the integrated intensity 35,
introduced in section 7, as follows: RyPo = 34.

11. SOLUTIONS FOR ZERO ABSORPTION

In this section we shall discuss the nature of the diffraction phenomena
in the plane parallel plate on the basis of the assumption that no true
absorption processes occur. The assumption of zero absorption is
equivalent to the statement that the polarizability per unit volume is
real rather than complex. The Fourier coefficients ¢ 7 must then satisfy
the condition ¢y 7 = ¥y so that ¢ gy = |vu|2

Laue Case. Since ¥ is assumed to be real also the quantities g and z
(as defined in the preceding section) must be real. Moreover Vg 4 2°
is real since b is positive in the Laue case. A consideration of Equa-
tion 3133 will show that o =0, w=0, and vy =Vg+2® =
Vblyu® +2°. We shall introduce two new quantities 4 and y defined
by

A = aV]OK || = mhoK|¥u| —2— (3-140]
| " ’ Vivors|
1-b b
z g Yotze (3-141)

U VKl Vb

where K = 1 for normal and K = |cos 20| for parallel polarization.
Using these quantities, Equation 3-133 assumes the following simple form
for zero absorption

Py _sin® [AV1 +4°]

Pa 1% 5 (3-142)

This equation gives the power ratio as function of the variable y
which is a linear funetion of the variable «. As shown by Equations
3-116-3-118, « can be expressed as a linear function of the glancing angle,
the rotation angle, or the wavelength. Accordingly we may consider
the power ratio as expressed by Equation 3-142 as a function of one of
these variables. In studying the diffraction pattern we shall, however,
make use chiefly of the more convenient y-scale.
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Bragg Case. Since b is negative in the Bragg case the quantity
Vg + 2° is real for ¢ + 2? > 0 and imaginary for ¢ + 22 < 0. Let us
therefore consider the two possibilities separately.

(1) ¢+ 2*> 0. Then w = 0 and Equation 3-139 simplifies to
Py sin? [AVy? — 1]

Py 4% — 1 4sin? [AVy? —1]

1
TR+ P - 1) et AV - 1]

(2) ¢+ 2* < 0. Now v = 0 and Equation 3-139 may be written in
the form

Py _ sinh? (AV1 — 4]
Py 1 —y? +sinh? [AV1 —3?)

[3-143]

1
TV + (- ) coth? [AVI— )

Remembering that sinh? ¢ = —sin? (ip) and that coth® p = —cot? (i),
it will be seen that the two equations given above actually may be written
as a single equation.

Equations 3-142-3-144 represent the diffraction patterns for zero
absorption as functions of the parameter y which again may be expressed
in terms of the glancing angle or of the wavelength. It is seen from the
equations that the diffraction patterns are symmetrical with respect to
the value ¥ = 0. On the glancing angle and wavelength scales the
center of the diffraction pattern becomes

-b

6z + mlﬁ {3-145q]

1-
4b sm2 0p

Thus the center of the diffraction pattern does not coincide with the ideal
Bragg angle 05 or the ideal Bragg wavelength unless b = +1. In
other words Equation 3:145 show that Bragg’s equation is not exactly
satisfied at the center of the diffraction pattern (except for the sym-
metrical Laue case, i.e., b = +1). The deviation from the Bragg law
may be positive or negative depending upon the value of b. In the Bragg
case, b is negative and the glancing angle for the center of the diffraction
pattern is thus always greater than the Bragg angle (remember that
Yo is negative). In the Laue case the theoretical glancing angle is

[3-144]

A8 — g 5o [3-145b)
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greater than the Bragg angle for b > 1 and less than the Bragg angle for
b< 1. The greatest deviation from Bragg's law occurs when |b] is
small, i.e., for grazing direction of incidence.

It is of interest to consider the intensity I¢ of the transmltted incident
beam. The general expressions for the intensity ratio I? : I} are given
in Equations 3-:131 and 3-138. For zero absorption these equatlons can
be written in the form

0
I 1 I,” [3-1464]
Tl
or
P24 Py =P, [3-146b]

This relation is clearly a statement of energy conservation, and it is an
immediate consequence of our assumption of zero normal absorption
which implies no energy dissipation within the crystal plate. The
decrease in the intensity of the incident beam as it traverses the crystal
plate is thus due only to energy transfer to the diffracted wave, i.e.,
Equation 3.146a illustrates the phenomenon of extinction which was
briefly mentioned at the close of section 6.

In the rotating crystal method and in the Laue method the incident
wave vector has one degree of freedom. The diffracted power is a func-
tion of this variable. In Equations 3-142-3-144 the power of the dif-
fracted wave is expressed in terms of a parameter y, which in the rotating
crystal method is a linear function of the glancing angle or of the rotation
angle and which in the Laue method is a linear function of the wave-
length., Hence we may plot the power ratio Pg/Py as function of y,
glaneing angle, rotation angle or wavelength. The numerical value for
the integrated reflecting power (which is defined as the area under the
diffraction pattern) will depend upon which quantity is chosen as inde-
pendent variable, and we shall therefore indicate the abscissa scale which
is used by an appropriate superseript as follows.

y-scale RY = f —dy

Glancing anglescale R}y = f Pu d{é — 6g)

P [3-147)

Rotation angle scale R} = f -13}-!- de,
()

Wavelength scale R} = f % d(\ — Ap)
o
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Since the integrand is different from zero only in a narrow range, the
limits of integration may conveniently be taken as 4=, According to
earlier results (see Equations 3-116-3-118 and 3:-141), the relationship
between y and the other variables is

1-5% A 1-b
) Yo + b(0p — 6) sin 20 5

' Vo] |k | B Vbl |Kya|
1

Yo - bey cos x sin ¢ cos ¢

{3-148]

—b A=,
. 3 Yo+ 2b v sin® 05
V| |Kyal

Hence we have

R§=_IIM.R;;

\/m sin 20p

r _ _ |Evals R
R} Vo] 20’ 05 ¥ [3-149)

| K¢l
‘\/|_b| cos x sin ¢ ¢cos ¢

Equations 3-142-3-144 show that the nature of the diffraction pattern
depends upon the value of the quantity A which is proportional to the
product of the structure factor and the crystal thickness. It is conven-
ient to say that the crystal is  thick "’ with respect to the diffracted beam
if A> 1, and that it is “ thin” if A << 1. The terms * thick ” and
“ thin * as used in this sense must be treated with some caution since a
crystal plate of given thickness #{, may be * thick ** with respect to a
strong diffracted beam and * thin ** with respect to a weak diffracted
beam. In the following we shall discuss the nature of the diffraction
pattern for A > 1, for A <1, and for 4 =~ 1.

A. Diffraction in Thick Crystals. Laue Case. Because of the pres-
ence of the term sin*[AV'1 + 4] in the numerator on the right side of
Equation 3-142, the diffraction pattern will exhibit interference fringes.
As the thickness ¢, — and hence also A — increases, these interference
fringes come closer together, but the diffraction pattern does not
approach any definite limit. At a given value of y the power ratio
P /Py will oscillate between zero and 1/(1 + y?) as A is allowed to go

Rj = Ry
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to infinity. When A becomes very great one may reasonably suppose
that its value is no longer sharply defined, i.e., one may expect the thick-
ness to vary somewhat throughout the crystal plate. If the uncertainty
AA is greater than x/2 (for a strong diffracted beam this would corre-
spond to an uncertainty in the thickness ¢ of about 1073 ¢m.) the term
sin? [AV/1 + y*] may be replaced by its average value of 16 and the mean
diffraction pattern becomes

Pp_ _ 1 ]
Py 20+ 13-150]

The mean diffraction pattern is shown in Fig. 3-9. The power ratio
Pg/P, has & maximum value of 14 at the center of the diffraction

10.6

1

~5 -4 -3 -2 -l 0 1 2 3 4 5

Fia. 3-9. The diffraction pattern in the Laue case for zero absorption and a thick
crystal.

pattern, The half width at half maximum is seen to be 1 on the y-scale.
Thus the half-width values on glancing angle and wavelength scales,
w, and w, become
\ = |K¢ x| w, = | K a|ra
Vb sin 20 2V/b sin? 05

It is of interest to note that the parallel component has a smaller half
width than the normal component.

+o g
Since f Tﬁ:’ = m, the formulas for the integrated reflecting
power are readily obtained. We find

(3-151]

T
R§=§
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=lyn|K
2v/b sin 20
=|¢alK [3-152)
2v/b cos x sin ¢ cos ¢
Ry = #|¥aAaK
4‘\4 sin?® 6p
If the incident wave is unpolarized we must form the mean

Rg = 3{"Rg + PRy}, i.e., K in the above expressions must be replaced
by its average value K which is

Ry =

Es=

2 T
cos® 0p for g < —
1 + [cos 205] aon e

K = 5 [3-153]

sin? 0p for 0 > -Z

Bragg Case. Considering first the range |y| < 1 in which Equa-
tion 3-144 holds, it is seen that Py/P, approaches the constant value 1
a8 A increases, i.e.,

Py lvl <1

— =1 for

P, A>1 [3-154]

This equation may be written in the form oIy + vzl g = 0, showing
that the inward energy flux across the boundary # - ¥ = 0 equals the
rultward flux. There is, in other words, total reflection in the range
yl < 1.

In the ranges |y| > 1 the power ratio approaches no definite limit as
4 increases because of the presence of trigonometric functions in Equa-
tion 3.143. Following the procedure in the Laue case we shall therefore
represent the diffraction pattern by the average function for large values
of A. The appropriate smoothing function is readily found by inte-
grating Equation 3-143 with respect to A over a range of uncertainty

AA>§. One finds

A>»1

The half width at half maximum is W, = §V/3 = 1.15 on the y-scale
as compared with the value W, = 1 which we found in the Laue case.
The contribution to the integrated reflecting power coming from the

-I-;-,E ={1-V1-y? for Il >1 (3-165]
0
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L ——
range |y| < 1 is obviously 2. Since f 1-V1-y2ldy= g -1
1
we have therefore
Ry ==
x|y ul 1 + | cos 205
V lbl sin 20p 2
wl¢nlhe 14| cos 205
2V |b| sin® 05 2
The integrated reflecting power of a thick crystal is thus exactly twice as

great for the Bragg case as for the Laue case. The diffraction pattern
is shown in Fig. 3-10.

"Ry + PRY) =
[3-156]
3"y + *Ry) =

T1.2

1.0

S S 1
Yot

Fia. 3-10. The diffraction pattern in the Bragg case for zero absorption and a thick
crystal.

B. Thin Crystals. The Kinematical Theory. According to our
definition a crystal is thin with respect to a given reflection By if
A <1, It isseen from Equations 3-142-3-144 that the power ratio for
A < 1in the Laue case as well as in the Bragg case may be represented
by the following equation

Pg sin® Ay
Po = " for A1 (3-157)
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In order to assign a half-width value to the diffraction pattern we shall
smear out the interference fringes. This may be done by replacing
the diffraction pattern by a smoothing function having the same area
and the same maximum value. The sought smoothing function is
clearly

A2AW/ = [3-158]

For the half width at half maximum of the smoothing function we have
thus

\/w log 2 log 2 k\/|'yo'w|

T I#’HIKIO | [3-159]
’log A[ygl log A’|-yg|
{0 sin 20’ to 2 sin® 0z

In Equation 3-57 we gave an expression for the half-width value deduced
from the kinematical theory. The two results agree if the average
thickness D of Equation 3-57 is given by D = f sin 0p/|yg|. For the
symmetrical Bragg case (b = —1) we have |yg| = sin 65 and hence
D =1, For the symmetrical Laue case, on the other hand, vy =
cosbfp and D = ¢, tanfs.

If we remember that f (
the integrated reflecting power is readily obtained

Rfj =74

B = wAl&y'K
77 V]| sin 205

RY = mAlyn|K (3-160]
\/]-I;I €08 ¢ sin Y cos x

R = wA Ilhzl
\/ﬂ2 sin? 05

Taking the mean integrated reflecting power for normal and parallel
polarization and introducing the quantity Q defined by Equations 3-72
and 378 results in the following.

sin Ay

) dy = gA, the expression for

Ryp=Q—=— [3-181]
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where 8V = So_tyi is the irradiated section of the erystal plate. This
°

formula is, however, identical with Equations 3-72 and 3-78 which were
deduced using the kinematical theory of x-ray diffraction. The kine-
matical theory is thus merely the limiting form of the dynamical theory
for A < 1. For such small values of A the power ratio Pg/P, is small
compared with unity. According to Equation 3.146a any decrease in
the intensity of the incident beam due to extinction is thus negligibly
small in agreement with the basic assumption of the kinematical theory.
The results for A < 1 differ from those obtained in sections 6 and 7 as
regards the location of the center of the diffraction pattern. In the
kinematical theory the center of the diffraction pattern is given by
0 = 0g rather than by Equation 3-145a. This difference is due to our
treatment of the kinematical theory in which we assumed the refractive
index of the crystal medium to be unity.

C. Crystals of Intermediate Thickness. In the two preceding parts
of this section we have discussed the diffraction pattern for the limiting
cases A >> land A << 1. The equations for the power ratio are radically
different for the two extreme cases. It is therefore of interest to consider
the intermediate range of values A = 1 where neither approximation is
valid. In this range Equations 3-142-3-144 must be used. The shape
of the diffraction pattern for intermediate values of A is shown in
Figs. 3-11 and 3-12.

Laue Case. The change in the diffraction pattern as A increases is
readily followed. We have seen that the power ratio Py/Py for verg
small values of A may be represented by the function (sm”Ay)

’

which is a sufficiently good approximation to the correct function
sin? [AV1 + 3°]

144
diffraction pattern issin® A. As A approaches the value x/2, the power
ratio at the center consequently approaches the value 1 corresponding to

The value of the power ratio at the center of the

total reflection. For 4 < g— the center of the difiraction pattern is thus

also the maximum. As A increases towards =/2, there is simultaneously
a corresponding decrease in the width of the central interference fringe
and in the separation of the secondary fringes. The squeezing together
of the interference fringes continues as A increases beyond the value 7/2,
while the power ratio at the center of the diffraction pattern begins to
oscillate between 1 and zero.

It is particularly important to study the variation of the integrated
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Fia. 311. Diffraction patterns in the Laue case for zero absorption and crystals
of intermediate thickness. The three diffraction patterns shown in the figure corre-
spond to 4 = 0.5, =/2, and .

H

Fia, 3-12. Difiraction patterns in the Bragg case for zero absorption and crystals
of intermediate thickness, The three diffraction patterns shown in the figure corre-
spond to A = 0.5, /2, and =.
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power ratio as function of A since the integrated reflecting power may
be found experimentally with less difficulty than the detailed diffraction
pattern. The integrated reflecting power is given by the integral

\/_
Rgl__:j‘-msm (A ] dy

3-162
1+ [ )
As shown by Waller® this integral may be rewritten in the form
2
RY = f %sin [24 sin cp]d‘p (3-163]
sin ¢
The Bessel function of order zero, Jo, may be defined as
o [/
Jolo) = 2 f cos (p sin ¢) do (3-164]
7o
Setting 24 = p in Equation 3-163 and differentiating we find
dR?f T
H 3 Jo(o)
and hence
Ry =2 [ Jo)dp = v Janir(24) (3-165]
0 n=
In agreement with earlier results we have
=y AforA k1
Biwen-[{4S]  p

The integrated reflecting power as function of A is shown in Fig. 3-13.
At first R} increases linearly with 4, i.e.,, with the thickness of the
crystal plate or with the volume of the irradiated part of the crystal
plate. This first portion of the curve consequently represents the range
in which extinction is negligible and the assumptions of the kinematical
theory are valid. R} reaches its maximum value of 2.38 for A = 1.202,
and as A increases towards infinity R} oscillates with steadily diminish-
ing amplitude about a mean value of r/2.

Bragg Case. Diffraction patterns calculated for some intermediate
values of A are shown in Fig. 3:12 from which we see that the limiting
value Py /Po = 1 in the range |y| < 1 is rather rapidly approached as
A increases.

®I. Waller, Ann. der Phys., 79, 261 (1926).



134 X-RAY DIFFRACTION IN IDEAL CRYSBTALS  |[See. III-11

The integrated reflecting power is given by the integral?
-» ¥ + (1 — 3?) coth? [AV1 — 7]
In accordance with previous results (Equations 3-156 and 3-160) we

have tanh 4 = A for A <1 and tanh 4 = 1 for A>> 1. With an
accuracy of 5 per cent one may set

RY = =wtanh 4 [3.167)

7A for A <04
RYI:{R for A>18 [3-168)
2.5.-
2.01
Tl s JANVANYANIVAN
Ryl \/ v vV VvV
1,04
0.51

54 6 & 10 1z 1
A—>
Fig. 3.13. The integrated reflecting power in the Laue case as function of 4.

Thus in contrast with the Laue case there is in the Bragg case only a
very narrow range of values 0.4 < A < 1.8 where neither the thick
erystal solution (Equation 3:156) nor the thin crystal solution (Equa-
tion 3-160) may be applied. Figure 3-14 shows the integrated reflecting
power plotted as function of 4.

According to our definition a crystal is thin if 4 <1 and thick if
A > 1. The quantity A is directly proportional to the thickness of the
crystal plate and to the structure factor of the reflection. The detailed
expression for A is

ea)\IFHIKfo
me?V YOYH

For a strong reflection like the first-order reflection from the cleavage
plane of calcite using N = 1.54 A the numerical value becomes

_Kto
vova|

A= (3-169]

4 =17x10°

7 C. G. Darwin, Phil. Mag., 43, 800 (1922).
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In order to be able to use the * thin " erystal approximation (requiring
an accuracy of 5 per cent) we must thus have Kio/ v lveval <
2 X 10~ cm. For a weak reflection this critical thickness is corre-
spondingly greater. The quantity fo/V I'Yo‘YHl may conveniently be
interpreted as the effective linear dimension of a crystal block. Our
results show that intensity measurements made with the powder method

3.0
2.6}
2.0}
RE 1.&';-

1.07

Fi0. 3-14. The integrated reflecting power in the Bragg case as function of 4.

may safely be interpreted by means of the kinematical approximation
provided the average linear particle size is of the order 10™* cm. or
smaller. If the particle size is greater than this value, say of the order of
10~2 cm., the thin crystal formula may still hold for the weakest reflec-
tions, but cannot be used for the strong reflections.

The considerations of this section are based on the assumption that
normal absorption is gero. The intensity formulas which have been
obtained may therefore be used only for crystal plates for which
polo < 1.

12. ABSORBING CRYSTALS

In this section true absorption phenomena will be taken into account,
and our considerations must accordingly be based upon the most general
solutions for a plane parallel crystal plate, namely, Equation 3-133 for
the Laue case and Equation 3-139 for the Bragg case.

When true absorption is different from zero the polarizability per unit
volume is complex as shown by Equation 397, ie., ¢ = ¢ + &',
Each of the two functions ¢’ and ¢’/ is real and periodic and may hence
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be represented as a Fourier series
Vo= Yk i2eBa?
V' = Tl b
where 9[';, = (¥)* and ¥ = ($i)*. The average refractive index is
n =1+ + id¥ [3171)

and is thus complex. The imaginary part, 3¥¢’ (the absorption index),
is related to the true linear absorption coefficient gp by the equation

b=~ gy 172)

[3-170]

which we shall now deduce. Experimentally the linear absorption
coefficient is determined in the following manner. A homogeneous
x-ray beam is passed through a crystal plate of thickness ¢, and the ratio
of transmitted to incident intensity is measured. It is to be assumed
that the direction of incidence is such that no difiracted wave is produced.
The linear absorption coefficient is defined as the fractional decrease in
intensity per unit length of path, i.e., dI/I = —pydz. The ratio of
transmitted to incident intensity for a crystal plate of thickness ¢ is thus

12 [
= = (3-173)
I

where {9/ is the lehgth of path through the crystal. Since there is only
one wave in the interior its refractive indexis 1 + 3¢4 - i3y¢’ as shown
by Equation 3-106. Using the boundary condition of Equation 3-90
this internal wave becomes

- o
Bo e‘“’o‘ Qflko‘i"oznﬂl

{3-174]
The ratio of the intensitiesat -7 = {yand - # = 0is thus
et
L _ a2 (3-175]

Is

By comparing Equations 3:173 and 3-175, the sought relationship of
Equation 3-172 follows directly. Let

Yir = Wi + iWm)y Wi = @i): + AW (3-176]

where subseripts r and i are used to indicate real and imaginary parts
respectively. In contrast with the case of zero absorption the three
quantities ¢z¢ g, [¢=|* and |¢g|? in general are different from one
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another as shown by the following expressions.
lval? = Wal® + WHIZ + AR WH): — (i) Wi
leal? = |val® + WHI? — AW — (i)W [8:177)
vave = [Wial® — WHI? + 200k 08D + (R

If the inversion operation is an element of the space group (and if the
origin is chosen in an inversion center) the function ¢ must satisfy the
condition ¢(F) = ¢(—F) for any #. For crystals with inversion center
we have thus yg = ¢g.

Unless we are dealing with a very weak reflection and unless the inci-
dent wavelength is very close to a critical absorption edge |%,'| is very
small compared with |w§,| and the three quantities of Equations 3-177
are then very nearly equal. This is the theoretical explanation of the
empirical rule due to G. Friedel.® Friedel’s rule states that the x-ray
difiraction phenomena are invariant under an inversion of the crystal
with respect to the incident beam. The rule will obviously hold for
crystals with an inversion center, but according to Friedel the rule has
general validity. The inversion of the crystal corresponds analytically
to a change of sign for the Miller indices. Thus a reflection which before
the inversion was associated with a reciprocal lattice vector By will after

the inversion be associated with the vector Bg = — By. From Equa-
tions 3-133 and 3-139 we find
2
In _RBu _|¥u 3-178]
In Rg \yn

Friedel’s rule will accordingly break down when ¢4 is no longer negligibly
small compared with ¥}. Deviations from Friedel’s rule have indeed
been demonstrated experimentally for the (111) reflection of sphalerite
as shown by the table on p. 138.2

In the following discussions we shall for the sake of simplicity assume
that the crystal lattice has an inversion center. ¥} as well as ¢} are
then real quantities, i.e., (¥5); = (W) = 0. Let us furthermore set

oy
=4 [3-179]

174

8 G. Friedel, Compt. rend., 167, 1533 (1913).
? Obgervations are due in Column I to I. M. Geib and K. Lark-Horovitz, Phys.

Rev., 43, 608 (1932), and in Column II to D. Coster, K. 8. Knol, and J. A. Prins,
Z. f. Phys., 83, 345 (1930).
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TABLE 31
InTENSITY RATIOS -gi_' FOR SPHALERITE, ZNS
74
Ry Ran
\ Rm Rin
inA Observed Calculated Observed Calculated
1 II I 11
1.2420 1.12 1.31 1.36 1.40 1.70
1.2599 1.22 1.35 1.58 1.87
1.2738 1.38 1.39 1.68 2.07
1.2792 1.42 1.46 2.13 2.0 2.56

and assume |«| < 1 s0 that & is negligibly small compared with unity.
Under these conditions we have
lval® = |val*

vavn = Wyl + i24 [3-180)

It is convenient to introduce symbols y, g, and A defined as follows

1-b, b
, = 2 2 Yo + e
KelVil  Klvul Vil
1-% ,
z ) Yo

g = = — [3-181]
Kivp |Vl KlghlV]

A = oKWV = =koKlvj] \/I:T_I
H

In the limiting case of zero absorption ¢ = 0 while A and y become
identical with the same symbols as used in the preceding section. In

terms of y, g, and A the quantity Vg + 2® = v 4 {w becomes
Vo+2=vtiv=KpVPlVE U +i20 + @ +ig)? [3182)
where the positive sign is to be used in the Laue case, the negative sign
in the Bragg case.

A. Symmetrical Laue Case. In the symmetrical Laue case b = 41
so that g = 0. Remembering that |«| is supposed to be small compared
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with unity, Equation 3-182 gives
av = AV1 4+ #
aw = —A [3-183]
V14
lg + 2| = K*|yal*(1 + o)
With these approximations Equation 3-133 takes the following form

xA
_ sinh? [——-]
Iy _ -wie|sin’(AV1+y7] Vityad| B8y
13 1+9° 144°
According to the assumptions we have made, ¢} and ¢}’ are small

quantities compared with ¢. (It follows from Equation 3-99 that
[v&] < [¥é']). Hence (unless K = |cos 205 is very small) we may set

po& &« A. A must therefore become large compared with unity in

Yo
order to make true absorption effects noticeable. When A becomes very
large it is reasonable to suppose that the thickness of the crystal plate
is no longer sharply defined. Under this assumption the sine square
term of Equation 3-184 may be replaced by the mean value of 14 and
we have thus
e

In ‘_e_"_"_[ RS _"_4_] 3-185
Iq.) 32(1+y2) 1+2Slnhm [ ]
For |«|4 < 0.4 we may use the approximation
b
Ig e ™ [ (nA)2]
L=+ oLl P 13-186]

which leads to the following result for the integrated reflecting power
b
Ry =& "% 21+ (cA)] [3-187)

On the other hand for |x]A > 3 one may set

Iy e_”%(l-\/%ys)

T [3-188]
where .
1 cos 20
=[] - |52 <
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For very large values of |x]A, the half width on the y-scale, w,, is
log 2 .
A +1’ and as |x}A decreases to zero w, increases to 1.
It is seen from the equations given above that the integrated reflecting
power increases monotonically with decreasing thickness of the crystal
plate in the range A> 1. As f, (and hence also A) decreases still

t
farther |«|A goes to zero and ™% goes to 1 so that R} assumes the
expression given by Equation 3.165.
The difiraction pattern for a few intermediate values of |«|4 is shown
in Fig. 3-15.

87 =24 16 08 0 08 16 24 32

L o

Fra. 315. Difiraction patterns in the Laue case for absorbing crystals. Note that
)
the ordinate represents Pg/Po multiplied with the factor e v*

B. Bragg Case. Thick Crystal. The general expression for the
intensity ratio Igy/I§ is considerably more complicated in the Bragg
case than it is in the Laue case. In order to attain some simplification
of Equation 3:139, we shall therefore assume the crystal plate to be so
thick that sinh? aw and sinh i2aw] become very large. The limiting
form for Equation 3-139 as /, increases to large values (so that aw > 1)
is seen to be

Iy _ K2y u|?
Lo g+ + [of? + Vg + 2 + [ — |of?

Using Equations 3-179-3-182 this expression can be written in a more
convenient form as follows.

I;,—” =L—~VIE= (1+4d) 3-180]

0

[3-189)
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where

Le|V(-14+9¥ - +4@gy — 0|+ +¢° [3-190a)

The Darwin Solution. We shall first consider the case of a negligibly
small true absorption coefficient. We assume in other words that |g]
and x| become negligibly small. However, we shall imagine that & is
correspondingly increased such that the terms sinh® aw and sinh ]2aw|
remain very large. The formula for the power ratio Py/Py is conse-
quently obtained from Equation 3-190 by setting«x = g = 0, i.e.,

y—
o (3-191)
M=2—-1+4
In the range |y] < 1 we have thus
Py
= =1 [3-102a]
and in the range |y| > 1
=l - V@1 [3-1925)

The integrated reflecting power becomes
RY = f M — VIE — 1]dy = g [3-193]

We shall refer to the expression of Equation 3:191 as the Darwin solu-
tion since it was first deduced by C. G. Darwin. It is of interest to com-
pare the Darwin solution with the Ewald solution given in Equations
3:154 and 3-155 which holds for a thick crystal and zero absorption.
Both solutions give total reflection in the range |y| < 1, but the Darwin
solution shows the more rapid intensity decrease for |y| > 1. The
diffraction patterns corresponding to the Darwin and the Ewald solu-
tions are shown in Fig. 3-16, whereas the expressions for the diffracted
power, the integrated reflecting power, and for the half widths are com-
piled in Table 3-2.

If we return now to a discussion of Equation 3-190 we see that the
diffraction pattern is unsymmetrical with respect to its center (y = 0)
unless x = 0. The intensity attains its maximum value at y = «/g,
i.e., the intensity maximum on the glancing angle scale occurs at

tymm-ﬁM%Nﬂ
|b] sin 205

{3-194]

08 +
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TABLE 3-2
CoxrarisoN or Darwmn anp Ewarp Sovrurions
Ewasld Darwin
po=0, pg=0 #o =0, polg>>0
vl <1 1 1
P Ve —
Po |l 21 l——”“;l (ol ~ VoF—1»t
Y
R§; * 3
w, 3V8 = 1.165 $V2 =1.061
+1.2
1.0
40.8
10.6

t 10.4 ~Ewald

Py Darwin

-5 -4 <8 54 0 i ) 3 1 b
Y—>

F1a. 316. Comparisen of the diffraction patterns corresponding to the Ewald
solution (zero absorption) and the Darwin solution (negligible absorption).

The intensity maximum is accordingly shifted from the center of the
diffraction pattern towards or away from the ideal Bragg angle 65,
depending upon whether « is positive or negative. For strong reflec-
tions one would normally expect « to be positive (meaning that ¢} and
v have the same sign), but negative values of x are theoretically possi-
ble. In Fig. 3-17 the difiraction pattern is plotted for different values of
gand x. Unless x = 0 it is clearly necessary to distinguish between the
center of the diffraction pattern (y = 0), the intensity maximum
(y = x/g), and the center of gravity of the diffraction peak. The maxi-
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mum value of Py/Po is 1 + 25 — 2Vg*(1 + ¢°) — &% For || = |g]

this value is 1, i.e., we have then total reflectionat y = +1loraty = —1.
Actually the value ; = 1 is unattainable since |x| < |g|. The draw-

ings of Fig. 3-17 show several interesting features. The area under the
diffraction pattern, i.e., the integrated reflecting power RY, depends
primarily upon the value of |g| which is directly proportional to the
linear absorption coefficient gy. As a crude approximation for l g] <1
one may set Ry =~ §(1 — 2|g}). For a given value of g the integrated

110

S

-
s

—

" 3 1 " L .
-4 -8 -2 -1 0 1 2 3 4
YY"

Fia. 3-17. Diffraction patterns of a thick, absorbing crystal in the Bragg cass.
The curves are calculated for g = 0.10 and for x = 0, 0.05, and 0.10.

reflecting power increases with increasing |x|, but this variation is quite
small. As long as |g| remains small compared with unity, the half-
width value w, is very nearly the same as for the Darwin solution, i.e.,
w, =~ §V2,

It follows from the definition of g (see Equation 3-181) that the absorp-
tion is relatively greater for parallel polarization (K = |cos 20p|) than
for normal polarization (K = 1). It is similarly seen that a weaker
reflection will be absorbed more heavily than a strong reflection. This
relative enhancement of strong reflections is readily explained. Since
extinotion is smaller for a weak reflection, the mean depth of penetration
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will be considerably greater than for strong reflections. The mean
length of path through the crystal medium is thus longest for the weak-
est reflections and hence the relative intensity decrease due to true
absorption will be greatest. For a given reflection the absorption is
minimized when b = —1, i.e., when the reflecting lattice plane is parallel
to the boundary of the crystal plate, while the absorption is greatest for
grazing incidence or exit.

Calculation of Diffraction Paitern for Calcite. As an example we shall
calculate the diffraction pattern for the first-order reflection from the
cleavage plane of calcite. We shall assume the erystal plate to be a
cleavage slab, i.e., b = —1, and so thick that Equation 3-190 is valid.
For the wavelength we shall assume M = 1.537 A (Cu Ka;). The x-ray
wavelength is thus shorter than all eritical absorption wavelengths, but is
closest to the K-absorption wavelength of calcium which is A\ =3.064 A,
The next closest critical absorption wavelength is A2 = 23.5A. With
good approximation it may be assumed that true absorption is due to the
anomalous dispersion of the K-electrons of calcium and oxygen atoms.
According to Equation 3:31 we have thus

Joo = J& + 2% + 2§
Jo = 12 (3-195)
Jo =13 + 2% + %

The funections ¢; of Equation 3-31 have been set equal to unity since the
volume containing the K-electrons has linear dimensions small compared
to the x-ray wavelength, The anomalous contribution to the scattering
power due to K-electrons can be calculated from the formulas developed
by Hénl'® The contributions 2¢§* and 2t are very small (for X =
1.537 A) compared with f&, and f3 and may be neglected. The formula
for 2ng is

{3-196)

274 4z? z3
g =7 {( }

9 la-2)2 @a-ay

wherez = % < 1and where A = 0.240 for calcium and 0.30 for oxygen.
K

Evaluation of Equation 3-196 gives 27§* = 1.209 and 27% = 0.028.
The unit cell of calcite is & rhombohedron with the following dimen-

sions; @y = a; = a3 = 6.361 A and a) = a3 = ag = 46° 7'. ~ There

are two molecules of CaCOj in this unit cell. Choosing the origin in an

19|, Hn), Zeilschr. f. Phys., 84, 1 (1033); Ann. der Phys., 18, 625 (1933).
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inversion center the atomic positions become
2Ca in (000)(343), 2Cin A (1D, 60 in £ (1, 3 — u, P~ [3-197)

The parameter value u is found by experiment to be « = 0.
Inserting the appropriate numerical values in Equations 3.97-3-101
we find

Yo = —17.44 X 10°°

Yo = —0.448 X 10~°, uo = 183 13-198]
0 = o y HO T

The experimental value for ¢§ is according to Larsson!! 17.6 X 10~
and the linear absorption coefficient obtained from the empirical mass
absorption coefficients is 193.

The cleavage plane of calcite has Miller indices (211). The scattering
powers of calcium, carbon, and oxygen for the 2l1-reflection
(sin /X = 0.165) are respectively

foa = 15.3 + 1.209
fo =34 [3-199]
fo = 6.0 4 10.028
Hence Faj; = 49.4 + 12.47 which is obtained from Equation 3-44
setting § = 2x(26; + b5 + B3) and using the values for 7 given in
Equation 3-197. By means of Equation 3-95 we find
Vi = —8.57 X 10°°

3-200
Vil = —0.429 X 1079 [ )

The quantities x and ¢ may now be evaluated according to Equa-
tions 3-179 and 3-181 and become

x = 0,050
[—0.052 for normal polarization, K =1
g =

L (3-201]
—0.080 for parallel polarization, K = 0.871

In order to find the conversion formula which must be used in passing
from the y-scale to the glancing angle scale we solve Equation 3-148 for
the glancing angle 6 and obtain

360"y for K=1
3.14'y for K = 0871
Since |b| =1 we have Pg/Poy = Iyg/I} and Equation 3-190 gives
1 A, Larsson, Dissertation, Upsala, 1029,

= 6p + 7.33" +[ {3-202)



146 X-RAY DIFFRACTION IN IDEAL CRYSTALS  (Sec. III-12

directly the diffraction pattern. The results obtained from Equa-
tion 3-190, using the numerical values of Equation 3-201 and the con-
version formulas of Equations 3-202, are shown in Fig. 3-18.

+1.2
11.0
+0.8
Normal component
10.6 Parallel component

S -2 o0 ¢ 4 & & 10 12 14 16 18
0-0;in seconds of arc

Pia, 318, Diffraction pattern for the (211)-reflection of a thick calcite crystal in
the Bragg case. The wavelength is assumed to be A = 1.537 A,

For comparison we shall also calculate the diffraction pattern for the
(211) reflection in the Laue case. We shall assume b = +1, meaning
that the crystal plate is cut normal to the cleavage plane. Let the mean

P
n },o
-0 -8 -6 -4 -2 0 2 4 6 8 10
0-8, in seconds of arc

Fia. 3-19. Diffraction pattern for the (211)-reflection of calcite in the symmetrical
Laue case. The wavelength is assumed to be A = 1.537 A and the thickness
0.01 X 7o cm.

thickness of the crystal plate be #, = 0.01y, cm. The variation in the
thickness will be assumed to be sufficiently great, i.e., of the order of
0.001 cm., so that Equation 3-185 rather than Equation 3-184 may be
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used. Using the numerical values obtained above we find

)

¢ " = 0.160

{0.876 for K=1

{3-203]
0.763 for K = 0.871

The relationship between the variable y and the glancing angle becomes
3.60'y for K=1

3-204
3.14"y for K = 0.871 [ !

05—0={

The diffraction patterns for normal and parallel polarization obtained
from Equation 3-185 are shown in Fig. 3-19.

13. DOUBLE CRYSTAL DIFFRACTION PATTERNS

The theoretical diffraction patterns discussed in the preceding sections
were obtained on the assumption that the incident beam is monochro-
matic and parallel. The incident beam which is obtained when the radi-
ation from an x-ray tube is passed through a set of slits contains wave-
lengths covering a very large range. This x-ray beam is furthermore
divergent. The width of the slits cannot be decreased and the separation
of the slits cannot be increased without a corresponding loss of power
of the beam. The smallest angular divergence with which it is practical
to work is therefore large compared with the half width of the diffraction
pattern. Clearly, using an incident beam of this type we cannot obtain
experimental data which may be directly compared with the theoretical
diffraction patterns of the preceding sections.

By reflecting this beam from a crystal it is, however, possible to obtain
a reasonably good approximation to a monochromatic beam. Let the
angular divergence of the incident beam be A and let the crystal be so
oriented that the central ray of the beam satisfies the Bragg equation
for a lattice plane By and for a wavelength Ay which corresponds to the
center of an intense x-ray spectrum line. The glancing angle for the
central ray of wavelength Ay will be denoted by 5. The gfancing angle
for other rays will thus lie in the range 65 — A to 65 + A. From the
Bragg equation we find readily d\ = A cot 6§ds. The part of the spec-
trum which will be reflected by the crystal is thus the range from
Ao — hoA cot 8p to Mg + NoA cot 85.  (For the sake of convenience it is
assumed that Ny < 2\, where Ay, is the shortest wavelength present
in the incident beam.) The intensity distribution in this range of the
spectrum will be denoted by Io(A — Ag). We shall assume that the
crystal is in the form of a plane parallel plate and we shall neglect the
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divergence of the beam normal to the plane of incidence. The intensity
ratio %”- (6 — 0p) for diffraction in a plane parallel erystal plate is known
(see Equations 3-133 and 3-139). The intensity of the reflected central
ray of wavelength )y is thus given by Io(0) % (0). Consider now a

neighboring ray of the incident beam with neighboring wavelength
A. Sinee d\ = Acot0dd the Bragg angle for this wavelength is

o8 + A ;0)\0 tan 6. After reflection the intensity of this neighboring

ray is thus

A—Do
0

Io(A — Ng) ‘172(0 —~ 0 —~ tan ﬂa) [3-205}
[]

The glancing angle of incidence @ is related to the glancing angle of

scattering 6, by the equation

6, =0 — b0 — 65) (3-206]

(We are accordingly not strictly correct when we speak of the reflection
of x rays from a lattice plane. Onlyif b = —1 orif 8 = 05 is the angle
of incidence equal to the angle of reflection.) According to Equa-
tion 3-206 the angle between the reflected neighboring ray of wavelength
A and the reflected central ray of wavelength Ay becomes

Ao

The reflected beam from the first erystal will next be used as an
incident beam for diffraction in a second plane parallel crystal plate. In
order to distinguish the two crystals from each other we shall prime all
quantities referring to the second erystal. In the second crystal we shall
reflect from the lattice plane By,. We shall orient the second erystal so
that the planes of incidence for the two crystals coincide. Let the
reflected central ray of wavelength Ny make a glancing angle ¢ with the
lattice plane of the second crystal where ' — 63 is a small quantity. As
shown in Fig. 3-20 two orientations of the lattice plane B'gs come into
consideration. We shall refer to these orientations as the (4) position
and the (—) position respectively. The glancing angle of incidence on
the second crystal corresponding to the neighboring ray of wave-
length \ is

Ao tanfp — b(ﬂ - 0 — A=2o tan 95) [3-207)

o F

A - \ -
Mxotanﬂa +b6—05— —)\;—)‘gtan 03) [3-208]



Sec. I111-18) DOUBLE CRYSTAL DIFFRACTION PATTERNS 149
where the upper signs are to be used for the (+) position, the lower

signs for the (—) position. The intensity of the neighboring ray after
reflection from the second crystal is thus

)‘otanoa X

I A -
Io(\ — M)T‘:(o—os -

Ao
Iy
T,

[0’ '—)\_}‘o(tanof,:i:tanh):!:b(ﬂ—l?g—k_)‘otan&;)]
Ao Mo
(3-209]

Fie. 3-20.

The mean ratio of the power reflected from the second crystal to that
incident upon the second crystal is accordingly

P — 63) == (0' 0p) =

s,,,f f_,, I°( )( ) d(A — Xo)d(6 — 65)
Su j:*”e‘/'_w Io (Q’.) A = No)d(0 — 05)

This equation gives in other words the diffraction pattern as obtained
from the second crystal. The quantities Sy and Sk represent the cross
section of incident and diffracted beam respectively so that Sy./Sy
may be replaced by 1/|b’|. The integration with respect to A — o

[3-210]
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is to be made over that part of the spectrum which takes part in the
reflection, i.e.,, from —e = —N\oA cot 8p to +¢ = N\oA cot 5. The bars
over numerator and denominator on the right side of Equation 3-210
indicate the average value for normal and paralle! polarization.

The area under the diffraction pattern of Equation 3-210 is called the
double crystal integrated reflecting power (or the coefficient of reflec-
tion) and will be denoted by R, i.e.,

R= f " P — 8 — o) [3-211]

Since f fx)dz = J(x —a) dz for any function f(z) and for any

constant 4 independent of z, the expression for the integrated re-
flecting power becomes

{3-212]
Ry

R

where R} = ﬁ f -I}-'! (@ — 05)d(6 — 68). The integrated reflect~
- 40

ing power is thus independent of the intensity distribution Io(A — Ag)
of the incident beam. In the formula for R it is convenient to make use
of the yscale (as defined by Equation 3-181). The integral R} =

Co)
]%[ f II—” (y) dy is in general a function of the parameters A and g
- £0

(compare the definitions of Equation 3-181) which are different for nor-
mal and parallel polarization. Let Aq and gy be the particular values of
4 and g for normal polarization. The corresponding values of 4 and g
for parallel polarization are then Ao|cos 20p| and go/|cos 208|. We
shall use the notation

"[RE] = Rfi(4o, go)

b do [3-213)
[RE] = RL Aolcos 2011', 'lm)
From the definition of y¥ we have, furthermore,
g
bl* gin 205
[3-214]

e = il el oy
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Accordingly Equation 3-212 may be written in the form

p o Wil CIREPIRSY + |oos 25| |cos 205 PIREPIRY)
[b]* sin 265 "[B%] + [eos 205 P[RE]

A. Case of Zero Dispersion. It is seen from Equations 3-209 and
3.210 that the double crystal diffraction pattern depends upon the
spectral intensity distribution Io(A — Ag) of the incident beam unless the
second crystal is in the (—) position and simultaneously 8z = 65. In
this exceptional case, which evidently corresponds to negligibly small
dispersion, the equation for the diffraction pattern becomes

S To]lfe-w]a+
|cos 265 f-,, [In (y)] [ A (|cos ] by)] 3-216}

[3-2156]

N
Pw) = Job [ “(2h] + Jeos 20a[PLH])
oIy Iy .
where the symbols [I—o'] and [70-] are defined analogously to "[Rg]

and "[R. H) (ses Equation 3-214). P(y’) is in general not symmetrical
[Py") = P( —y")). In special cases P may, however, become an even
function of ', and P will then have a maximum at y’ = 0.

Let us now assume that the two crystal plates are identical,

'
ie., we set II—H ) = 115 (y) and b =1b". We shall further restrict
o o
our considerations to b = b’ = 1. When b = —1, the diffraction
-]
pattern is symmetrical for we have I g(y)I ry +y)dy =

-

Igy — 3" uly +3y') dy. When d = +1 (y) is an even

-—
funct,lon of y and it is then readily seen that P must be an even function
of y’. In both cases P(0) is thus the maximum value of P@'). The
quantity 100P(0) is usually called the per cent reflection. Clearly we

have
‘/::n[% (y)] dy + Icos%alf [— (y)]
- PRY] + cos 205 ]°(RH]

In the following we shall derive the detailed expressions for inte-
grated reflecting power and for per cent reflection using the particular

P(©) = [3:217]
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solutions for plane parallel crystal plates obtained in preceding sections
of this chapter.

Thin Crystals. We shall assume that the two orystals are so thin
that the thin crystal solution of Equation 3-157 can be used. According
to Equation 3-160 we have Rf; = =4 and hence

"[RY] = wAo, PRY] = wA, |cos 20

j‘_: n[{!_ (y)] nAg’ @ P[I " (y)] _ A3 |oos® 26,

V2 V2
(3-218]
where Ay = {lyfl}{l‘y& Inserting in Equations 3-215 and 3-217 the
(]
following results are obtained
Ro w|¥u|do 1 + cos* 205 1+ cost 205 —-

sin205 1+ cos?20s - (L + cos? 205): Y
1 + cos® 205 A2
V2(1 + cos? 20)

Thick Crystals, x = 0. When A>> 1 and x4 ~ 0 we may use the
Ewald solutions given in Equations 3-150 and 3-154-3-155. If, how-
ever, A > 1 and simultaneously x4 > 1, the Darwin solution of Equa-
tions 3-191 rather than the Ewald solution must be used. Since

n[% (y)] = ’[% (y)] (in both Ewald and Darwin solutions) the

expressions for integrated reflecting power and per cent reflection sim-
plify to

(3-219]
PQ@©) =

R = I‘I’Hl 1+0082203R%=2 1+0082203 —_—
~ sin 205 1 + |cos 26| (1 4 |cos 285])®
©rr 2 [3-220)
IR
P(0) = 5

In the Ewald and Darwin solutions RY is known and the integral
o 2

3= f (II—H) dy is of standard form so that the per cent reflection
- [1}

can be exactly evaluated. The results are

Ry J 100FP(0)
Ewald solution = = 25
Laue case 2 8
Ewald solution r 2x—4 727
Bragg case

Darwin solution 8 8 80
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14, COMPARISON WITH EXPERIMENTAL DATA

In comparing experimental and theoretical double crystal diffraction
patterns it is convenient to fix the attention on three characteristic
quantities. These quantities are the per cent reflection, P(0), which in
the simplest cases is synonymous with the maximum ordinate of the
diffraction pattern, the half width at half maximum, w, and the inte-
grated reflecting power, R, which is the area under the diffraction pattern
on the glancing angle scale. It is not necessary to know the detailed
diffraction pattern in order to measure the integrated reflecting power.
Suppose, namely, that the second crystal is rotated with constant angular
speed w about an axis normal to the plane of incidence. Let the initial
position of the second crystal correspond to 8 — 85 = — A and the final
position to # — 8 = +A. The ionization chamber (or any other
recording device) is first set 8o as to receive the reflected beam from the
second crystal. The total energy recorded by the ionization chamber as
the second crystal is rotated from its initial to its final position will be
denoted by E. Next the second crystal is removed and the position of
the ionization chamber is altered so that the power, Py, of the beam inci-
dent upon the second crystal can be measured. The ratio of the two
measured quantities is evidently given by

E 24 ’ 4 1 ’ ! / 14
Py 0 wd s

We shall now assume that A is large compared with the angular extension
of the diffraction pattern. Hence we have

Ew
Fo— =R [3-222}

Because of the comparative ease with which the integrated reflecting
power can be measured, experimental values of R are known for a great
many reflections of numerous erystal species. Accurate experimental
determinations of the detailed double crystal diffraction patterns have, on
the other band, been made only in a small number of cases.

The exact theoretical treatment showed that the directions of the dif-
fraction maxima are not accurately given by the Laue vector equation
which was derived from elementary considerations in section 1. Thus
the center of the diffraction pattern (which is either at or very near the

. . e f N
maximum) does not correspond to a glancing angle 65 = sin o
4
but to 8, as given by Equation 3:-145a. The corrected Bragg equation
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is therefore

A= [1 - «u;lTsixﬁb_o, %] 2y sin 0, [3-223]
This deviation from Bragg'’s law has indeed been verified experimentally.
The correction term in Equation 3223 is greatest for small |b], i.e., for
grazing direction of incidence,

For most crystals the experimental values for R, P(0), and w do not
agres with theory. The observed values for integrated reflecting power
and for half width are as a rule many times greater than the theoretical
values, whereas the directly measured per cent reflection is much smaller
than predicted by theory. The experiments show, furthermore, that
the diffraction pattern for a given reflection of a given crystal species
varies considerably from one individual to the next. The extent of this
variation is well demonstrated by the following table based upon
measurements by Renninger.!?

TABLE 33
OnservaTions For THE (200) RerLeEcTioN oF Rock SaLr
Crystal R % 10* w in Seconds of are

Theory 4.10 4.9
I41 4.78 7.1
1411 10.256 40-50
I+ 111 27.0 900

I Artificial crystal with fresh cleavage face.
II Natural crystal with fresh cleavage face.
III Natural erystal with polished cleavage face.

It is apparent from the experimental data of Table 3.3 that different
rock salt crystals represent different degrees of approximation to the
ideal crystal model for which the theory of x-ray diffraction has been
developed. Measurements performed with other erystal species give
similar results. Only after careful search among many specimens is it in
general possible to find individual crystals which give satisfactory agree-
ment with the theory of x-ray diffraction for ideal crystals. Good
approximations to ideal crystals are not found with the same ease for
different crystal species. Thus crystals of caleite and diamond approach
the ideal much more closely than is true of rock salt crystals. A set of
nearly perfect calcite crystals was used in the extenmsive studies by

12 M, Renninger, Zeitschr. f. Krist., 89, 344 (1934).
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Allison?® and Parratt!® who obtained satisfactory agreement with
theory over a considerable range of wavelengths as shown by Table 3-4.

TABLE 34

OBsERVATIONS ON THE (211) RerLEcTION oF CaLCITE

by R X 10° 100P(0) w

Obs. Cale. Obs. Cale. Obs. Cale.
0.2086 A 2.3 0.58 33 80 1.2" 0.64"
0.7078 2.31 2.03 52 80 3.9 2.3
1.637 3.80 3.82 61 69 5.0 4.9
2.285 4.79 4.84 52 58 7.7 7.6
2,299 4.81 4.86 5t 58 7.5 7.5
2.941 4.35 4.49 39 44 9.1 8.6
3.114 6.70 6.80 57 69 9.2 8.7
3.902 10.40 11.20 58 67 15.3 15.1
4.037 14.00 16.40 51 60 23.7 23.6
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CHAPTER 1V
X-RAY INTERFERENCE IN REAL CRYSTALS

1, REAL AND IDEAL CRYSTALS

The geometry of the x-ray diffraction effects observed with real crys-
tals is in complete agreement with the theory of x-ray interference in
ideal ecrystals as developed in the preceding chapter. In isolated in-
stances there is also quantitative agreement between observed and
calculated intensities, but for the great maj ority of real crystals the x-ray
reflections are stronger than the theory allows. The experimental values
for the integrated reflecting power often exceed the theoretical value by
& factor of ten or more while at the same time the directly measured half
width of the diffraction maximum amounts to minutes of are instead of
the few seconds of arc which theory predicts. Experiments show,
furthermore, that the diffraction pattern for a given reflection of a given
crystal species varies within wide limits from one crystal specimen to
another. Variations of corresponding order of magnitude can be artifi-
cially produced with a given crystal specimen. Thus the polishing of a
freshly cleaved surface may result in a tenfold increase in integrated
reflecting power and half width. For scattering directions which are not
in the immediate neighborhood of Laue-Bragg directions the theory pre-
dicts no other scattering than that due to the Compton effect. The
experimentally measured background scattering is, however, too strong
to be accounted for by the Compton effect alone.

Because of these discrepancies between theory and experiment one is
forced to conclude that ideal crystals are not entirely satisfactory models
of real crystals. As shown by the discussions in the three preceding
chapters the lattice hypothesis has made it possible to predict many of
the characteristic properties of real crystals. One is thus led to believe
that the main features of this hypothesis must be retained. We shall
therefore proceed on the assumption that real crystals have periodieity
which is, however, imperfect in character.

All conceivable imperfections can be classified into two main types
which will be called displacement disorders and substitution disorders.
In an ideal lattice identical atoms occupy equivalent sites. The same
scattering power ;. is thus associated with each site in the set P4 AL,

156
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If the lattice disorder is of pure substitution type the atomic sites are
73 + AL, as for an ideal lattice, but these sites are no longer occupied by
atoms with the same scattering power. The scattering power associ-
ated with the site 7, + Az will therefore be denoted by a symbol fE.
If N is the total number of unit cells in the crystal, the mean scattering
power for the set k is

lsa X
0 = 3% gﬁ (4-1]
We shall set
JE =g + oF [4-2)

so that the quantities ¢f measure the fluctuations from the mean.

As a simple illustration of substitution disorder imagine that a fraction
r of the atoms have been removed from an ideal lattice which initially
contained one atom of scattering power f; per unit cell. Suppose next
that the removed atoms are replaced by atoms with a different scattering
power fa (where fa = 0 if the sites are left vacant). The mean scatter-
ing power is then g = fi + r(fa — /i) with ¢f = —r(f2 — f1) for sites
occupied by atoms of scattering power f; and k=0 -n2-N)
for the remaining sites.

In a lattice in which sites 7x + Az are occupied by atoms of the same
species there is a small amount of substitution disorder which can be
ascribed to the lack of synchronization of the electronic motions in the
various atoms, or to the fact that the atoms at any given instant
are not all in the same excited state. There is in other words substi-
tution disorder due to small differences in the electronic configura-
tions of atoms of the same species. Disorders of this type will be
neglected in the following, for they are really to be regarded as intra-
atomic disorders and are independent of the crystal lattice. It should,
however, be remembered that the intra-atomic disorders give rise to a
weak component of scattering, the Compton scattering, for which proper
allowance must be made in comparing theory and experiment.

If there is displacement disorder, the atomic sites are no longer those
of an ideal lattice. Rather, the sites of a set k are now fx + AL + Af
so that the quantities AF represent displacements from the ideal sites.
The same scattering power f; is, however, associated with each site in a
given set. It may be assumed that the periods &, Gz, @3 and the vec-
tors 7 have been chosen so that ;Zi‘ = 0 for any k.

The atomic seattering power is by definition the ratio of the amplitude
of scattering for the atom to that for a single electron placed at the
nucleus. The effective scattering power of the atom at 7 + AL + B¢
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is similarly defined except for the difference that the amplitude of seatter-
ing for the atom is measured relative to that of an electron placed at the
ideal Inttice site x4 4. Denoting the effective secattering power
associated with the site (k, L) by gF we have

@ = fi o B 143
The mean effective scattering power for the set  is
1 1 is- 2L
= — = fi, — t 4-4
=5 z?ai‘ 3~ Zb:e 8 [4-4]
It is convenient to set
gk = g + oF [4-6]
where
ozl
ok =fie"N — g (4-6]

is the fluctuation from the mean. It is important to note that displace-
ment disorder by the use of effective scattering powers in a formal way
can be treated as substitution disorder.

It is to be expected that most lattice imperfections represent combi-
nations of substitution disorder and displacement disorder. In the
general case it must therefore be supposed that scattering powers fF
are associated with sites 7 + A + A, We shall assume

;Zﬂf =0 [4-7]
where Z[ is the number of electrons in the atom (k, L). The effective
scattering power of the atom (%, L) becomes

gk = gk D [4-8)
and the mean effective scattering power is
_ 1 =ls g ust
0= 5 20 = 5 DfE A [49]

The fluctuations ¢f from the mean effective scattering power are defined
by
oF =g + of {4-10q]

of = JE vy _ gL gin B} [4-10b]

The fluctuations ¢f may be functions of time as well as of position,
If they are dependent upon time, it might seem necessary to consider
time and space averages separately. We shall, however, assume that
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we are dealing with crystals which can be regarded as quasi-ergodic
canonical ensembles in thermodynamical equilibrium with the surround-
ings. According to the fundamental postulate of statistical mechanics
it is then justifiable to replace time averages with spatial averages over
the instantaneous configuration.

The structure factor F is by definition the scattering power of the unit
cell, i.e., it is the amplitude of scattering from the unit cell relative to
that of a single electron placed at the origin of the cell. Because of the
imperfections the various unit cells of the disordered lattice are no
longer identical, and the structure factor may change from one unit cell
to another. Let Fy, denote the structure factor of the unit cell which has
its origin at Ay. We have then

Fu = 30k (08) = gk en [11]
If F is the mean structure factor defined by
F= %ZL:FL = ;gk et [4-12)
then Equation 4-11 can be written in the form
FL=F + Zk:d et (413}
The mean square structure factor Iﬂ_’ becomes
[FP? = % 2P = [FP o+ 3 el o0 [4-14a]
where
A = 5 Tekeh)” [4-145)

The quantity ¢¢ may conveniently be called the disorder at the site
(k, L), and the ideal lattice in which effective scattering powers g are
associated with sites 7z + A, may be called the mean lattice. Clearly,
F as given by Equation 4-12 is the structure factor of the mean lattice.

2. THE MOSAIC CRYSTAL

We have referred to the lack of agreement between theory and experi-
ment for the Laue-Bragg reflections as well as for the background scatter-
ing. These discrepancies are very large for most crystals although there
may be fair agreement over a limited wavelength range for the Laue-
Bragg reflections of exceptional orystal specimens.
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The ideal erystal model which has been used in the preceding chapters
is static and makes no provision for the thermal agitation of the atoms in
the lattice. In all real crystals there must accordingly be disorder due
to heat motion, but this seems to be the only imperfection the existence
of which can be predicted from general theoretical considerations. It
would be reasonable to suspect that this unavoidable disorder is the main
cause of the lack of agreement between theory and experiment. In
anticipation of results to be obtained later in this chapter it can be
stated that the suspicion cannot be substantiated. Although the ther-
mal disorder (together with the Compton effect) in most cases gives a
quantitative explanation of the observed background scattering, the gap
between theory and experiment is made even wider as far as the Laue-
Bragg reflections are concerned. In order to account for the observa-
tions it is thus necessary to assume that all real crystals are afflicted with
disorder in addition to that due to heat motion. This additional dis-
order is associated with the so-called mosaie¢ structure.

The mosaic structure model of a real crystal was first proposed by
C. G. Darwin.! He suggested that the imperfection of crystals could
take either of two forms, warping or cracking: either the atoms are
arranged in layers which are not quite plane, or they are arranged in
blocks, each block being in itself an ideal crystal, but adjacent blocks not
accurately fitted together. Darwin was inclined to believe the former
alternative to be more probable, but he adopted the latter because it
was simpler to treat mathematically. It is, of course, the second alter-
native which aptly is referred to as mosaic structure.Z2 Darwin’s adop-
tion of the mosaic erystal model has proved to be fortunate, for the
experimental evidence which is available today shows that mosaic strue-
ture rather than warping is the normal imperfection of real crystals.

Mosaie structure can be described as a displacement disorder in which
the displacement A remains constant throughout & given block, but
changes discontinuously from one block to another. The displacements
are of the form

Y = R+ ;= (s + AL) [4-15)

where the first term represents a translation, the second a small rotation
of the jth block as a whole. Since the relative displacements of the
blocks are large compared to x-ray wavelengths, there can be no definite
phase relationships between the scattering from the various blocks, i.e.,
the mosaic erystal is an aggregate of independently scattering ideal
crystals.

1C. G. Darwin, Phil. Mag., 27, 315, 657 (1014); 48, 800 (1922).
* The name mosaic crystal was propazed by P. P, Ewald.
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The exact nature of the mosaic structure imperfection can be varied
ad infinitum by changing the size and shape of the individual blocks as
well as the distribution function W (@) which describes the orientation
of the blocks. In exceptional cases the size of the blocks may be so
Jarge that it becomes possible, namely, by using small slits, to study the
x-ray diffraction in one block at a time. This was indeed true for the
artificial rock salt crystal examined by Renninger and referred to in
Table 3-3. Normally the blocks are, however, of microscopic or sub-
microscopic size, and there is no macroscopic evidence of a mosaic
structure. In the following we shall therefore assume that a great
many blocks take part in the scattering, so many in fact that the fluctua-
tions 3; may be represented by means of a continuous rather than dis-
crete distribution function W(@). For the sake of convenience it will be
assumed that the distribution function W has cylindrical symmetry,
i.e., is a function of one rather than two parameters. Accordingly we set

W(p) = W(4) [4-16)

where A is the magnitude of the angular deviation from the mean, If
W is assumed to be an error function we have

1
W(a) = o ¢ Ay [4-17)

™
where 7 is the standard deviation.

8. THEORY OF X-RAY DIFFRACTION IN MOSAIC CRYSTALS

We shall discuss the diffraction of x rays for a mosaic crystal in the
shape of a plane parallel plate of thickness Tg. Let the ideal crystal
blocks also be plane parallel plates, nearly parallel to one another and
to the large crystal plate. It will be assumed that the thickness of the
individual crystal blocks fluctuates about a mean value {; which is so
small that true x-ray absorption in any one block may be neglected.
Because of the assumed discrete nature of the distortion there are no
definite phase relationships between the x-ray scattering from different
blocks, i.e., the various blocks scatter independently of one another,

Consider a beam of parallel and monochromatic x rays incident upon
the mosaic crystal so that vy is the direction cosine relative to the
normal 7 of the crystal plate. Let the incident beam make a glancing
angle ¢ with the mean lattice plane By, 6 being near the Bragg angle 85.
For the sake of convenience we shall assume that the reflecting plane is
either parallel or normal to the crystal plate so that o = |'yy|.

We shall first find the expression for the reflecting power o dT of a
layer of thickness dT in the crystal. It will be assumed that this layer
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contains many ideal crystal blocks and that the varying orientation of
these blocks may be deseribed by the same distribution funetion W(A)
a8 for the crystal as a whole. Since the mean thickness of an ideal
crystal block is ¢; the layer dT contains dT/# layers of single crystal

blocks. The reflecting power of a single block is % (¢ — 65) and
()

the detailed form of this function is known from the investigations of the
preceding chapter. We have assumed that 4, is so small that true
absorption phenomena in any one block may be neglected. For Pg/P,
we should therefore use the solutions corresponding to zero absorption
given in section 3-11. The glancing angle ¢’ for a single block differs
from the mean glancing angle 6 by an amount 4, i.e., 8’ = ¢ + A. The
reflecting power of a single layer of ideal erystal blocks is thus

f W(a) f:—:’ (6 — 65 + ) dA [4-18]

We shall assume that the half width of the distribution func-
tion W is large compared with the half width of the funetion
Pg/Po. Since Py/P, is different from zero only in a narrow range near
0 — 0p 4 A = 0, it becomes justifiable to treat W as a constant and
take it outside the integral sign. Hence we find

SWOEE 005+ 208~ Wes - )Ry (1]

()
where R} is. the integrated reflecting power of a single block. The
reflecting power of the layer d7' is consequently

Ry

cdlT =W o dT [4-20)
We shall next consider the variation in the power of incident and
diffracted beams with the depth of penetration in the crystal plate. Let
@o(T) and @5 (T) represent the power of the incident and diffracted
beams respectively at a depth 7. Passing through a layer dT both
x-ray beams lose power because of true absorption and diffraction. The
power lost by one beam due to diffraction will, however, be gained by the
other beam, (It is clear that the incident beam and the twice-reflected
incident beam have the same propagation direction.) Accordingly we

arrive at the following two equations

d@o = -ﬂoo’o‘i—T - 0‘0’0 ar + O'(PH daT
;T [4-21]
d®Php = Fue® Fo®Pgdl £ o®ydT
" Bo Hm] oCPy a®
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The upper signs in the second equation are to be used in the Laue case
(the diffracted beam is directed towards increasing T'), while the lower
signs correspond to the Bragg case (diffracted beam directed towards
decreasing T'). The first two terms on the right side of each equation
represent the power decrease due to absorption and diffraction. The
third term is the power increase of the incident or of the diffracted beam
due to reflection of the diffracted and incident beams respectively.

The system of Equations 4-21 is readily solved, but the solution con-
tains two arbitrary constants which must be determined from the
boundary conditions. One boundary condition is obtained by assuming
the incident power at the boundary T = 0 to be known, i.e.,

Co(T) = ®(0) at T =0 [4-22]

The diffracted beam is produced within the crystal plate and must hence
emerge through one surface of the plate and vanish at the other, Ac-
cordingly we have as the second boundary condition

Bragg case

ey(T)=0 at T=17T, {4-23a]
Laue case

Cr(T) =0 at T =0 [4-230)

Clearly we seek an expression for the ratio of diffracted to incident
power, i.e., for the ratic @5(0)/®(0) in the Bragg case and for the
ratio ®g (T9)/ ®o(0) in the Laue case, Determining the constants of
integration in the solutions of Equations 4-21 from the boundary con-
ditions given above we find:

Symmetrical Bragg case

®g(0)
®0(0)
c+2 v U[a+"—°-U]e-UT°
_ Yo _ Yo (4-24]
7 o [(a + 1&) sinh UT, + U cosh UTo]
()
Symmetrical Laue case
—(E,
-%’:% = ginh eTy e Gy¥e)To [4-26)

The symbol U occurring in Equation 4-24 has the following meaning

U=, /(a + %)2 — o [4-26)
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In the Bragg case we shall limit our considerations to a very thick crys-
tal plate so that the second term in Equation 424 becomes negligibly
small. Accordingly we set

Symmetrical Bragg case — thick crystal

3
L " do} _
®r(0) ¢+‘;_ (d+70> -

®(0) T

The extent of the imperfection of a mosaic crystal can be varied in
two distinet ways, namely, by altering the thickness {;, of the ideal
crystal blocks and by altering the distribution function W, It should be
noted, however, that the formula for ¢ given in Equation 4:20 does not
hold if the blocks are in nearly perfect alignment, i.e., if the standard
deviation is comparable to the half width of the ideal crystal diffraction
pattern. For crystals in which the alignment of the blocks is excep-
tionally good the expression for o must be left in the implicit form

0
o= [ w28 h— 65+ a)da [4-28]
) Py

-0

[4-27]

In the Laue case we shall assume that the crystal plate is reisonably
thin so that ¢7 < 1. Expanding Equations 4-27 and 4-25 in series
we find

Bragg case

(0 oo Yoo ]3 L )
o0) ~ 2(ig +700) T [2(#0 rpwen ) Bl [4:29]

Laue case

To
M = e—~’° GTo[]. - dTo + -§~(0‘T4:;)2 + - '] [4'30]
@0 (0)

In Chapter III we used the name extinction for the power loss of an
x-ray beam caused by the production of a diffracted beam. It is con-
venient to speak of two types of extinction when dealing with a mosaic
crystal. The extinction within any one ideal erystal block (which is
the type of extinction encountered in Chapter IIT) will be called primary
extinction. The power loss due to diffraction in the blocks traversed by
the incident beam before it reaches the particular block under considera-
tion will be referred to as secondary extinction. Primary extinetion is
implicitly taken account of in the expression for the reflecting power
Pr /P, of a single block. Reference to Equations 4-21 show that the
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power loss due to true absorption and to diffraction may be described in
terms of an effective absorption coefficient u defined by

B = po + vo0 [4-31]

The quantity yoo is the fractional power loss due to diffraction per unit
length of path through the mosaic crystal and may hence properly be
called the secondary extinction coefficient. The secondary extinotion
depends thus both upon the primary extinction, i.e., upon the thickness
{o of the blocks, and upon the distribution function W,

A. Negligible Primary and Secondary Extinction. The Ideal Mo-
saic Crystal. The mosaic crystal is said to be ideally imperfect if
primary as well as secondary extinction is negligibly small for all reflec-
tions. According to the discussion given in section 3-11 the condition
for negligible primary extinction is

ll <& _k
vo  w¥rl

where ]q{zyl refers to the strongest reflection. Since |¢g| for a given
reflection is proportional to A? the eritical thickness X/w[rla gl is inversely
proportional to the wavelength. A given mosaic crystal may therefore
be ideally imperfect for small, but not for long wavelengths. It is
similarly seen from Equation 4-32 that a given mosaic crystal may
appear ideally imperfect for weaker, but not for stronger reflec-
tions, Let us take rock salt as a numerical example. The lat-
tice plane (200) gives rise to the strongest reflection of all while
the reflection from the lattice plane (111) is among the weaker
ones, Setting |Fygo| = 84, |Finn| =168, V = 5.628° A% and \ =
1.54 A (Cu Ka) or 0.209 A (W Ka) we find the following numerical
values for the critical thickness.

/
Ag = z |y’m| L&l oor [4-32]*
A Yo

(200)-ReFLECTION (111)-ReFLECTION
1.54A 5 X 1074 cm. 2.5 X 1073 c¢m.
0.209 A 3.7 X 102 am. 1.8 X 10~ 2 cm.

When the condition of Equation 4-32 is satisfied the integrated reflect-
ing power of a single block is given by Equation 3:161. The expression
for the secondary extinction coefficient is thus

oo = Wbz — 0)Q {4-334]

where
ezF H
me*V

2 31+cos’203

2 sin 20y [4-33b)

Q=
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Negligible secondary extinction implies that the power loss due to
diffraction is negligible compared with the loss due to true absorption,
i.e., that

Yoo <K po (4-34]

for all directions of incidence. oo attains its maximum value for
0 = 6g. The condition for negligible secondary extinction is accordingly

W(0) «g; [4-35)
where @ refers to the strongest reflection which comes into consideration.
This condition may be expressed directly in terms of the standard devia~
tion y if W is the error function given in Equation 4-17. Then we have

Q
7> 436
2m e [4-36]
Since we use the approximation in Equation 4:19 there is another
restriction on y, namely, that it is large compared with the half width
of the diffraction pattern Py/Py. When Equation 4-32 is satisfied this
half width is given by Equation 3-159 and we have thus

lOg 2 k Yo
>N [4:37)

Again taking rock salt as a numerical example we find from Equa-
tion 4-36 for the (200)-reflection

A= 154 A, =160, Q = 1130 X 10™*
7> 2.8 X 107 = 1 minute of arc

A= 0614, p=107, Q= 185X 10~
7> 7 X 107 =~ 2} minutes of arc

Since y¢0 by assumption is negligible compared with g, we obtain the
formula for the diffraction patterns of ideal mosaic crystals by taking
the first approximation to Equations 429 or 4.30. Hence we have

Bragg case
on® _ Q@ ,
%00) W(es — 8) ™ [4-38]
Laue case
®u(To) _ _ o 9T -l ]
®0) - W6z — 6) o e m [4-39]
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The diffraction pattern of the ideal mosaic erystal has thus the same
shape and half width as the distribution function W. Since

f W d(6 — 65) = 1 the integrated reflecting power ®} of the ideal

mosaic crystal becomes

Bragg case
&y = Qo [4-40]
20
Laue case
T
a, = 9o iy (4-41)
Yo

These expressions give generally much greater values for the integrated
reflecting power than do the corresponding formulas for ideal crystals.
Applying Equation 4-40 to the (200)-reflection of rock salt using
A = 1.54 A we obtain ®} = 35 X 1075, The corresponding value for
the ideal rock salt crystal is 4.1 X 1075, Reference to Table 3-3 shows
that the observed values lic between the two extremes. The result for
the polished crystal is 27.8 X 10~ which is only 20 per cent smaller than
calculated for the ideal mosaic crystal. The observed half width for
the polished crystal was ~15', showing that secondary extinction is
small although not quite negligible. In a range of normal dispersion
Q/2u increases while RY for the corresponding ideal crystal decreases
with decreasing wavelength. The ratio -2%/12‘;, increases conscequently
rapidly as the wavelength is decreased.

B. Negligible Primary and Small Secondary Extinction. If yoo is
not negligible but still small compared with u, it becomes necessary to
go to the second approximation to Equations 4-29 or 4-30. We find
then

Bragg case
@8 2(73—7;5) (4-42b]
Laue case
"’;0((7(;‘;) =~ WQ % B [1 - WQ %"] (4-43a]
&, ~ Lol [4-43b]

Yo
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where
0= [Wrowd® - t2) = Q f Wi —6)  [444]

is the mean secondary extinction coefficient.
If W is the error function of Equation 4-17 the expression for g becomes

277772 - 2\/;11

Setting 7 = 1.1 X 1072 (4’ of arc) we find thus g = 260. With
this value of g the integrated reflecting power for the (200)-reflection of
rock salt (in the Bragg case and with A = 1.54 A) is reduced from
35 X 1072 for the ideal mosaic crystal to 30 X 1075, Since gQ is pro-
portional to |Fg|? it is clear that the reduction of ®} due to secondary
extinction is greatest for the strongest reflections. This fact is well
illustrated by the data on an aluminium crystal shown in Table 4-1
and due to James, Brindley, and Wood.® The mean secondary extinc-

(4-45]

TABLE 4-1
®% % 10° ror REPLECTIONS FROM ALUMINIUM
Bragg Case. A\ =071 A po = 14.356

Calculated
HiHsHy Obeerved Ideal Ideal mosaic | Mosaic crystal

erystal erystal g = 300
111 580 19.6 818 547
200 436 16.2 619 460
222 144 6.30 158 144
400 86 4.47 91 86
333 26.2 2.19 28.3 27.8
600 12.2 1.31 12.0 11.9
444 4.95 0.76 5.14 5.13
800 2.10 0.40 2.09 2.09
5566 1.43 0.37 1.39 1.39

tion coefficient decreases rapidly with the wavelength, approximately
with A%, Going to a smaller wavelength and to a weaker reflection
one may thus be able to eliminate the effect of secondary extinction.
C. Primary Extinction, Small Secondary Extinction. When the con-
dition of Equation 4-32 is no longer satisfied, the thin erystal solution

3R. W. James, G. W. Brindley, and R. G. Wood, Proc. Roy. Soc. London, A 125
401 (1929).
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1
Ry=Q ;o cannot be used. Instead we must use the general expression

()
for R} deduced in part C of section 3-11. The general formula for Ry
may be written in the form

By = Q% =g [4-46]
Yo Yo
where Bragg case
f(4o) =

Laue case

f(4o) = 2" J3n41(240) + |c08 2053 Jan41(240lcos 265])
° Ao(1 + cos® 205)

tanh A + |cos 265 tanh |4 cos 205
Ao(1 + cos® 205)

[4-46a]

[4-46b)

1.21-

1.0

t0.8

0.6
AAy
0.4

<-Bragg Case

0.21 Laue Case

When Ay « 1, i.e., when the condition of Equation 4-32 is satis-
fied, we have f(4¢) =1 and Q' = Q. On the other hand, when
Ao|cos 283[ >> 1 the expressions for f(A44) become

Bragg case |
1+ |cos 205| .
f(do) = Ao(L + cos? 205) 205) {4-47a)
Laue case
S(do) = - 1cos 2l [4478]

240[1 + cos® 265]

The variation of f(do) with fy/ve for the (200)-reflection of rock salt
and A = 1.54 A is shown in Fig. 4-1.
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Primary extinction can accordingly be included in the formulas
deduced in the two preceding parts of this seetion by the simple pro-
cedure of replacing Q@ by the more general expression Q’. Since 49 =
@ 72 it follows that primary extinction like secondary extinction

(]

decreases with decreasing wavelength and with decreasing |Fg|.
Indeed, the extinction effects in some real erystals may be so extreme for
strong reflections and long wavelengths that these erystals properly
may be called ideal crystals. However, the mosaic character becomes
apparent when we investigate very much weaker reflections or when we
use very much shorter wavelengths. The particular calcite crystal
for which the data given in Table 3-4 were obtained appears to be a
perfect crystal for A > 1 A, but its truly mosaic nature manifests itself
in the lack of agreement between calculated and experimental values
for M = 0.2086 A.

D. Experimental Determination of the Mean Secondary Extinction
Coefficient. In mosaic crystals with small secondary extinction the
distribution function W can be deduced from the experimental diffraction
pattern (see Equations 4:42¢ and 4-43a), and having found W the
mean extinetion coefficient g is obtained from Equation 4-44. How-
ever, it is often difficult to measure the detailed diffraction pattern with
sufficient accuracy and other methods for finding g, based upon experi-
mental data for ®%, have therefore been suggested.* When the struc-
ture of the crystal is known, the quantities Q can be calculated and it
becomes possible to make an indirect determination of g. In that case
g is treated as a parameter and adjusted until there is best possible agree-
ment between calculated and observed values &%. (The value g = 300
given in the last column of Table 4:1 is found in this manner.) The
second method which we will describe can be used when the crystal
structure is unknown. It is based upon Equation 4-43b. The thick-
ness of the erystal plate is decreased in steps by repeated polishing,
cleaving, or etching, For each value of the thickness the integrated
reflecting power (in the Laue case) is measured.  Plotting log (®%ve/To)
against To/vo the experimental points should fall on a straight line,
This line has a slope — (g + ¢Q’), and its intercept on the ordinate axis
islogQ’. Having made an independent determination of gg, it is thus
possible to find both Q" and g. It should be pointed out that difficulties
may arise when the thickness of the plate is decreased by polishing, which
is likely to affect both the size and the alignment of the ideal crystal
blocks. Both g and @’ may then change from one value of Ty to another

4 W. L. Bragg, R. W. James, and C. H. Bosanquet, Phil. Mag., 43, 1 (1921).



Sec. IV-8) X-RAY DIFFRACTION IN MOSAIC CRYSTALS 171

50 that the experimental points can no longer be fitted to a straight
line,

E. General Formula for the Symmetrical Bragg Case. The differ-
ential equations 4-21 and their solutions Equations 4-24-4.27, are valid
only for mosaic crystals in which the blocks are so thin that true absorp-

A . -, ¢
tion in any one block is negligible. When yo 2 becomes comparable to
Yo

(or greater than) unity we are no longer able to use the approximation
)
e o l— ”o;tg and the differential equations 4-21 must be replaced
(]

by the corresponding difference equations. In this section we shall set
up and solve these difference equations for the symmetrical Bragg case.

Let @ denote the reflecting power of a single layer of blocks. The
relationship between 2 and o, which was defined as the reflecting power
per unit thickness, is thus @ = ofy. We shall make no restrictive
assumptions regarding the nature of the distribution function W. In
accordance with Equation 4-28 we set therefore

¢

Q0 — 63) = f W(A)I;—” (0 — 05 + A) dA [4-48a)
- 0
or, if the function W is discrete
Q0 — 0s) = 2. w,-%" @ — 95 + 4)) (4-48b]
] 0

As before Py/Pg represents the reflecting power of an ideal erystal
1

plate of thickness #,. Clearly, if uo 2 is comparable to or greater than
Yo

unity, true absorption in any one block cannot be neglected, and for
Py/Py we must then use the expression given in Equation 3-139
rather than the zero absorption form which was used in the preceding
parts of this section.

The various layers of crystal blocks will be numbered from the
surface downwards as indicated in Fig. 4.2.

@M is the power of the incident beam after passage through the nth
layer, while ®%~" is the corresponding quantity for the diffracted beam
(sce Fig. 4-2). Passing through the nth layer both the incident beam
and the difiracted beam will be absorbed as well as diffracted. The
relationships between incident and difiracted power before and after
passage through the nth layer are

oM = (a — Q)Y 4 qofp

{4-49]
oY = (a — 2)0 + 6"
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f
The symbol a represents the quantity e¢ v, and it is clear that
12 a—220. This system of difference equations takes the place
of Equations 4-21 which we used earlier. From Equations 4-49 two
different expressions for ¢’/ ®{" are readily obtained. They are:

G;su-l)
l1—(a—~Q)
o “ﬁn‘)"
om = ) [4-60a]
0("'“)
oo (a—ﬂ)—#,r—(a—ﬂ)z-{-ﬂz
—5 = 9 [4-50b])
of Q

\gr=9, /a0=s,

,}"“\ /9’.,"’“’
9’;/ \9,:"’

Fra. 4-2.

1st layer
2nd layer

nth layer{

We shall now assume that the decrease in the power of the incident beam
is exponential, i.e., & = D)g—nz, implying that z = “‘:_o , where p is
0

an effective absorption coefficient. The unknown quantity z is deter-
mined by equating the two expressions for @ff’/®§” and this procedure
gives

14 a® — 220
T 2@-0)

Clearly we seek a formula for the ratio ®/¢)” = ®y/®,. Using the
result of Equation 4-51 in Equation 4-50b we find
®n _ 20 [4-52)
®o 1 - a®+2a0 + V{1 + o® ~ 2a0)% — 4(x — 0)2

cosh z = [4-51]

If the thickness of the blocks is so small that a == 1 — po‘y'l—o , this equa~
0
tion becomes identical with Equation 4-27.
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@
The nature of the difiraction pattern FH (0 — 6p), and the value of
()
the integrated reflecting power &% = f %’ d{0 — 6p) vary greatly
(

with the thickness of the blocks and with the distribution function W,
When secondary extinction is negligible Equation 4-52 can be simplified.
Negligible secondary extinction implies that the power loss due to
diffraction is small compared with the power loss due to true absorption,
ie, 2«1 — a. When this condition is fulfilled Equation 4-52 reduces
to

®y Q
®g T1- &2 [4-53]
and hence
Ry
e __ .

where RY is the integrated reflecting power of an ideal crystal plate of

{
thickness {5, When go 7—0- < 1 we may set Ry = Q’to/vo (in accordance
()
¢
with Equation 4-46) and 1 — o® = 2/107—0- and we have the already
0

known result ®% = Q’/2u9. On the other hand, for g ;tg» 1 we have

0
a® = 0 and hence ®% = R%. In the latter case the blocks are so thick
that the x rays do not penetrate beyond the first layer. This is readily
seen from Equation 4-63a which may be given in the form

nEN —2(n-1)upf0
L ¥ PR [4:54]
®o n=l

where the first term in the series on the right side is the contribution from
the first layer of blocks, the second term the contribution from the second

layer and so forth. When “’7& >> 1 the mosaic crystal and the perfect

()
crystal give the same values for the integrated reflecting power, but the
diffraction patterns will differ. According to Equations 4.48 the mosaic
crystal diffraction pattern is composed of a number of ideal erystal dif-
fraction peaks which are displaced relative to one another by amounts
depending upon the degree of alignment of the blocks.

F. Mosaic Crystals of Arbitrary Shape. Our considerations have
go far been limited to mosaic crystals in the form of plane parallel plates.
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The general expression for the reflecting power of a mosaic crystal of
arbitrary geometrical shape becomes very complicated. We shall there-
fore discuss only the case of negligible secondary extinction and in addi-

4 .
tion assume that g ‘YL < 1. In accordance with these assumptions the
0

mean reflecting power per layer of blocks is given by
20 ~ 85) = W(os ~ 0)0' 2 [4:55]
0

Consider now an elementary area dS of a particular layer. This area dS
defines a volume element dv = {5 dS. The power incident upon the
volume element is

Io €M 4 dS {4-56)

where Iy is the incident intensity measured outside the erystal and
where 7'y is the distance which the incident beam has to travel through
the mosaic erystal before it reaches the volume element under considera-
tion. The power reflected by the volume element, as measured outside
the crystal, is thus

Io T (6, — 0)Q' dv (4-57)
where T'; is the distance which the diffracted beam has to travel from

the volume element to the surface of the erystal. The reflecting power
of the entire crystal is thus

-0’
..(:,_H (6 — 6g) = w f o WITHTY g, (4-58)
0 0
and the integrated reflecting power becomes
’
& = %0 [ e gy (4-50]

Sp is the cross section of the incident beam, and the integration is to be
extended over the irradiated part of the crystal.
The quantity

_Sl_; f e TTY gy [4-60}

may be termed the absorption factor. The integral can be explicitly
evaluated if the crystal is a plane parallel plate. For the symmetrieal
Bragg case and a thick crystal plate the absorption factor becomes

—l?
1/2uo and for the symmetrical Laue case we find :Y-l— Tee '™ in agree-
()
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ment with earlier results. For mosaic crystals of other geometrical
shapes the integration in Equation 4-60 must be carried out by numerical
methods.

G. The Reflecting Power of Crystal Powders. A sample of pow-
dered crystals may be considered as an extreme case of a mosaic crystal,
The theory presented in the preceding parts of this section may therefore
be used to find the reflecting power of such a sample. It will be assumed
that the crystal powder is very finely divided. True absorption in any
one crystal particle may therefore be neglected. Let it be assumed
further that the orientation of the ideal erystal blocks is entirely random.
The latter assumption evidently implies that secondary extinction may
be completely neglected. The density of the powder will be denoted by
o’ while p is the density of the corresponding single crystal. If yq is the
linear absorption coefficient of }:he single crystal, the absorption coeffi-

cient of the powder is thus yo L. Similarly only a fraction p’/p of the
P

volume of the powder sample corresponds to crystal particles.

Assuming the powder sample to be of arbitrary geometrical shape we
may use the equations obtained in the preceding part of this section.
The reflecting power per layer of blocks in the corresponding single
crystal is given by Equation 4:55. For erystal powder we have thus

20 — 03) = = W(og—0) Q’% [4.61]

The function W(6z ~ 8) measures the probability of finding a erystal
block so oriented that the incident beam makes a glancing angle
8 = 85 + (9 — 6p) with the lattice plane By. With the assumed ran-
dom orientation of the blocks this probability becomes (compare Equa~
tion 3:80) W = 14 cos 0p. Accordingly the expression for the reflecting
power of a powdered crystal sample becomes

_0_’{ Q’p’ cos 65 f -u.f;'(rl+m
s 2S0p ¢ dv [4-62]

In this equation ®g is the total power in the diffraction cone associated
with the lattice plane By. This cone intersects a plane normal to the
incident beam in a circle Experimentally it is convenient to measure
the power associated with a small section of this circle. If R is the dis-
tance from the crystal powder to the observation point, the radius of the
diffraction circle becomes B sin 245 since 20p is the semi-apex angle of the
diffraction cone. The power ratio per unit length of the diffraction
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circle, 7, is thus

Q' j‘ (T Ty
T= g FnSosintn e dy [4-63]

In these equations we have used the symbol @’ rather than Q to indi-
cate that primary extinction may not be negligible. When the particle
gize is less than the critical thickness given by Equation 4-32, primary
extinetion is truly negligible, i.e., we may use Q instead of @/, It should
be noted, however, that each crystal particle of which the powder is
composed may itself be a mosaie crystal consisting of several or many
ideal crystal blocks. Thus primary extinction may be negligible even
though the particle size is considerably greater than the critical thickness.

4. THE HEAT MOTION

It has s0 far been assumed that the atoms are at rest in the crystal
lattice although they actually must be vibrating about their equilibrium
positions with amplitudes which are comparable to x-ray wavelengths.
The thermal agitation decreases with decreasing temperature, but it does
not vanish even at absolute zero because of the zero-point energy, In
order to take account of the heat motion it becomes necessary to revise
the ideal crystal model and give it dynamie character.

We shall assume that the atoms vibrate as entities about equilibrium
positions . + Az which correspond to an ideal lattice. The instantane-
ous positions of the atoms are thus of the form 7 + Az + AF. Itis to
be expected that the vibrations will produce small changes in the elec-
tronie structure of the atoms. These perturbations will be neglected,
and hence the same scattering power f; is to be associated with each
instantaneous site of a given set. Comparison with the discussion given
in section 1 shows that heat motion represents disorder of the displace-
ment type, the displacements A being functions of time. We shall
assume that the atomic displacements are sufficiently small so that
only linear restoring forces need to be considered. The time average
value of Af can then be set equal to zero for any L and k. As pointed
out in section 1 it is justifiable to replace time averages by the corre-
sponding spatial averages over the instantaneous structure. Accord-
ingly we may set

AL - [4-64]

and the bar may be interpreted to mean either the average over time for
given L, k or the average over L for given k and ¢.

The lattice vibrations are slow compared to x-ray frequencies, and
consequently the scattering of x rays represents interaction with the
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instantaneous structure, The time required to make intensity measure-
ments is, however, very long compared to the periods of the lattice vibra-
tions. In order to obtain an intensity formula which can be directly
compared with experimental observations one should accordingly pro-
ceed in the following manner: first the expression for the intensity of
scattering from the instantaneous structure is to be found, and then the
average value of the intensity (over ¢ or over L) is to be formed.

For the sake of convenience we shall assume for the present that the
crystal is sufficiently small to make extinction and absorption negligible.
(The extension of the results to larger crystals will be discussed in
section 9.) We shall imagine the little crystal to be a parallelopiped
with edges N1, No32, Nala and with » atoms per unit cell. There are
thus nN = nNNoNg atoms in the crystal and 0 < L; S N; -1,
k=12 + +n

The general definitions of effective scattering power gf and mean
effective scattering power g are given in Equations 4.8 and 4.9. As
applied to thermal disorder these quantities become

oF = fp v EE [4-65a)

g = Ji e 3F [4-85b)

The expressions for amplitude and intensity of scattering from a
small ideal erystal were deduced in Chapter III, sections 5 and 6. The
corresponding expressions for our disordered crystal are readily found,
using a similar procedure. The amplitude of scattering from the
instantaneous structure becomes

Ey = EFY "+ E, 3 v Tk n [4-66]
L L

where F and ¢F are given by Equations 4-12 and 4-10a. Since ;Z‘- = 0,
the mean amplitude of scattering is

Ey=EFY et AL [4-67)
The formula for the mean intensity of scattering is
L=gEP=n+ [4:68]
gin? $N.38 - 8

Jr= IeIFI’LZL,e“"'L-” = I|F*II [4-69)

sin® 43 - &,

Jg = IS eV AL-1 ; fified GA-GBE-3F) _ & e—n-&f.'] [4-70}
L1 T
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It is seen that J, is proportional to the square of the mean amplitude.
Consequently J, is the coherent, J the incoherent part of the scatter-
ing. When the scattering is treated according to quantum mechanies
the identical intensity formula is obtained, but the incoherently scat-
tered radiation has a slightly modified frequency. This frequency shift
is, however, of no importance since it is much too small to be observed.

It should be emphasized that J; 4 J» does not give the total scatter-
ing since we have neglected the scattering due to intra-atomic disorder.
Hence the intensity of the Compton scattering must be added to J, + Ja
to give the correct expression for the total intensity.

The coherent part of the scattered radiation can be interpreted as the
scattering from the mean lattice, and it is thus a measure of the long-
range order in the dynamiec lattice. Except for the difference between
scattering power f; and effective scattering power gy, the scattering from
the mean lattice is identical with that from the ideal lattice which is
obtained when all atoms are frozen in their equilibrium positions.
We shall therefore eall J; the Laue-Bragg scattering. Any result which
has been obtained for the scattering from a small ideal erystal will be
valid for the Laue-Bragg scattering from the same crystal with heat
motion considered, if everywhere in the equations fj is replaced by g;.
It will be shown later in this chapter that the Laue-Bragg reflections are
much more intense than the incoherent scattering. Accordingly the
incoherent radiation can be neglected as far as primary and secondary
extinetion phenomena are concerned. This shows, however, that by
replacing fi by g also our formulas for the intensity of seattering from
large ideal or mosaic crystals will be applicable to the Laue-Bragg
scattering from the same erystals with heat motion taken into account.

The incoherent part of the scattering, J», is associated with the dis-
order due to the heat motion. As shown by Equation 4-70 this scatter-
ing is of much more complicated form than the Laue-Bragg scattering,
and it will therefore have to be studied in considerable detail in the
following sections.

6. FORMAL INTRODUCTION OF NORMAL COORDINATES

We shall assume that only central forces are acting between a pair of
atoms in the dynamic lattice. Let the two atoms be of different types k
and k' while r is the distance between the atoms. The forces may be
derived from a potential energy function Ve (r). In the dynamic lat-
tice the atomic separations are |fy — f + Ay _p + &F — AE].  The
total potential energy of the dynamie lattice is thus

V = constant + %E%"V"" (e — 7o + Ap_p + BF — BE)  [471)
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while the kinetic energy is

L
-1y m (S ) 472)
LF
The arbitrary constant in the expression for V may be chosen so that
V = 0 when all the atoms are in their equilibrium positions. We shall
now expand the potential energy function in terms of the displacement
vectors AL, Since we have assumed that the ideal static lattice repre-
sents a stable equilibrium state the linear terms in the expansion vanish
and the quadratic terms correspond to positive quadratic forms.
Assuming the displacements to be relatively small so that higher terms
in the expansion may be neglected we have

SEPRN-2 ok” - B (4:73]

The quantities qmu" are symmetrical tensors, the components being
the negative second partial derlvatwes of Vw evaluated at eq\nllbnum
It is obviously true that q; = .p,,,,‘ L and we shall set ri =0,
thus axiomatically assuming that an atom exerts no force on itself.
When a constant, vector  is added to all displacements AF, the interatomic
distances do not change. Accordingly the potential energy must be
invariant under the substitution A% — A% 4 ¢ and this condition gives

> okt = (4-74]

We shall assume that the thermal agitation corresponds to small
vibrations of the lattice about its equilibrium state, i.e., that the poten-
tial energy is correctly given by Equation 4.73. It is then possible to
describe the heat motion in terms of normal coordinates Z;. These are
formally defined by linear relations

1 =3nN
Al = T ‘Z_‘,l Ckz; [4-75]
where the coeflicients Cf; satisfy the following conditions
; ChlCly = sppdunl [4-76)
STkl = o= ole” [477]
[ meMmye

With the aid of Equations 4-76 it is possible to solve Equations 4-75 for
the normal coordinates and the result is

Z; = ;};\/m—gaf - CL, [4-78)



180 X-RAY INTERFERENCE IN REAL CRYSTALS {Sec. IV-6

The expressions for kinetic and potential energy become

dZ;\*
= 1y~ (%4 .
T'=3 - ( dt) [4:79]
V = 45z (4-80]
1

Accordingly the normal coordinates represent independent linear oscil-
lators, Z; = constant X e*,

The problem of finding the coefficients CF and the frequencies w;
will be treated in the next section. At present we shall merely assume
that this problem can be solved.

Using Equations 4-75 we have
aik a7 or o CE .
€ k—];[e:', Cj=\/ﬂ_lk’ [4-81a]
e (38-3F) = 11 ¢ [f—<f 1z 4:81b]
J

Both of these expressions are products of factors ¥/ where ¢; is a con-

stant and where the average is to be extended over an assembly of linear

oscillators in statistical equilibrium. It can be shown that
e = A2} = e“‘}%

7 [4:82)
where Q; is the mean energy associated with the jth oscillator. Equa-
tion 4-82 is rigorously valid both in classical and in quantum statistics as
shown by the investigations of I. Waller,5 of H. Ott® and of M. Born and

K. Sarginson.” We shall use the quantum expression for the mean
energy Q; and set

huwj
& 1

Making use of Equation 4-82 the averages of Equations 4-81 become

Q= + s (4-83]

B = i [4-844]
en-(&,’;—l,,.z) = Pl -, [4-84b)

5 1. Waller, Dissertation, Upsala, 1925.
SH. Ott, Ann. der Phys., 28, 169 (1935).
¥ M. Born and K. Sarginson, Proc. Roy. Soc., A 179, 69 (1941).
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where the symbols M; and PE-% have the following meaning
My=5—3 (2‘:0‘ Ch Q’) [4-85a]

= (o) o (4:850)

The justification for omlttlng a superscript L in the symbol M} and for
using the superscnpt L L’ in the symbol PE:" will be presented in
the next section. PL+% is usually a small quantity (this point will be
discussed later) and we shall therefore make use of the approximation

F" =1 4 Pl [4-86)

The effective scattering power gi and the intensity of the incoherent
radiaj:ion J2 can now be expressed in terms of the symbols M and
PLeY as follows.

o =fpe [487]
=1, guge e ) g ) v aL-r [4-88)
174 LI

8. STANDING WAVES AS THE NORMAL VIBRATIONS OF THE LATTICE

The results obtained in the preceding section are expressed in terms of
the amplitudes Cf; and the frequencies w; of the normal vibrations of the
lattice. In this section we shall show how these quantities ean be cal-
culated.

According to Equations 4-72 and 473 the equations of motion for the
atoms in the lattice become

L-r
dt” £ 2,2, oiv 4-89]
We shall try a plane wave solution
B = b g2srdy gion [4:90]
\/m,,

7 is the wave vector and both Uy; and w; are functions of 7, i.e., we should
write Us;(7) and w;(r). Equation 4.90 is pericdic in 7 and wave
vectors 7 and r 4 By (where By = Hyb;, + Hgby 4 Hsb;) represent
the same wave., In order to insure uniqueness we may therefore
impose the condition

r < |r + Ba| [4-91]
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where By is any reciprocal lattice vector. Expressing in terms of the
reciprocal vectors by, bs, b3 we set

* = n1by + 7oz + 7abs [4-92]

If the lattice is orthogonal the condition 4-91 implies —§ < r; < +3
and 7 lies entirely within & parallelopiped with edges b, b, b3 having its
center at the origin of the reciprocal lattice. In the general case of a
non-orthogonal lattice condition 4.91 restricts 7 to lie within a polyhe-
dron about the origin of the reciprocal lattice. The region defined by this
polyhedron is called the phase cell. Its volume is V™ = (6,5,55)
while its shape depends upon the lattice geometry.

By combining Equations 4-89 and 4:00 one finds

—of U + ; Y- U= 0 [4-93)
where the symbol Yy, is defined by
(P) = L-L' —i2e¥-AL-p’ .
q’kk ( ) g ; Qrr € [4 94]

Now ¢p£‘;,- is & symmetrical tensor and cp{‘y = tp;?,f’. Hence Yy- is also
a symmetrical tensor and

Per(1) = Yrr(— 1) = Yhue(r) [4-95]

where " represents the complex conjugate of Y.

To determine the frequencies w; the determinant of the linear and
homogeneous system of Equation 4-93 is set equal to zero. As shown by
Equations 4-95 the matrix of the system 4-93 is Hermitean and the
secular equation has thus 3n real and positive roots «j(r)(j =
1, 2, ---3n). The corresponding amplitude vectors Up;(r)(k =
1,2, - - n) can then be normalized according to

;Uﬁm’j = e I (4-96)

By multiplying Equation 4-93 with Uy ;, summing with respect to the
index j, and using Equation 4-86, we find

;"‘} UiUss = Yrre [4-97]
Because of Equation 4-95 it follows that if

Al = Uii(r) g2 ALtiogie
my
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is a solution of Equation 4-89 then another solution is

Al = Ori(—1) gi2rtAptio—De Ty(n) gizri-Autionds  [4.08]

Vi \/77,

The sum of the two solutions and their difference multiplied by 1 = v/ —1
are also solutions. These two combinations are

\/1__ [Uh'(’) e"zr;-h 4 ﬂ;i(?) e—-i2r?-11,] RENOT (4-99a)
mg
_t [0‘:’_(,’) ei2ri-iz, U;,(‘l‘) —~i2x - AL] eiviHe [4-99b)
v my
It is readily seen that Equations 4-99 represent standing waves with
real amplitudes.

Summarizing it may accordingly be stated that there are 3n pro-
gressive waves for any given wave vector . The 6n progressive waves
corresponding to a pair of wave vectors =7 can, however, be combined
into 6n standing waves.

On the basis of the results obtained above it is possible to introduce
normal coordinates Z; by setting

F=3n

& = \/— 2 E Uk:(”p) e2rirdLy, i(7p) [4-100]

where Uy(r;) is a solution of Equation 4-93 and where
tp = 11by + 7203 + 3bs =

2])1 -1
2N, by + 2N,

2ps — -1
pe— 1, 42 s [4-101]
3

71, P2, P3 are any three integers compatible with the condition given in
Equation 4-91. The summation with respect to p in Equation 4-100 is
thus to be carried out over the phase cell. Because of the periodicity of
Equation 4:100 it is, however, permissible to carry out the summation
over the parallelopiped of equal volume defined by

—N;+1<2p; < N; [4-102}
It is readily seen that for every vector 7, there is another vector 1y, =
—r,. Since Af is real and since Up;(—7) = Uy;(7), it must be de-
manded that

Zi(—1p) = Zj(rp) [4-103)
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Hence Equation 4:100 may be written as a sum over pairs ==7,

BE =
* VNmk

S/ Ous(rs) 6530 2y(ny) + Uislry) 5082 Z5(r,)] 108

where 3’ indicates summation over half the phase cell. If Z; is split

b 4

into real and imaginary parts it is seen that the terms in this series
correspond to standing waves of the type given in Equations 499, In
the phase cell there are according to Equation 4-101 N vectors 7, or
N/2 pairs 7, and there are 6n independent standing waves for every
pair =7,. Accordingly the expression 4:100 may be interpreted as a
superposition of 3nN independent standing waves representing the
normal modes of vibration of the crystal lattice. It remains to be
shown, however, that the coefficients for Z; in Equation 4-100 satisfy the
conditions which transform the kinetic and potential energy expressions
into

[4-1054]

V= éz;w?(p)lzf(p)lz (4-105b)
P

These conditions are given by Equations 4:76 and 4.77. By com-

paring Equations 4-76 and 4-100, we note that Ck corresponds to
1 .

—= Uj(p) €**4L while the summation with respect to the index ¢

VN

az;(p) |*
dt

in Equations 4:76 and 4-77 corresponds to summation over j and p.
Consequently we have to prove that

29:21:0"’ () Uis(p) 2t AL-r = N§; o 1 [4-106a]
Z’ZJ:"’? (@)U (p) Usi(p) 82 dLeLt =

Using Equation 4-96 the left side of Equation 4-106a is transformed into
S 1 Y erivAL-v (4-107a]
»

oivY [4-106b)

mgmy

Similarly using Equation 4-97 and the definition of Yy the left side of
Equation 4-106b becomes

_lem— Y4 ;e‘z""jb‘b"b" [4-1070)
kT



Sec. IV-6] NORMAL VIBRATIONS OF LATTICE 185

Consider the summation with respect to p. Assuming N,, N3, and N,
to be even integers we have

Ni
PTT Gl g
Setetvdis o I L R
» ' ¢
pe=—g 1
l N( S2r(li=Is) __
= (Li~14) € 1
= II P = Népp {4-108]
eNi -1

With the aid of this result the expressions 4-107a and b reduce to the
right side of Equations 4:106a and b respectively, and we have thus
shown that Equation 4-100 actually represents the introduction of nor-

mal coordinates Z;.
The formulas for M and P&~ in Equations 4-85 contain the tensors

ZC LCE: % . Since CListo bereplaced by Y/I_V 277 AL we find
f

ZG"C&Q; = Yaw g2 dan [4:100)

where the symbol Xy is defined by

X (Pp) = ;1;. ]ZUu(p) Us;(p) fg_"T(g (4-100a]

Hence the quantity M} is independent of the index L, while the quantity
PEY depends only upon the difference Ay_j.. These facts were,
indeed, anticipated when the symbols were introduced by the definitions

485,
The last factor in Equation 4-88 can now be evaluated. We have

¢ o kT8 - Yoxr * § g 8in® [3N;(8 + 277,,) - 4
PL—L e‘]-AL_Ll = I‘I - A P
Z‘:"' ¥ NVoume § sin® [$G + 2x7;) - 8
NkTs - Kk - §
= Vomymy.

0 if &4 2mrp 2xBy (4-110]

if 54 277, = 2By

Accordingly the intensity formula for the incoherent radiation becomes

Jo(8) = INKT S 20 stz y(9) -5 (4111
kE NV mpmye
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where [since § = 27 (k — k)7 is given by
k—Fky+r= By [4-111a)

The latter equation associates a particular reciprocal lattice vector By

and & particular vibrational wave vector r with each given vector &.

Because of the condition 4-91 Equation 4-111a uniquely determines both

rand By. Indeed, Equation 4-111a suggests a simple construction of

rand By. The given x-ray wave vectors of incidence and scattering,
*

_~"cPhase cell

Sphere of
reflection

Fra. 4-3.

—ko and £, are plotted in the reciprocal lattice (compare the construc-
tion discussed in section 3:2). The reciprocal lattice point which lies
closest to the terminus of the vector £ — ko represents the sought vector
By, while the sought vector 7 is the vector separation between this
vector By and the vector £ — &g as shown in Fig, 4-3.

In the expression for M} it is reasonable to replace the summation
with respect to the index p by an integration over the phase cell. Since
the points r;, are evenly distributed and since the phase cell has a volume
V=1, the density of the continuous distribution of vectors r becomes NV.
Hence we have

My =—25. f Xik(7) dv - § (4-112)
2 P.C.

For many purposes sufficient accuracy is attained if the phase cell is
replaced by a sphere of equal volume. The radius 7, of this sphere is
given by

3

3
Tm = m) [4-113]
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With this approximation Equation 4-112 becomes

20 VKT ™=
LA f Xae(7) dr - 8 [4-114]
mi 0

M =

The mean energy per degree of freedom Q;(r) can be written in the
form

Q;(r) = kT ( e,,xi 1t %z,-), z; = 1:7(") [4-115]

Hence, if z; is small compared to unity we may set Q; = kT. When this
approximation is valid we have according to Equation 4-109a

Us;jUsj
Xew = L =24 (4-116]

b) ‘]
1

Multiplying Equation 4-93 with — Us; and summing with respect to
wj

index j gives

Z": ‘P;ukr frxr = ; ‘Pk'k" * Xkkr = O I [4'117]

Let us now introduce the symbol Y for the n X n matrix formed by the
tensors Y and the symbol X for the matrix formed by the tensors

Xuw, ie.,

n Yiz - Yis n Xiz o Xia
Y=(Y¥Yn )- X= ()((21 ) [4-118)
an

nl
Equation 4:117 may then be written in the simple form y - X =1, or
X =y [4-119)

Because of Equation 495 both Y and X are Hermitean matrices,
According to Equation 4-119 we have thus

Xewr = @ Dues = B [4-120]

where A is the determinant of the matrix Y and Axx the cofactor jor
Yy in this determinant.

Having deduced all basic formulas we shall next discuss these results
and their significance as far as experimental observations are concerned.
Our formulas can be greatly simplified if the crystal lattice contains
only one atom per unit cell and the detailed discussion will therefore be

restricted to this special case.
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In the following, the coherent part of the seattering, Jq, from the
dynamic lattice will be referred to as the Laue-Bragg scattering since it
vanishes unless the Laue-Bragg equation is exactly or very nearly
satisfied, i.e., unless § = 2rBy. The incoherent part of the scattering,
J3, does not vanish for any value of the vector & (except for the trivial
value 3 = 0); it represents, in other words, diffusely scattered x rays.
In order to avoid confusion with other types of incoherent scattering it is
useful to adopt the name temperature diffuse scattering for J.

The Laue-Bragg scattering of the static lattice has been thoroughly
discussed in Chapter III and in the first half of this chapter. This
discussion remains valid also for the Laue-Bragg scattering of the
dynamic lattice if everywhere the atomic scattering power f, is replaced
by the corresponding dynamic quantity gr = fre~™*. Hence only the
temperature diffuse scattering needs to be investigated further.

7. THE TEMPERATURE DIFFUSE SCATTERING OF SIMPLE LATTICES

In this section the discussion will be limited to lattices which can be
represented by means of a primitive vector set &,, 8,, 33 with only one
atom per unit cell. Clearly, base-centered and body-centered lattices
with two atoms per unit cell and face-centered lattices with four atoms
per unit cell belong to this type.

Dealing with a simple lattice we set n = 1 and the index % can be
omitted everywhere in the equations deduced in the preceding section.
Accordingly the index j can assume only the values 7 =1, 2, 3, i.e.,
there are only three frequency branches.

The fundamental Equation 4-93 becomes

-0+ -Uj= @—uil)-U;=0 [4-121)
where ) is defined by
Y(r) = ZL ol AL = zqu,'- cos (2x7- Ay) [4-122]

Thus the tensor Y and the three amplitudes U; are real quantities, and
U, Us, Us represent a set of three mutually orthogonal unit vectors.
Indeed, Equation 4-121 shows that the sought directions U; coincide
with the principal axes of the tensor ), while the quantities wi are the
components of Y referred to these principal axes.

The intensity formula for the temperature diffuse seattering of a
simple lattice is

J2(8)  NkTf2e—2M

7 m §-Y-8 [4-123]
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where
kT . —
=—3§-Y -3 4-124
om i X8 (4-124]
1 U;U; U,;U; z; (:c;)
==y, - i ot .125
XO) = pp 2 —r Qi = 2= oty [4-125]
X is the mean value of the tensor X over the phase cell, i.e.,
X=V f X (*)dv [4-126]
P.C.

In order to solve Equations 4-121 it is necessary to know the tensor .
This quantity can be evaluated if the lattice geometry and the force
constants are known. The interaction between a pair of atoms de-
creases rapidly with increasing distance between them. Hence, the
series of Equation 4:122 converges rapidly. Indeed, one gets a good
approximation to Y if the interaction only with the nearest and next
nearest neighbors is taken into account. As long as the amplitude of the
displacement is small compared with the lattice periods one may with
good approximation assume that the force between a pair of atoms is
directed along the connection line between their equilibrium positions.
With this approximation one may set

. ALy

o~ -y

where the force constant K, decreases rapidly with increasing A;.
According to Equation 4.74 3 ¢% = 0 and we have thus
zZ

Y(n =23 K, z"f" sin? (z7 - AL) {4-128]
T Af

[4-127]

This equation together with symmetry considerations will in general
permit a rapid evaluation of Y in terms of the constants K.

It is seen from Equation 4-128 that Y — and hence also w; — goes
towards zero with decreasing r. (Note that r according to Equation
4-101 cannot be exactly zero, its smallest value being b:/2N:) We
may therefore define the velocity of propagation v; by the relation

wy(r) = 2rro(r) [4-129]

where v; in general is a function both of the direction and of the magni-
tude of the wave vector ». However, if the direction of 7 is held fixed
while its magnitude is decreased towards zero, one sees from Equa-
tions 4-121 and 4-128 that v; increases asymptotically towards a constant
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value. In other words, for small values of 7, i.e., for long wavelengths,
the velocity v; is independent of the magnitude of r although it still
varies with the direction of 7.

When z; << 150 that the approximation @; = kT may be used, we have
X = $~L. In this case we are thus able to calculate the intensity of the
temperature diffuse scattering without first having to solve Equa-
tions 4-121.

According to Equations 4-123 and 4:129, Ja is a maximum when
§ = 2¢Bpy, ie., when the Laue-Bragg equation is satisfied. However,
the value 7 = 0 is excluded, as seen by Equation 4-101, and the smallest
be 1

possible value of 7 is 2_M = -2-EN—V)’-‘ . Wemay therefore set
FX 8= 4% (NV)¥ [4-130)
for
§ = 2rBy

where v is the mean value of v; for small 7. Hence, as an admittedly

crude approximation

ANM V¥ T 2 M B
my?

Ilg 2rBy) = [4-131})

When § = 2 By theLaue-Bragg scattering does not vanish, Indeed,
the maximum of J; coincides with that of J2. The latter maximum is
much weaker, and hence it cannot easily be detected. In the following
discussion we shall therefore assume the incident x-ray wave vector to
be so chosen that the Laue-Bragg equation cannot be exactly or very
nearly satisfied. It is, in other words, assumed that the sphere of reflec-
tion does not pass through any reciprocal lattice point. Under these
circumstances no Laue-Bragg scattering is produced and hence it can-
not interfere with our observations of the temperature diffuse scattering.

A. The Main Features of the Temperature Diffuse Scattering
Pattern. If we are interested only in the main features of the intensity
distribution of the temperature diffuse scattering, an approximate evalu-
ation of the quantity X will suffice. We shall replace the three frequency
branches (j = 1, 2, 3) by a single branch. It will furthermore be
assumed that the frequency of this mean branch is a function only of
the magnitude of the wave vector r and not of its direction, i.e., we set
wy(r) = 2r7v(r). According to Equation 4-96 > U;U; = I and the

2
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approximate form of Equation 4-125 becomes

1Q

PO, S, . 2
X = g [4-132]
The approximate intensity formula is therefore
Ja .. ANfPe*Msin’0 Q
T, @) = ) 2.2 [4-133]

The expression for the exponent A can be approximated in a similar
manner. Using Equations 4:114 and 4-132 one finds readily

6hZsin® O[T _ /O 1
M~ ke [a ¢ (F') + z] [4134]

In this equation O is the characteristic temperature of the crystal. It is
defined by the relation

hitm

0= [4-135)

where 7 is the mean value of v over the phase cell. @ is the Debye func-
tion defined by

#@) =+ [ [4-136]
v= yfo 1

Of the two factors on the right side of Equation 4-133 the first is a
slowly varying function of sin /M. Accordingly the characteristic
features of the intensity distribution will be chiefly determined by the
second factor, Q/v®s%, which varies rapidly with the scattering direc-
tion. The mean energy Q can be replaced by kT when z, i.e., 16/7,7,
is small compared with unity. The mean propagation velocity v
decreases rather slowly as 7 increases towards its maximum value
but it can be treated as a constant as long as 7 is reasonably small,
Quite generally it may be stated that the factor Q/v®+* increases mono-
tonically with decreasing . The temperature diffuse scattering accord-
ingly exhibits intensity maxima in the scattering directions which corre-
spond to minimum values of r. The directions of the intensity maxima
(and minima) are readily deduced from the reciprocal lattice construc-
tion referred to in connection with Equation 4-111a. Using Fig. 4-4 we
find the following expression for the scattering angle 24,, corresponding
to an intensity maximum

2 gin 0p cos 6;
tan 26, .
™ = 1 ~ 2 gin 60 sin 6; [4137)
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where 0; is the actual glancing angle, 85 the Bragg glancing angle relative
to the lattice plane By associated with the maximum. For small
differences 8; — 63 = A Equation 4-137 becomes

20, =~ 205 + 24 sin® 6p {4-137a]

These formulas for the position of the intensity maxima are not very
accurate since they have been deduced from the approximate intensity
expression given in Equation 4133, In a subsequent section we shall
learn that more detailed considerations lead to an appreciable medifica-
tion of Equation 4-137a.
—

7= 1 2sinfg
1Byl ==5"

[

Fa. 4-4.

B. Detailed Study of the Intensity Maxima. In the preceding part
of this section it was shown that the intensity of the temperature dif-
fuse scattering is greatest in the directions for which the associated
r-values are smallest. The temperature diffuse scattering is very weak
and accurate intensity measurements with well-defined x-ray beams are
for this reason limited to scattering directions at or near the intensity
maxima. It is therefore desirable to develop a more accurate intensity
formula for small values of 7.

Because of the rapid convergence of the series given in Equations 4:128
we may use the following form for the tensor { when 7 is small com-
pared with the reciprocal vectors b

Y =20 3(= @")(r- A1)’ [4-138)
Equation 4-121 may then be written in the form

(,hgfz ) U;=0 (4-139)

where the components of the tensor Y/4zr2 are quadratic functions of
the direction cosines of 7. As stated earlier, the propagation velocities
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are accordingly functions only of the direction of the wave vector 7, but
not of its magnitude.

When 7 is small compared with the vectors §; the wavelength of the
vibrational mode is long compared with the lattice periods ¢;. Equa-
tion 4-139 is consequently to be identified with the well-known macro-
scopic equation for the elastic vibrations of a homogeneous medium.?
This latter equation can be written in the form

(% — 1). 0, =0 (4-140)

For the sake of completeness we shall give the expression for the tensor
€ for the most general case (triclinic crystal). It is

( €11 G C15\ fCle G2 Cua\ fCis C14 €13 \
Cs1 Cas Cas || Coo Caz Caa J| Cas Coq Ca3
Cs1 Cge Css/ \Cse Csa Cpy/ \Css Cs4 Cs3

Cor Cés Cos\ fCas Ce2 Cos\ fCos Cos Co3
Q=71 {ca cos cos)[coe €22 c2a]{Cos €24 c23) |- 7 [4:141]

C41 C46 Cas/ \C4s Ca2 Ci4/ \C45 Cs44 C43

€51 €56 Cs5\ fCse Cs2 Css\ fCos Csa C53
€41 Cg6 Cs5 )l Cs6 Ca2 Csq J[ Ca5 Cas C43 )
\ €31 C3g €35/ \Caa Ca2 C34/ \C3z C3q4 C33

The coefficients ¢;; = c;; are the elastic constants in Voigt's notation,

p is the density of the erystal, and », = ;
A comparison of Equations 4-139 and 4-130 shows that

2.2
Y= Ly [4-142)

Since /1., is assumed to be small the approximation Q; = kT is valid at
any temperature except in the immediate neighborhood of the absolute
zero point. Accordingly we have X = ™! or

= Ld —1 .
X = a0 143

Setting & = 2rBg (since  is supposed to be very small compared with
Bp), the intensity formula becomes

iz _ ka‘! e2MBy.0. E”ﬁV
I, V2 72
8 W. Voigt, Lehrbuch der Kristallphysik, Leipsig and Beclin, 1910,

(4-144]
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where 8V = NV is the volume of the erystal. The first factor in this
expression is a slowly varying function of the scattering direction and
may be treated as a constant if we restrict our considerations to a small
solid angle about an intensity maximum. The intensity distribution
within such a solid angle is thus determined by the second factor,
(Bp-Q7'- Bu)/+.

The expression for the tensor  as given in Equation 4-141 holds for
an arbitrary triclinio erystal. In this section we are, however, restrict-
ing the considerations to lattices with only one atom per unit cell and
it would seem that this restriction implies the existence of relationships
between some of the elastic constants ¢;;. Using Equations 4-138 and
4142, we have

& = g"‘u . [; (—¢")iiALdL] - 7 [4-145]

The tensor Y (—¢%)¢;ALA L i8 clearly symmetrical, and the elements of
the matrix in Equation 4-141 should accordingly be symmetrical tensors
too. The following conditions should thus be fulfilled

C44 = C23, C3z8 = C45
€55 = €13, C4p = Cz8 (4-146]

Cgg = C12, Cps = Cy4

These are the celebrated Cauchy relations which would reduce the
macroscopic elastic constants of simple triclinic lattices from 21 to 15.
It should be remembered, however, that we have treated the interaction
between atoms in the dynamic lattice as interaction between particles.
This simplification is clearly not valid, and hence we cannot expect the
Cauchy relations to hold. Indeed, measurements show that the Cauchy
relations rarely are fulfilled.

The expressions for the tensors Q and Q™! are quite complicated for
crystals with low symmetry. We shall therefore give the explicit forms
of these tensors only for cubic erystals. If the tensor  is to be invariant
under cubic symmetry operations one must require ¢y; = ¢2p = ca3,
C44 = €55 = Cgg, C12 = €13 = C23, and the remaining elastic constants
must vanish. Setting ry = a7 + a7 + aak where 7, 3, £ are unit vec-
tors along the cube edges (so that a), ag, a3 are the direction cosines of 7),
one finds

Q1 = css + (61 — cae)ad, 3 = (crz + cas)aie

o = cadlery = (e — cq)ai) + blen + €13)adal
A

0

[4-147]
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(12 + c44) (cas + baB)araz
A

oy = —
The remaining components are obtained from those given by means of
cyolic interchanges. The quantities b and A are defined as follows
b=y — ez — 244
A = ency + b%(ey + 2612 + cua)ajadad [4-148)
+ begs(enn + e12)(a3af + afaf + afad)

The tensors Q and Q! assume particularly simple forms when the
isotropy condition b = 0 is fulfilled. We have then

Q = ¢yl + (e — cas)7utu

[4-149]
1
Q= —1+(i - i) PuTu
C44 C11 C44
and hence
_ 2
By-Q . By=B, €44 + (c11 — c4q) COS° @ [4-150]

C11C44

where g — ¢ is the angle between By and 7, i.e., ¢ is the angle between 7

and the lattice plane. The approximation given in Equation 4-132 is
thus not valid even in isotropic crystals. The factor 72 in the inten-
sity formula of Equation 4-144 is a maximum when 7 = 7., where

I P | )
Tmin, = [1 m} (Br + ko) [4-151]

Tmin. I8 8 vector in the plane of incidence making an angle approxi-
mately equal to 8z with the lattice plane (H,H.H3). Its magnitude is
approximately given by

Npmin. = —Asin 28 [4-152)
where A = 6; — 85. Since the direction of the intensity maximum lies

in the plane of incidence we shall consider the intensity distribution in
this plane only. The intensity formula becomes

kT f2e2M
V23164442 cos® 65

§V{cu + (c11 — €a4) cos? o}

cos? (0p — o) [4:153]

Ja
A (20) =
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The scattering angle 26 and the angle ¢ are related as follows.

2A
20~ 28 + [ oot 65 ot o [4-154]

The intensity is & maximum when ¢ = ¢,, where

(c11 — c44) tan om

tan (05 — = 4-155
an ( B ‘Fm) 11 + €4 tanz om [ ]
For small values of 8 the following approximation may be used.
C11
ém 6p {4-155q]

U | S
2c11 — €44

By comparing with Equation 4:137a, it is seen that the shift of the diffuse
maximum from the Bragg position, i.e., 20, — 263, for an isotropic crys-
tal is smaller than the value indicated by the approximate formula.

It may be stated quite generally that the approximate location of the
diffuse intensity maxima is determined by the factor 72, while the
detailed structure of the maximum depends upon the factor
Bp-Q7'- By, In the isotropic case discussed above the expression
(Bg - Q7! - By)/+*is & maximum for only one value of 7, and the corre-
sponding scattering direction lies in the plane of incidence.

8. THE TEMPERATURE DIFFUSE SCATTERING
OF POLYATOMIC LATTICES

In this section we shall discuss the temperature diffuse seattering of
lattices with more than one atom per unit cell. For the sake of conven-
ience we shall consider only small values of the wave vector 7.

In a simple lattice all three frequencies w; go towards zero with decreas-
ing 7. There are 3s rather than three frequency branches in a
polyatomic lattice. We shall show that the frequencies of three of these
branches approach zero with diminishing r, while the remaining 3s — 3
frequencies approach finite values wf » 0. For small values of 7 one
may accordingly set

y=12,3, w;=2rvr;
J. y &y Uy ) o) [4~156]
J=4,-..38 w;=0w+ 2mr

The frequency branches j = 1, 2, 3 are said to be of acoustical type,
the branches j = 4, - - - 3s of optical type.
Let us consider the acoustical branches. If w; = 0 for r = 0, Equa-



Sec. IV-8] DIFFUSE SCATTERING OF POLYATOMIC LATTICES 197

tion 4-93 demands

Z \/— of - Upj =0 [4-157]

Because of Equation 4-74 this condition is satisfied if
Uij = Vi, ?; [4-158)

where V; is an arbitrary vector. For small values of r Equation 4-93
becomes (again using Equation 4-74)

_4,,.20,?72m,‘]75 ~ [2r7>- ;;ka'ln
+ 2,”2’. . Zzwfk‘zl‘zb . 7] . ’7) =0 [4'159]
k¥ L

Next we sum with respect to the index k. The sum ZZZ@{‘,‘:A’L

contams pau‘s q;w AL and Pk LAy = - Prk LA, and all pairs vamsh since
Qw = ka Hence we find

BQ _ 1] P;=0 [4:160]
where

2‘, w22 ek AAL T [4-1600)

V being the volume of the unit cell. The components of the tensor
are thus quadratic functions of the direction cosines of the vector 7.

According to Equation 4-100 the vibrational modes corresponding to
the solutions 4:158 represent nearly equal displacements for neighbor-
ing atoms. Equation 4-160 is therefore to be identified with the corre-
sponding macroscopic equation for the vibrations of the homogeneous
crystal medium. The tensor Q can thus be expressed in terms of the
macroscopic elastic constants. This macroscopic form of  (for a tri-
clinic erystal) was given in Equation 4-141.

The characteristic equation of the system (4-160) has only three roots
v?. Consequently there are only three solutions of the type given in
Equation 4-158, i.e., there exist three frequency branches of the
acoustical type. The three vibration directions ¥; are mutually orthog-
onal. According to Equation 4-96 the vectors ¥; are to be normalized
s0 that

te,
Il

.-

17 V; = 4-161
; [ 1
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Since r is assumed to be small, the quantity Y oeceurring in the
intensity formula 4-111 is given by Equation 4.116. This equation can
be written in the form

-3
Xir = Vmgmy E V,i7 + Z U”U:’ {4-162]
J=1 w,- Jmd ’

Because of Equation 4-166 we are justified in neglecting the second

i=3P.7,
term of this expression when 7 is small. The quantity 2423 can be
J=1 wj
expressed in terms of the tensor Q. To show this we shall multiply

Equation 4-160 with — 'i? , sum with respect to the index j, and use the

normalization condmon 4:161. The result is

=37.V; pl I

Q- f=1 w; 41r rzzmg 41r21'2V [4-163]

Hence we have
Xerr Q!

vV mymy: - 411’272V

With this approximation the intensity formula of Equation 4-111
becomes

[4-164]

J kT|F2s.- Q7! 5
- Jfﬂl re=aiid 14-165]
where
F = ;gk e“'h = ;fk e’”‘e“"‘ [4'166]

may be called the dynamic structure factor. Since » is small (by
assumption) it is justifiable to replace & by the approximate value
2By and Equation 4-165 goes into
_-é kTIF}{lz B}; Q_l E}{
I, | T
It is readily seen that the corresponding formula for a simple lattice,
Equation 4-144, represents a special case (F reduces to fe™ for a
simple lattice).

Once the elastic constants are known we are thus able to calculate the
intensity distribution of the temperature diffuse scattering for any
crystal in scattering directions corresponding to reasonably small
values of .

3% [4-167)
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9. COMPARISON WITH EXPERIMENTS

The formulas for the temperature diffuse scattering developed in the
preceding section are valid for a small crystal in which true absorption
and extinction can be neglected. The calculations assume furthermore
that the incident and scattered x-ray wave vectors can be sharply
defined relative to the crystal lattice. As shown by the general formula
of Equation 4-111, when these conditions are fulfilled, the intensity of
scattering is proportional to the volume of the little crystal. Quite
generally we may therefore set

J: K

I, B 1% [4-168]
where I, is the incident intensity, R the distance from the crystal to the
observation point, §V the volume of the crystal. The symbol K is an
abbreviation for the expression

e?\21 + cos® 20 kT i3 (Pa—P1) o Krr
K= (m cz) > v ;;akgk- e §- —mm_k' -3 [4-169)
It is of interest to compare Equation 4-168 with the results obtained for
the Laue-Bragg scattering of a small crystal. We learned that the total
scattering associated with a Laue-Bragg reflection, i.e., the total blacken-
ing of a Laue-Bragg spot on the photographic plate, must be measured
in terms of the integrated reflecting power. It was shown (see Equa~
tion 3-78) that the integrated reflecting power of a small crystal is direct-
ly proportional to the scattering volume. The relative blackening of
the temperature diffuse scattering and of the Laue-Bragg scattering is
thus independent ‘of the crystal size. (This statement is clearly true
even when true absorption phenomena are taken into account, since
true absorption affects both types of scattering in the same manner.
The statement is, however, not valid for large crystals of the perfect kind
in which extinction is great, since extinction occurs only when the Laue-
Bragg equation is satisfied.) One of the opponents of the theory of
temperature diffuse scattering has argued that the Laue-Bragg scatter-
ing is proportional to the square of the crystal volume.® The inten-
sity of a Laue-Bragg reflection for a small crystal is truly proportional
to N2 at the center of the diffraction pattern as shown by Equation
3:54. In section 3.7 we show, however, that it is the area under the
diffraction pattern which is observed experimentally and which thus
measures the blackening of a Laue-Bragg spot. But the area under the

9C. V. Raman, Proc. Ind. Acad. Sci., 18, 330 (1841); Proc. Roy. Soc., 179, 289
(1942).
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diffraction pattern is proportional to N, i.e., to the volume of the crystal.
The argument put forth by this opponent of the theory is thus incorrect.

Let us assume at first that the crystal truly is small enough so that
Equation 4-168 can be used. Assuming the cross section of the erystal
to be greater than the cross section of the incident beam §V in Equa-
tion 4-168 obviously is to be interpreted as the volume of the scattering
part of the crystal. We have then

V= Solp [4-170]

where S is the cross section of the incident beam and ¢y the mean thick-
ness of the crystal parallel to the incident beam. Egquation 4-168 may
then be written in the form

= = Kiyo [4-171]

where ¢ = Sy/R? can be interpreted as the solid angle subtended by the
incident beam (the incident beam is assumed to be strictly parallel).
In order to be able to measure the variation of Ja with seattering direc-
tion it is necessary to make ¢ so small that J» does not vary appreciably
for scattering directions within this solid angle,

We shall next show that the expression 4-171 is a special case of a
general formula which holds for absorbing crystals, Most experimental
investigations of the temperature diffuse scattering have indeed been
made with large crystals for which absorption phenomena cannot
be neglected.

In agreement with an earlier understanding we suppose the incident
x-ray wave vector to be so chosen that no Laue-Bragg scattering is pro-
duced. Extinction, which by definition is absorption caused by the pro-
duction of Laue-Bragg scattering, is then zero and the intensity decrease
of an x-ray beam passing through the erystal can be deseribed in terms
of the linear absorption coefficient u. For purposes of discussion we
shall write

8 = po + pc + ur [4-172]

o i8 the true absorption coefficient, yc and pp are the contributions to
the linear absorption coefficient due to Compton seattering and tempera-~
ture diffuse scattering respectively. pyisa function of the temperature,
and it may also show a slight variation with the direction of incidence.
Ordinarily us + up is small compared with go, and the dependence of x
on temperature and propagation direction cannot easily be demonstrated
experimentally.

Consider a volume element dV in the interior of a large crystal. The
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intensity of seattering due to this volume element is given by Equa-
tion 4-168 if I, is the incident intensity at the volume element and if the
absorption of the scattered radiation is neglected. Taking account of
the absorption of incident and of scattered radiation we have

‘? = ;—:5 ¢t gy [4:173]
0

where the integration is to be extended over the irradiated part of the
crystal, I, is the incident intensity outside the crystal, ¢; is the length of
path along an incident ray from the crystal surface to the volume ele-
ment, and {3 is the length of path along a scattered ray from the volume
element to the crystal surface. The integral can be expressed in the
form

f Ut gy = SoA [4174]

The quantity A may be called the absorption factor, and it is easily
evaluated if the crystal has the shape of a plane-parallel plate (compare
Equation 4.60). Hence we have
? = KAs [4175]
0
For small crystals where u(f; + #) = 0, A becomes { and Equa-
tion 4-175 reduces to Equation 4-171.

It is seen that the intensity ratio J2/I, is proportional to the solid
angle ¢. As a consequence estimates of the intensity ratio given by
different investigators show a wide divergence. In order to get com-
parable results it is clearly necessary to give intensity ratios per unit
solid angle ¢.

It is of value to have an idea of the order of magnitude of the inten-
sity ratio, and we shall therefore carry out a numerical computation.
Sodium chloride will be chosen as a suitable example. The elastic con-
stants of this crystal are ¢y = 5.02 X 10, ¢j2 = 1.31 X 10!}, ¢4y =
1.27 X 10'', We shall get considerable simplification in our formulas
without appreciable loss of accuracy if the values ¢;; = 4.5 X 10!,
¢2 = €44 = 1.5 X 10" are used rather than the correct ones. Assum-
ing 7 to be small and using formulas given in the preceding sections,
Equation 4-169 becomes

\*1 + cos® 205 kT|F|?
K= (n—‘:cz-) 2“0022 o 2 V%‘: 1\2 (1 + cos® ) cos® (0 — ¢) [4:176]

The dynamic structure factor F defined by Equation 4-166 may change
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quite rapidly with & and the approximation § ~ 27 By in the expression
for F is therefore permissible only if 7 is very small. This statement has
interesting implications. Although a Laue-Bragg reflection is zero
because F(2rBy) = 0, a diffuse maximum may be associated with this
lattice plane since the dynamic structure factor for the diffuse scattering
is F2rBy — 2x7) and gencrally different from zero. Inserting
numerical values for the known quantities K becomes

os? 205 T|F|?

14 c¢
= —10
K=38X10 cos? Oy AF

(14 2 cos? ¢) cos® (65 — ¢) [4-177q]

We are interested in the intensity at the diffuse maximum associated
with the lattice plane (200). Assuming Cu Ka radiation A = 1.54 A
we have 8p = 15°50’, ¢, = 9°30’, |F| ~ 80. Hence

Kpue = 1.3 X 10-5—1—; [4-177b)

For T = 290° and IA[ = 1° we have thus K., = 12. If the erystal
is very thick and if the directions of incidence and scattering correspond

1
to the symmetrical Bragg case, A = — where u = 160 for the wave-

2
length used. This gives then
T = 290
la] = 1° (—J—”) =4 X 107% [4-177¢)
IO max.
1
A= 3%

In order to attain sufficient resolution in the measurements it must be
demanded that Jj varies but little within the solid angle ¢. This
requires ¢ to be small compared to (A sin 205)?, ie., 0 <107% Asa
suitable value for ¢ we shall use ¢ = 4 X 10~ (corresponding, say, to
R = 5 cm. and a circular aperture of diameter 0.36 mm.). The result-
ing value for Jo/Ip is 1.6 X 1078, Thus a 170-hour exposure would be
needed to produce the same blackening at the center of the diffuse maxi-
mum (for |A| = 1°) as is obtained with a l-second exposure of the
ineident beam,

The result of this numerical calculation is in general agreement with
the estimate of the order of magnitude of J3/I, given by various experi-
menters.

We shall next consider the variation of the intensity of the diffuse
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scattering with temperature. Since we are primarily interested in
getting the main features of the temperature variation, somewhat
crude approximations will suffice. For the sake of convenience we shall
again restrict the discussion to scattering directions at or near the
intensity maxima. We shall, in other words, assume r to be relatively
small so that the optical frequency branches do not contribute appre-
ciably to the intensity of scattering.

Under these conditions the following expression is a reasonably good
approximation to the correct intensity formula

I l[vli.’ —.MQ 3. Q—l

=3 ppc: 25V [4-178)

Jp =

In this equation M is the mean value of M; for the different atoms and
Q is the mean value of Q; for the three acoustical branches. For M we
may consequently use the expression given in Equation 4.134, interpret-
ing m as the mean atomic mass. Similarly we have

Q= coth (2kT) (4-179)

where v is the mean value of the propagation velocities. Disregarding
the variation of v with =+ we may introduce the mean characteristic tem-
perature © defined by Equation 4-135, and hence we may set

hvr 70
Q= 3 coth (2 T) (4-179a)
As T decreases towards zero, @ will asymptotically approach the zero-
point energy value of Avr/2. Accordingly the temperature diffuse
scattering does not completely vanish at absolute zero. In order to
follow the intensity variation with temperature let us express the inten-
sity at a temperature T in terms of the intensity at T = 0, assuming 3
and r to remain constant. Using Equations 4-134 and 4-178, one readily
finds

(J2)r "ﬂ":.' 220) ( yr
U)o e v coth 2

where y = 6/T and a = 12k%/mk6. This formula is illustrated graph-
ically in Fig. 4-5. The rock salt curves are obtained using sin 8/\ =
1/2d2p0, © = 281° K., and /7, = 0.25 and 0.10. The values for the
diamond curves are sin 6/\ = 1/2d;,,, 8 = 1800° K., and 7/7,, = 0.25
and 0.10. The two curves clearly demonstrate the differences in the
behavior of soft and hard crystals. If the temperature is raised from
absolute zero to room temperature the diffuse scattering from rock salt

[4-180]

Tm
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is increased by a factor of 8 for r/7, = 0.25, while the corresponding
factor for diamond is only 1.6.

Unfortunately there are few experimental data with which to test
Equation 4-180 quantitatively. Baltzer'® has measured the ratio of

Fia. 4:6.

intensities observed at T = 300° and 7 = 100° for the diffuse maxima
associated with the lattice planes (200), (400), and (600) of rock salt.
His observed values and the values calculated from Equation 4-180
are given in Table 4-2,

TABLE 4.2
TEMPERATURE VARIATION OF THE INTENSITY OF DIFFUSE SCATTERING FOR ROCK SaLr
Associated x (J2)100
Lattice Plane Tm

Obs Calo
200 0.10 2.25 2.8
400 0.17 2.18 2.4
600 0.24 1.91 1.9

No quantitative data are available for crystals with high characteris-
tic temperature. In qualitative agreement with Equation 4-180 it haa,

100, J. Baltzer, Phys. Rev., 60, 460 (1941),
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however, been reported that the intensity of the diffuse scattering of
hard crystals like diamond and silicon earbide is only slightly decreased
when T is lowered from room temperature to liquid air temperature.

The intensity of the diffuse scattering near an intensity maximum is
given by Equation 4-165. F and & change rather slowly with scattering
direction and may be treated as constants over small solid angles. The
relative intensity distribution about a maximum is thus given by the
expression

-] -

Iy « g—%,_,——i [4-181)
and can be calculated numerically if the elastic constants are known.
The x-ray wave vector of scattering corresponding to the intensity
maximum, £, is

km =k + Br — 7 [4-182]

where 7 is the value of 7 for which (3- Q™! :3)/r®is & maximum. If
0; = 65 + Ais the actual glancing angle of incidence on the lattice plane
By and 6p the Bragg glancing angle, the scattering angle 24,, for the
intensity maximum becomes
2 = 205 + 4 + 2T (4183
sin 26p
It is quite difficult to obtain accurate intensity measurements with
which Equation 4-181 can be directly compared. The experimental pro-
cedure must provide for a sharp definition of the vector ». Since 7 is to
be determined from Equation 4-111a, it follows that the experimental
uncertainties in the vectors £, £, and By must be very small. These
conditions require the use of monochromatic x rays, very narrow slits
and a crystal specimen in which the distribution function for the orienta-
tion of the mosaic blocks has a very small half width. As a result of
these precautions the intensity of the temperature diffuse scattering
becomes very small, and very long exposure times are required. For
this reason there is very little experimental material with which to test
Equation 4-181. J. Hamilton Hall'* has made very accurate measure-
ments using KCl erystals and found intensity distributions in remarkably
good agreement with Equation 4-181, as shown by Table 4-3. Similar
measurements have been performed with NaCl crystals!? again giving
satisfactory agreement with theory.

11 J. Hamilton Hall, Phys. Rev., 81, 158 (1942).
128. Siegel and W. H. Zachariasen, Phys. Rev., 67, 706 (1940).
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TABLE 4-3
ScarTERING ANGLES AND Harr Wintns por THE Dirruse Maxma oy KCl
2, — 20 | Half Width
H\HqH, A E . Experiment

ment, Theory . - Theory

400 —~56 -5.0’ -4.8 34.5' 30’ 27.0'

-37 -3.3 -3.0 24.5 20 19.0

-~28 -2.5 -2.3 19 15 15.0

~-17 ~1.0 -1.5 14 10 10.0

+23 8.0 8.0 16 12 12.6

+31 6.7 7.0 21 17 156.8

440 -~33 —-25 -28.0 26.5 20 20.0

Note. Since the incident beam contained two wavelengths, Cu Kay and Cu Kay,
the theoretical values were obtained as follows. The intensity distribution was cal-
culated from Equation 4181 for each of the two wavelengths and the two curves
combined giving the aj-curve twice the weight of the as-curve. A and 8p refer to
Cu Ka;. The two columns of experimental half widths have the following meaning:
the numbers in column I are the directly measured half widths while the numbers
in column II are the directly measured half widths corrected for the effect of the
vertical height of the slits.

Most experimental studies of the temperature diffuse scattering have
been made with slits which are too wide to give a sufficiently sharp
definition of the vector 7. While experiments of this sort do not give
intensity distributions which can be compared with Equation 4-181
they may lead to reliable determinations of the scattering angle for the
intensity maximum. Accurate measurements of the angles 26,, have
been reported for NaCl crystals by Jauncey and Baltzer.'® Their results
agree with the theoretical values 28, calculated!® from Equation 4-183,
using the known elastic constants of NaCl as shown by Table 4-4.

Rather extensive experimental studies have been made with diamond
crystals. It is found that all diamond crystals give rise to temperature
diffuse scattering effects of the type demanded by theory. However,
most diamond specimens show additional scattering effects which cannot
be explained by the theory (compare, however, section 12).

10. HEAT MOTION AND THE LAUE-BRAGG SCATTERING

The heat motion of the atoms affects the x-ray scattering of a lattice
in two ways: it gives rise to the temperature diffuse scattering and to a
decrease in the intensity of the Laue-Bragg scattering as compared to

13G. E. M. Jauncey and O. J. Baltzer, Phys. Rev., 69, 689 (1941).
14 W. H. Zachariasen, Phys. Rev., 59, 909 (1041).
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TABLE 4.4

OBsERVED AND CALCULATED VALUES OF 20, — 205 ronr NaCl

(H\HqH3) = (400) (H H3H,) = (620)
a Experimental| Theoretical a Experimental] Theoretical
7.0° 2.4° 2.7° 3.87° 4.5° 4.4°
6.0 2.4 2.3 2.87 3.2 3.2
5.0 2.1 1.9 1.87 1.8 2.1
4.0 1.6 1.5 0.87 0.9 1.0
3.0 1.3 1.2 -0.13° 0 ~0.1
2.0 0.8 0.8 -1.13 -1.2 -~1.3
1.0 0.6 0.4 ~2.13 -2.3 —-2.4
0 0 0 -3.13 -3.6 -3.6
-1.0 -0.4 ~0.4 -4.13 -4.5 ~-4.7
-2.0 —~0.6 -0.8 -5.13 —~5.4 -5.8
-~3.0 -1.2 -1.2
-4.0 -1.8 -1.5
~6.0 -1.8 -1.9

that of a static lattice. We have shown that all formulas for the Laue-
Bragg scattering of a static lattice will be valid for the dynamic lattice if
everywhere the atomie scattering power fi is replaced by the corre-
sponding dynamical quantity g, = fie~**, The general formula for the
exponent M, is given in Equation 4-112. As shown by Equations 4-81-
4-85 M} can also be expressed in terms of the mean square displacement
of the atom from its equilibrium position

Me=33-A¢3 -5 [4-184)
According to Equations 4-109 we have

AEAE - - > Uuﬁzigi (4-185)
my wj

where the bar on the right side indicates averaging over the phase cell.
Since the exponents M, represent mean values over all vibrational modes,
it becomes clear that experimental studies of the effect of teraperature on
the Laue-Bragg scattering cannot give information about the details of
the frequency distribution. Such detailed information can be obtained,
as we have seen, from experimental investigations of the temperature
diffuse scattering where the intensity in a given scattering direction is
associated with only one point of the phase cell.

In order to calculate the intensity of the Laue-Bragg scattering the
exponents M; must be known. Conversely, experimental data on the
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temperature variation of the Laue-Bragg scattering can be used to
determine M;. In this section we shall consider the theoretical and
experimental evaluation of ;. For the sake of convenience the dis-
cussion will be restricted to monatomic lattices. The index & may then
be omitted, and there is only one exponent M and this is given by

kT
M=5X-3 [4-186]

where{ =V X dv is the mean value of the tensor X over the phase
cell. We shall set

X = xiti1 + xelaiz + Xalals [4-187]
where 7;, 73, 73 are unit vectors along the principal axes of ¥, Hence
2 kT (sind
m = 85T (00 s s+l 18]

where v;, 72, vs are the direction cosines of § in the reference frame
%1, %2, 7a. The tensor ¥ must be invariant under the symmetry opera-
tions of the lattice and symmetry considerations may therefore give us
some information about ¥. In cubie lattices the tensor ellipsoid must
degenerate into a sphere, i.e., ¥ = X1 and we have

a2
M = 872 H(M) X [4-1884a)
m A

The tensor ellipsoid must have rotational symmetry about the principal
symmetry axis in hexagonal, tetragonal, and trigonal lattices, x1 =
and hence hexagonal, tetragonal, and trigonal lattices

kT (sin 0)

M= 81r2 {31 sin® ¢ + x5 cos® ¢} [4-188b)

where ¢ is the angle between § and the principal symmetry axis. The
vectors 7y, %a, i3 are along the three twofold symmetry axes of ortho-
rhombic lattices and in monoclinic crystals one of these vectors must
coincide with the single symmetry axis of the lattice. Thus M (and
hence the mean square displacement) has anisotropic character except
for erystals of cubic symmetry.

In Equation 4-134 was given an expression for M in terms of the
characteristic temperature ©. This formula is based upon the approxi-
mation of Equation 4-132 which disregards the anisotropy and thus
Equation 4-134 applies only to cubic crystals. Let us therefore try to
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find another convenient expression for M applicable to erystals of any

symmetry,
As a reasonably good approximation to Equation 4-125 we shall use

X(r ~Q(')ZU’0 Ay [4-189]

where we have used Equation 4-119, and where Q is the mean value of
@; for the three frequency branches. For relatively small values of 7
the tensor Y is given by Equation 4-142, and this formula for Y will be
used as a sufficiently good approximation throughout the entire phase
cell. Accordingly we have

—1
X = 1‘ P.C. k?'szwr dv 14190}

The correct value of X for large r will be somewhat greater than is indi-
cated by Equa.tnon 4-142, since the propagation velocities actually
decrease with increasing r. The formula 4-190 may therefore be
expected to yield too small a value for ¥.

Let us replace Q and Q" in the integral above by their mean values @

and Q" over all directions of #, and let us for the phase cell substitute a
sphere of equal volume. The resulting expression for ¥ is

s M Q F Tm .
A T rm[¢(xm)+ ] [4-101]

7m i3 the radius OE ‘the sphere having the same volume as the phase cell,
ie, mm = ( ym V) . ¢ is the function defined by Equation 4-136, and

= hyrn/kT. In terms of the characteristic temperature O =
hvr,,./k we have z,, = 6/T. Theformulafor M becomes

M = (viCy + ¥3Cs + v3C3) (T) T [¢(xm) + x—"']
6 ——
4( ;z) k9T (4192)

. Zm .
The function ¢(z,,) + f is very nearly unity over a considerable tem-

perature range as shown by Table 4-5.
For z < 27 the following expansion ean be used
4
x

p@) +E=142
Y 36 3600 T [4-193]
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and hence for 7' >> 8
2

2
r[om) + 2] =7+ 57 4-104]
4 36
The tensor Q1 can be expressed in terms of the elastic constants using

TABLE 4.5

Tuae FuncrioN ¢(z) = ¢(z) +§

z ¥(z) z ¥ (z) z ¥(z) z v(z)
0 1 1.2 1.040 3 1.233 9 2.433
0.2 1.001 1.4 1.054 4 1.388 10 2.664
0.4 1.004 1.6 1.069 5 1.671 12 3.137
0.6 1.010 1.8 1.087 6 1.771 14 3.614
0.8 1.018 2.0 1.107 7 1.984 16 4.103
1.0 1.028 2.5 1.165 8 2.205 20 5.082

the formula for Q given in Equation 4-141, Thus we find for cubic
erystals

2¢
Cas 11;' C44 + poLL ;Gw
Ti= {4-195)
oy + b2 en + 2;(;;-!- C44 + beas cn '; C12

The quantity Q™' occurring in Equations 4-191 and 4-192 should
represent a mean value over the entire phase cell, but we propose to
approximate by using instead the mean value of Q™! for small values of 7.
As stated earlier this procedure will yield a too small value for M.

If the characteristic temperature of the erystal is accurately known
from the experimental specific heat curve it may be convenient to rewrite
Equation 4:192 in another form. In order to find this alternative expres-
sion for M We proceed as follows. According to 0 Equation 4-140 we have

#TL = 7 where I = %}rﬂ‘ 1, However, 72 can also be expressed

in terms of the characteristic temperature. Equating the two expres-
sions for v™2, we find
— K%

1 s [4-196]
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Thus the coefficients C; in Equation 4:192 can be written as
o T

i =

By this procedure only the ratios Q7'/@' are determined from the
elastic constants while the absolute value of Q! is determined from the
characteristic temperature by means of Equation 4-196. It is readily
seen that Equation 4:192 for cubic symmetry becomes identical with
Equation 4-134 if the coefficients C; are given by Equation 4-197 rather
than by Equation 4-192a.

The coefficients C; can be determined experimentally, and hence the
theory can be tested. For that purpose the integrated reflecting power
of a given Laue-Bragg reflection is measured at different temperatures.
(Since our theory of the heat motion assumes linear restoring forces
the theoretical formulas cannot be expected to hold at very high tem-
peratures, and in the following discussion it will therefore be assumed
that the experimental measurements are made in a temperature range
for which the theory is valid.) Let us for the sake of convenience
suppose that the erystal under investigation is of the mosaic type and
that all extinction effects are negligible. According to the results of
section 3 the integrated reflecting power is then proportional to e 2
(remembering that f is to be replaced by fe=* to make the results valid
for dynamic lattices). Hence the ratio of the integrated reflecting
powers measured at two temperatures Ty and T, is given by ¢~2(A1—M2
and

My — M, = —log By (4-198)
R
Using Equation 4-192 we have, on the other hand,
My — = (1iC1 + 73C2 + ¥3Cs) (sm ) [Taps — Thén]  [4-199]
Thus
1. B
log R
(3C1 + ¥3Ca + 73Cs) = {4-200]

sin 0
( N ) [Tago — Ti¢4]

Since the direction cosines vy, v2, va depend upon the Miller indices of
the reflecting lattice plane, the coefficients C;, Ca, C3 can be found if the
ratio R;/R, is measured for different reflections.
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Accurate measurements of Mg — M; (for room temperature and
liquid air temperature) have been obtained for NaCl,'® KC),® Al 7
NaF,'8 and Zn.'® Of these only Al corresponds to a monatomic lattice.
However, NaCl, KCl, and NaF are fairly good approximations to mona-
tomic lattices. Zn is the only non-cubic crystal in the list, but the elas-
tic constants for Zn are known so that we are able to calculate the
anisotropy. The following table shows the values of C; obtained from
the experimental data together with the theoretical values calculated
from Equations 4:192a and 4-197. NaF is not included in this list since
neither the elastic constants nor the characteristic temperature is known
for this substance.

TABLE 4.6
OBSERVED AND CALcuLaTED VALUES op C¢
Theoretical
Crystal Experimental
Eq. 41024 Eq. 4197

NaCl 4.6 X 10710 4.0 X 1071 5.0 X 10~
KCl 5.7 5.7 6.0
Al 2.54 2.8

Cy 2.3 2.1
Zn Cs 7.9 1.2

Once the constants C; have been found the mean square displacement,

A% of an atom from its equilibrium position can be evaluated. By using
Equation 4-185 one finds readily

i = 20 #1801 430s T[,,,(,,m) + ’.2:} [4-201]

With the experimental value C = 2.54 X 10~° for Al this formula gives
& root mean square displacement of 0.099 A at T = 200°, of 0.064 A at
T = 86°.

15 R. W. James and E. M, Firth, Proc. Roy. Soe., A117, 62, (1027). L Waller
and R. W. James, Proc. Roy. Soc. A117, 214 (1927).

18 R. W. Jamesand G. W. Brindley, Proc. Roy. Soc., A131, 155 (1928).

YR. W. James, G. W. Brindley, and R. G. Wood, Proc. Roy. Soc., A126, 401
(1929).

18 J_ J. S8honka, Phys. Rev., 43, 947 (1033).

¥ @G, E. M. Jauncey and W. A. Bruce, Phys. Rev., 60, 408 (1936).
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11. A GENERAL THEORY OF X-RAY DIFFRACTION IN
DISORDERED LATTICES

Mosaic structure and heat motion are the two most important causes
of crystal imperfections. Heat motion will, of course, be present in all
crystals, and there seem to be few, if any, crystal specimens which are
entirely free of mosaic structure. We shall not attempt to prepare a
complete list of all other disorders which so far have been found, although
we shall mention some of them later on. A general discussion of the
efiect of disorder on the x-ray scattering is much more important. In
this section we shall therefore present a theory of x-ray diffraction in
disordered lattices. No assumption will be made regarding the nature
of the imperfection, and the results which we shall obtain will accord-
ingly be applicable to any one disorder or to any combination of
disorders.

Whatever may be the nature of the crystal imperfections we may, as
shown in section 1, associate effective scattering powers g¥ with ideal
lattice sites 7. + Az. The extent of the disorder can be expressed in
terms of the fluctuations ¢% of the effective scattering power from the
mean value gr. The general definitions of the quantities g¥, gi, and of
are given in Equations 4-8, 4.9, and 4:-10.  According to these definitions
gk, g1, and of are to be regarded as slowly varying functions of the
veetor § = 2x(k — k), i.e., of the scattering direction for given incident
wave vector K.

The expression for the intensity of scattering from a small disordered
crystal is readily obtained by comparison with the derivation given in
Chapter 111, section 6. We find

I =1, T Fu(Fu)® é*di-s (4202
where Fy, defined by Equation 4-11, is the structure factor for the unit

cell at Az, With the aid of Equation 4-13 the intensity formula can be
written in the form

I=0h+J, [4-203a)
- — in? AN.3 - a.
= 2 $5-4 -L = ] 512 T SI % [ € .
Ji = L|F| Ige L oJF] I._I—sin,_, T [4-203b)
Jo = 1,3 e Aimtt 5 of (ofl)* £ ) [4-203c)
L L k'

Equation 3-48 shows that J, is the scattering from a small ideal erystal
with structure factor F, i.e., J; is the scattering from the mean lattice of
the disordered erystal. Since J, is different from zero only in a narrow
range about the Laue-Bragg directions, 8 = 2rBy, we shall call it the
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Laue-Bragg scattering. The characteristic features of this scattering
have been dealt with in great detail in preceding sections of this volume,
and no further discussion is needed beyond the general statement that all
results which we have obtained for the scattering of ideal crystals
become valid for the Laue-Bragg scattering of disordered orystals if
everywhere fi is replaced by gy.

Whereas J; is a measure of the long-range order in the lattice, Ja
measures the disorder and will therefore be called the disorder scattering.
We shall assume that the crystal under consideration gives a fair sample
of the disorder. If this is true, the disorder scattering from our little
crystal is indistinguishable from the mean value of the disorder scatter-
ing from a large number of crystals of identical shape and volume which
we imagine are cut out of the infinite disordered lattice. Accordingly we
replace Equation 4:203¢ by

Ja=1, Z e""jL-b' g 'Pllc'k'—” ot (Pr—F1) [4204]
L s k'
where
1
otk = 5 T ey (4203

The quantity ¢} represents the mean value of the produets of the dis-
orders at sites having a vector separation Ay + 7+ — 7. It is obviously
true that

ot = (ehi)* [4-208)

Zu et =0 (4-207)

When there is no correlation between disorders of different unit cells
¢iL, has the same value for every M except M = 0, and we have
e for M =0
vib =4 __1
N-1
There is an even higher degree of randomness if the various disorders
within the same unit cell also are independent of one another. Then

[4-208)
ey for M 0

Oofor k#k’l
ot = Pk f;)r k=% and M =0 [4-209]
-N_lgo& for k=k" and M =0

The disorders ¢f associated with the kth set of sites can be expanded
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in a Fourier series

"'l*

él

}: 3 aL [4-210a)
P

ll

ﬁl

Z i2rindy, [4-210B}
NL

Since ¢f is a slowly varying function of §, this is true also of the Fourier
coefficients ¢5. The vector 7, is

rp = 11y + 2B + 7303, T = ]‘% [4-211)
L]

where py, pa, ps are any three integers. The disorders ¢f will thus repeat
periodically outside our little crystal in agreement with our statement
that it is to be considered a fair sample. Because of the periodic nature
of the exponential function in Equation 4-210a vectors 7, and 7, + By
will correspond to the same Fourier term. Consequently, the vectors
r, may be restricted by the condition

|75] < |75 + B (4:212)

where By is any reciprocal lattice vector which is not zero. The
r-space is thus a polyhedron of volume V~!. This polyhedron, the
phase cell, becomes identical with the reciprocal unit cell for primitive
orthogonal lattices. The N points 7, corresponding to the various
Fourier terms are evenly distributed throughout the phase cell.

The disorder scattering J; does not depend directly upon the dis-
orders ¢f but rather upon the quantities ¢ff.. The Fourier series
representation of these quantities becomes

o = = Z Y €277 A [4-213a]}
e = Z«» ¢t da (4-213b)

where
Ve = HRWE)* + (B} (4-213¢]

It is important to note that the Fourier coefficients ¢f are positive
quantities.
Substitution of Equation 4-213a in Equation 4-204 gives for J2

Jp = Iozg!ﬁfk' - (F—7) ;\—IE efterto)-dp-p [4-214]
P ki W
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The double sum with respect to L and L’ is either zero or N2, Conse-
quently Equation 4-214 reduces to

Ja = NI, am. et (R [4-2154]
where
3+ 2rr, = 2xBy [4-215b)

The latter equation associates a unique vector 7, with each specified
value of & The intensity of the disorder scattering for a given value of
§ depends only upon the Fourier coefficients which correspond to the
associated vector 7.

It is seen from Equations 4-207 and 4-213b that @ = O for any pair
k, k. Hence J3 = Ofor 7, = 0. There is, in other words, no disorder
scattering in the exact Laue-Bragg directions. In any experiment the
uncertainty A# in the vector & will be large compared with b;/N;, and
accordingly Equation 4.215b will not give just one but a number of
neighboring values 7p. Actual measurements will thus give us only
average values of J over a set of neighboring vectors 7,. Since J; = 0
for 7, ¥ 0 we shall consequently not be able to observe that J; really
vanishes in the exact Laue-Bragg directions, and the singularity r, = 0
may for all practical purposes be omitted from our considerations.

Let us first find the expression for J; when there is no correlation
between the disorders in different unit cells. Equation 4-208 is then
applicable, and Equation 4-213b gives

N
Vi = N ‘_ 1 e = o [4-216q]
J2 = NL{[F} - |F|3} [4-2163)

where W is defined by Equation 4-14a.
Next we shall find the mean value of J as 7, varies throughout the
phase cell. If we assume 7, to be small compared to § this mean value

becomes
— . 1 =5 =
Jy = NI,ée‘”"’"‘" ¥ Z,:”’f*' = NI{|F]* - |F|*} (217]

where we have used the relation D> yfi = ¢} which follows from

Equation 4.213b. This result has anpimportant bearing on the inter-
pretation of experimental data. Suppose, namely, that one attempts
to measure the disorder scattering using wide slits or continuous x rays.
Under these experimental conditions the uncertainty A# in the vector 3
may be comparable to or larger than the vectors b;, and the measure-
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ments will yield J; rather than J,. However, because of the identity of
Equations 4-216b and 4-217 the experiments may incorrectly be inter-
preted as confirming the former equation, i.e., as proving the random
character of the disorder. This mistake has indeed been made.
G. E. M. Jauncey®? studied the temperature diffuse scattering under
experimental conditions such as we have described, and his measure-
ments seemingly confirmed the incorrect Debye theory?! 2% 28 which
assumed that the atoms were vibrating independently of one another.24
It may be assumed that the disorders ¢f are not periodic in three
dimensions. Suppose, namely, that they were spatially periodic. The
pericds would necessarily be of the form &/ = 3 c;;8; (= 1,2, 3 and
7

J = 1,2, 3), where all coefficients ¢,; are integers. But then the * dis-
ordered ” lattice could be represented as an ideal lattice with periods
a4, 83, ;. It is, however, possible for the disorders ¢ to be periodie in
one or two dimensions without having spatial periodicity. We shall
indeed have to consider the following possibilities.

A. Three-dimensional disorder.

The disorders ¢ are not periodicin any direction.
B. Two-dimensional or planar disorder.

The disorders of are periodic in one direction.
C. One-dimensional or linear disorder.

The disorders ¢f are periodic in two directions.

The character of the disorder scattering is quite different in the three
cases as we shall Jearn presently.

A. Three-Dimensional Disorder. When the disorders ¢¥ have no
periodicity, none of the Fourier coefficients yf.. (other than i) is
identically zero. Hence J2 > 0 for any value of & (except § = 2zBp),
and the disorder scattering is diffuse.

The vector & or better §/27, can be interpreted as representing a
point in reciprocal space. Accordingly we may imagine all points
By - r» plotted and the appropriate value of J, associated with each
of these points. In this manner we obtain a scalar field representation
of J3 in reciprocal space. The points By — 7p are discrete, but neigh-
boring points are so close together that the distribution may be regarded
as continuous for all practical purposes. In order better to visualize
the variation of J from point to point it is convenicnt to draw the level

0 A great many articles in The Physical Review in the period 103040,

21 . Debye, Ann. der Phys., 43, 40 (1914).

22G: E. M. Jauncey and G. G. Harvey, Phys. Rev., 87, 1203 (1931).

23Y': H: Woo, Phys. Rev., 38, 1 (1931); 41, 21 (1032).

24 W: H: Zachariasen, Phys. Rev., 57, 597 (1940).
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surfaces J3 = constant. Let it be supposed that we are interested in
finding the intensity distribution J; as function of scattering direction
for given incident wave vector k. We may then construct the sphere
of reflection corresponding to the given vector &g as deseribed in Chap-
ter III, section 2. The values /27 which come into consideration are
then given by vectors drawn from the origin of the reciprocal lattice
(the point O in Fig. 3-2) and terminating upon the sphere of reflection
while the scattering directions are radius vectors of the sphere. We
shall assume that the sphere of reflection does not pass through any
reciprocal lattice point, i.e., that no Laue-Bragg scattering is produced.
The level surfaces J; = constant will intersect the sphere of reflection
in closed curves which define a set of cones, the generatrices of which
are directions of equal intensity of scattering.

If the various disorders within the same unit cell are independent of
one another, we may set off = 0 for k # %’ and Equation 4-215a
reduces to

Jg = Nl,zk:m = NI,;lgb:I’ (4-218)

Since I, and ¢F are slowly varying functions of & the Fourier coefficient
VB will not change very much when § is given an increment =+2xb;.
Accordingly J, is quasi-periodic in reciprocal space with periods 8y, ba, 5a.
If the disorders within the same unit cell are correlated, they will no
longer scatter independently of one another, and the quasi-periodicity
will be partly destroyed because of interference.

It is not possible to say very much about the level surfaces J; = con-
stant unless specific assumptions are made concerning the nature of the
correlation. It is justifiable to assume that there is negligibly small
interaction between the disorders at sites which are far apart in the
lattice. This implies that off. approaches zero for large values of M.
Since the mean value is zero, ¢ff plotted as function of M must oscil-
late between positive and negative values. The manner in which these
oscillations take place is, however, entirely dependent upon the character
of the disorder and its correlation.

The distance between an atom and its next neighbors cannot be
changed a great deal without making the lattice unstable. In displace-
ment disorders it is accordingly to be expected that the relative dis-
placement of neighboring atoms is small. As M increases from zero,
¢il, will thus decrease from its maximum value ¢, eventually become
negative, pass through a minimum and then, as schematically indicated
in Fig. 4-6, asymptotically approach zero (possibly after a few additional
oscillations of steadily diminishing amplitude). The corresponding
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Fourier coefficients yf,- will behave as indicated in Fig. 4-7. As p in-

creases the Fourier coefficient will rapidly attain its maximum value
and then show a monotonous decrease, The radius of the crater at

4

S

&l

=\ —

F1a6. 4-6.

P
£ 1’4

pl—-
Fia. 4-7.

p = 0is usually too small to be observed. It may thus be anticipated
that the scattering function J2(8/2x) for displacement disorders will
exhibit maxima in the immediate vicinity of the reciprocal lattice points.
As 2 consequence the level surfaces will usually be closed surfaces about
the points By, and the directions of maximum scattering will correspond
to small values of 7,. If the level surfaces are spherical, the scattering
directions fi,, for which there is maximum intensity are readily found.
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It is seen from Fig. 4-8 that these directions are given by
ko + By

" = ko + Bul 219
Hence the intensity maximum lies in the plane of incidence and occurs
at & scattering angle 26,, which is
_ |Bm<k|l  2sin 65 cosb;
o 2 = S F 1= 2sintp el

[4-220]

This result is identical with Equation 4-137 which gave the approximate
location of the intensity maxima for the temperature diffuse scattering.
Even if the interaction is approximately isotropie it is not in general
justifiable to assume that the level surfaces are spheres, and Equations

— I

F,, Level surface

Ve

Fra. 4-8.

4-219 and 4-220 should therefore be used with reservations. It is seen
from Fig. 4-9 that the exact direction of the intensity maximum depends
upon the shape of the level surfaces. Indeed, the intensity maximum
need not even lie in the plane of incidence.

It must be emphasized that the conclusions reached in the preceding
paragraph refer to the specific type of correlation which seems probable
for displacement disorders. Correlations of entirely different character
may be expected for substitution disorders,

B. Planar Disorder. Let us assume that the disorders of are peri-
odic in one direction with period A;. We shall then have

oF = oK [4-221)

for any L and any k. As shown by Equations 4-210 and 4-213 this
condition implies _
VB =0 if 7,- Ay > integer [4-222]
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Hence J3 # 0 only in the sequence of reciprocal lattice planes normal to
Ax which is defined by the equation 7, «- Ax = integer. The variation
of Jg within these planes is, of course, determined by the correlation
normal to Ag, but we shall not investigate this point. The sequence of
reciprocal lattice planes intersects the sphere of reflection in equidistant
and parallel circles which define a discrete set of circular diffraction

Fia. 4.9,

cones, and disorder scattering consequently takes place only in those
directions which are generatrices of these cones. These directions @
are given by

@ =1+ Mg — N1, 7,-Ag = integer [4-223)

The disorder scattering will thus appear on a photographic plate as a set
of sharply defined streaks which are ellipses, parabolas, or hyperbolas.
The positions of these streaks are the same as for a linear grating with
period Ag.

C. Linear Disorder. We shall finally consider the nature of the
disorder scattering when the disorders ¢f have two-dimensional periodio-
ity. Let the disorders f be periodic in any direction which is parallel
to a given lattice plane characterized by a vector B,. The following
condition is then fulfilled

vi =eft* if Ag-By=0 [4-224]
for any L and for any k. It follows from Equations 4-210 and 4-213 that
Ve =0 if 7,xB, <0 [4-225]

Accordingly J, is different from zero only along the reciprocal lattice
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rows which are parallel to B;. These intersect the sphere of reflection
in discrete points. The disorder scattering consequently occurs in
sharply defined directions % given by

T=To+MBy —Nr,, 1B, =0 [4-226]

The positions of the interference spots on a photographic plate are
clearly the same as for a two-dimensional grating.

The formula for the intensity of the disorder scattering given in
Equation 4:215a holds for small crystals in which absorption and extine-
tion are negligible. Experimental measurements are usually made on
large crystals, and hence the observations cannot be directly compared
with this equation.

We shall assume that the direction of incidence is such that no Laue-
Bragg scattering is produced. All extinction effects in a large crystal
are then negligibly small and only absorption phenomena need to be
considered. The treatment of the temperature diffuse scattering from
large crystals given in the first part of section 9 can readily be general-
ized to arbitrary disorders. For this purpose Equation 4-215a will be
rewritten in the same form as Equation 4:168, and we have

Jo K
o~ B vV [4-227a]

e®\?1+cos®28 _, PP
=f—) — . * ) "
K (m cz) 2 14 @”fk e (4-227b]
The intensity ratio Jo/Ip for large crystals is then given by Equa-
tion 4-175,

12, SOME COMMON DISORDERS

The two most important disorders, mosaic structure and heat motion,
were discussed in detail earlier in this chapter. Since the individual
mosaic blocks scatter independently, and since it is necessary to take
account of extinction as well as of absorption, the general theory pre-
sented in the preceding section is not very useful for the treatment of
x-ray diffraction in mosaic crystals. A comparison will show, how-
ever, that the theory of the temperature diffuse scattering which we
have given represents a special case of the general theory. The explicit
expressions for gf, gi, oif,, and ¢ as applied to heat motion are

ok = frev3E [4-228a)
g = fk e"“ [4'2285]
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M,
olt = ggp(e ¥ — 1) = quge P [4-228¢]
Ve = \/"“’" kT & - Xuao(p) - § (4-228d]
MMy

and substitution of Equation 4.2284 in Equation 4-215a gives the correct
intensity formula for the thermal disorder scattering.

Rotation of Radicals and Molecules. The lattice vibrations do not
represent the only thermal disorder. It has been shown that in some
crystals groups of atoms, radicals, or molecules have rotational motion
at elevated temperatures. The onset of the rotation is accompanied
by anomalies in the physical properties, in particular the transition
point is readily observed in the specific heat curve. In some instances
the rotation axes of the various groups have random orientation, whereas
in other cases the rotation seems to take place about axes which are all
parallel to a fixed direction in the crystal.

It cannot be expected that neighboring groups will rotate independ-
ently of one another, but there is no experimental or theoretical infor-
mation about the correlation. Under the circumstances we shall derive

only the expression for the mean disorder scattering J since it is inde-
pendent of the correlation. It will be assumed for the sake of con-
venience that there is only one rotating group per unit cell, and it may
then be supposed that the origin of the unit cell is at the center of mass
of the group. The instantaneous position vector of the 4th atom in the
unit cell at A7, measured relative to the origin of this cell will be denoted
by BE. The length of this vector is independent of the index L, and we
set therefore

Re=|RE Ru = |RE - RE| [4:229)

When the rotation axes of the various groups are oriented at random
the mean value of BF over all unit cells is zero. The mean sites for all
rotating atoms are therefore Ay + 7 with 7 = 0, and Rf becomes
identical with the displacement 7. Accordingly we have

Fi= ok = Lfe e [4:230]

The mean structure factor becomes
= X f “hees singdo = 3 fi = = SR" [4:231]

The mean square structure factor is
PP = fufe dn m""' [4-232]
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Substitution of Equations 4-231 and 4:232 in Equation 4-217 gives

— sin sRyyr  8in sRy sin 8R,,,)
Ja = NI ) —
2 ) Efkft ( 8Rpw sRy sRy

Next we shall find the expression for the mean disorder scattering
when the rotation axes are parallel to a fixed direction #. The mean
position vector is then ¥ == R} cos ¢ # where ¢ is the angle between #
and Rf. The quantity §-Af becomes

§-Bf = sRy sin ¢ sin ¢ cos x;, [4-234)

[4-233]

where ¢ is the angle between 3 and # and x,, the instantaneous angle of
rotation for the group in the cell at Az. Hence we find

—I
gr = fue™ 3% = f,Jo(sRy sin ¢ sin o1 [4:235)

and
F= ;kao (sRy sin ¢ sin ) g™Fr o Pacoe¥ (4-236)

where Jg is the Bessel function of order zero. This gives for the mean
disorder scattering

J—g = NI, kzk:'fkfk’ cos (SRH,: COS rxt COS ‘P){ Jo (SRM,: sin Okt sin lll)
— Jo(8Ry sin gy sin ¢)Jo(sRy sin o sin )}  [4.237]

where ¢ is the angle between @ and Bf — RE.

Substitution Disorders. Next to heat motion and mosaic structure
in frequency of occurrence are the disorders associated with isomorphous
substitution and related phenomena. So many different kinds of sub-
stitution disorders have been observed that we shall have to be satisfied
with a brief general discussion. Common to all disorders of the substi-
tution type is the fact that the scattering power is not the same for all
sites of a given set. All the various sites of the same set may either be
occupied by atoms (or groups of atoms) of different kinds or a certain
fraction of the sites may be vacant. Substitution disorders are no
doubt always accompanied by displacement disorders due to local dis-
turbances in the lattice geometry. In the following we shall, however,
disregard these displacement disorders. In lattices with substitution
disorder there may be very strong interaction between the disorders at
neighboring sites. The nature of this correlation varies, however, so
greatly from one kind of substitution disorder to another that no general
statements can be made regarding the functions ¢} and y£i.. Accord-
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ingly we shall have to be content with the evaluation of the mean
disorder scattering J3.

Let the scattering power of the atoms which occupy sites f; + Az, be
denoted by fi;, 7 = 1,2, - - - pso that f£ has to assume one of the p values
Jxi (where one of the values fy; is zero if some of the sites are vacant).
The probability that any one site of type k is occupied by an atom of
scattering power fi; shall be wy; where 3 wi; = 1. These probabilities

4
may sometimes be deduced directly from the result of a chemical analy-
gis, but this is not in general possible. The mean seattering power for
the set % is

o = ;whifbi [4-238]
and the mean structure factor is
F= ;;ngfgj P [4-239)
The mean square structure factor becomes
PP = Z‘tﬂ"— gHt(Fihi) [4-240a]
where
— 1
Jefuw = v szfffi [4-2400)

This latter quantity cannot be evaluated unless specific assumptions
are made concerning the correlation within the same unit cell. If the
disorders within the same unit cell are entirely independent of one
another we have

Z'wk]wk'jlfkjfb'j' fork = k'

Jufer = Ewkjffy fork = k' [241]
and hence ’
Ja = NI, ;l;wﬁf b- ;wk:wmfbdw} (4-242a]
which can be rewritten in the form
Jg = WLZ T s ons (fus = for)? [4-242b)

Substitution disorders of planar andlinear type are readily imagined, It
is customary to study the x-ray diffraction effects using a rotating rather
than a stationary crystal. As shown by Equations 4-223 and 4-226
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the disorder scattering due to planar disorders will then take place in all
directions and hence produce a general blackening on the photographic
film or plate whereas the scattering due to linear disorders will be regis-
tered as streaks. The streaks are readily observed, and linear substi-
tution disorders have indeed been reported for several crystals. General
blackening of the photographic film is, on the other hand, easily over-
looked, and the fact that no planar disorders have been reported may be
due to this circumstance rather than to their non-existence. If there is
no correlation between the individual lattice rows A ¢ in planar disorder
or between the individual lattice planes B, in linear disorder, the expres-
sion for the intensity of the disorder scattering becomes

Planar disorder
J2 = NSL{[F" - |F|?} if 7,-Ax = integer  [4-243q)

Ja=0 if r,.Ag s integer [4-243b)]

Linear disorder
Ja = NSL{[FE = |F|?} if r,xB,=0 [4-244a)
Ja=0 if r,xB, =0 (4-244b)

where we have assumed N; = N, = N3 = N%,

We shall illustrate linear substitution disorders by means of a typical
example. Consider a structure built up of identical and parallel layers
of atoms. Let the vectors #; and 3, be chosen parallel to the layers.
The atomie positions within a layer are then of the form R -+ L 4
Ljll; where Ry = z{a; + 02, and there is perfect periodicity in this
plane. We shall suppose that the displacements of all other layers
relative to a given one are of the following form. There are in the first
place layers displaced by amounts Lz, Lz = =1, 2, - - -. Secondly,
between any two consecutive layers of this kind is one other layer ecither
with a displacement &; + L3fi; or with a displacement o + L3z, We
shall assume that the two values &; and 3. are equally probable, and that
there is no correlation between different layers. The atomic sites are
thus By + Ay, By + 5, + AL and Ry + 2 + Az. The first kind of
sites are all occupied, but only half of the sites in the second and third
kind are filled. The mean structure factor becomes

F = K{1 4+ §(c™% + ¢*%)) [4-245]
where
K=3 fieth [4-245b]
k
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The mean square structure factor is
[FF = |KJ*@2 + cos5- a1 + cos & - 32) [4-246)
According to Equations 4:244 we have as result
Jo = NBIL|K|*sin? 33- (62 — &1) if 15 = mbg  [4-247q]
Ja=0 if 7,5 r3bg [4-247b)

The x-ray scattering due to various linear substitution disorders has
been discussed in detail by Hendricks and Teller.?8

Disorder in Diamond Crystals. In normal crystals there is mosaic
structure and thermal disorder. In some crystals there are additional
disorders, and these are as a rule accompanied by corresponding anoma-
lies in macroscopic chemical or physical properties. Macroscopic evi-
dence of additional disorder may easily be overlooked, and the presence
of anomalous imperfection is then first revealed by scattering effects
which cannot be accounted for by mosaie structure, heat motion, and
Compton effect.

Raman and collaborators®® observed scattering effects from diamond
crystals which could not be explained in terms of normal disorders.
These investigators overlooked the possibility that their crystals were
afflicted with additional disorder and claimed instead that their experi-
ments proved the theory of temperature diffuse seattering to be incor-
rect. Prior to the work carried out by Raman and his group Robertson,
Fox, and Martin®’ had observed significant variations in some physical
properties of diamond (notably in the absorption of infrared and ultra-
violet light) and had accordingly classified diamond crystals into two
types. The ordinary type (type I) is characterized by greater apparent
homogeneity, while the rarer type II diamonds have a more pronounced
mosaic structure. Type II diamonds show greater optical isotropy in
polarized light than is true of the first type.

The disorder scattering of both types of diamond has recently been
studied by Lonsdale and Smith,2®8 According to their investigations
the disorder scattering of type II diamonds agrees with that predicted
by the theory of temperature diffuse seattering. Type I diamonds, on
the other hand, give not only the temperature diffuse scattering, but also

338, B, Hendricks and E. Teller, J. Chem. Phys., 10, 147 (1942).
8.C. V. Raman and P. Nilakantan, Proc. Ind. Acad. Sci., 11, 389 (1940),
C. V. Raman, Proc. Roy. Sce., A179, 315 (1942).
T R. Robertson, J. J. Fox, and A. E. Martin, Phil. Trans., A2382, 463 (1934);
Proc. Roy. Soc., A167, 679 (1936).
# K. Lonsdale and H. Smith, Naturs, 148, 112, 257 (1941); Proc. Phys. Soc., 63,
529 (1941); K. Lonsdale, Proc. Roy. Soc., A179, 315 (1942).
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additional disorder scattering which consequently must be attributed to
some other disorder. These additional scattering effects are relatively
intense for some specimens, with intensity maxima much stronger than
those of the temperature diffuse scattering. The maxima of the addi-
tional scattering appear on a photographic plate partly as spots, partly
as streaks. The spots, which are quite sharp, usually occur in groups of
three, forming a small triangle about the diffuse spot due to the heat
motion, and they lie at the intersection points of the streaks. Lonsdale
further showed that there is a very small increase in the intensity of the
additional scattering effects when the temperature is raised, in sharp
contrast to the marked temperature sensitiveness of the temperature
diffuse scattering. The accumulated experimental evidence permits
only one conclusion: type II diamonds have mosaic structure, but the
only disorder within the mosaic blocks is due to heat motion; type I
diamonds are relatively free of mosaic structure, but they are afflicted
with additional disorder.

The diamond crystals used in the experiments of Raman and collabo-
rators belong to the common variety, type I. The intensity maxima
reported and studied by the Indian group of physicists are those of the
additional disorder scattering while they overlooked the diffuse maxima
of the thermal disorder scattering, Their objection to the theory of the
temperature diffuse scattering is consequently based upon an erroneous
interpretation of the observations and merits no further discussion.

The positions of the observed spots and streaks can be quantitatively
explained if it is assumed that the additional disorder is characterized
by strong correlation in directions parallel to the cube faces and particu-
larly strong correlation along the cube edges. Lonsdale has suggested
that the additional disorder represents internal strain. The available
ohservations are compatible with this hypothesis.
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APPENDIX A
DYADICS

1, Fundamental Concepts

The concept of dyadics is used exiensively in Chapter II. Since
some readers may not be familiar with dyadic operators and their alge-
bra, the more important properties of dyadics will be discussed in this
appendix. The treatment follows closely that of J. Willard Gibbs.

Let 7 = P(F). The vector function F is said to be linear if

F(F +72) = F(}) + F(f2) (A1)

for all values of 7, and 7. When the condition A-1 is fulfilled, the
following relation can be deduced

Bty + kP + -« » ) = ki P (F) + keFP(F2) + -« - (A-2]

where k,, ka - + - are any positive or negative scalar quantities.
Let y, Ca, - - - be any set of given vectors and Dy, Dy, - - - another set
equal in number. An expression of the form

¥ =5 -ODy +7 CDy+- =t oDy + Coba+--2) (A3

is according to the definition A-1 a linear vector function. The linear
relationship between the vectors # and ¥ will be written symbolically

V=f¢ = ;(7;15,- [A-4]

The quantity ¢ defined by Equations A-3 and A-4 is an operator, called
a dyadic, by means of which the linear relationship between the two
vectors # and 7 can conveniently be expressed. At present no other
meaning is to be attached to the operator ¢. The expression - ¢,
defined above, is called the scalar product of the vector ¥ with the dyadic
@- ¥ is the prefactor and ¢ the postfactor. It is readily seen that the
linear relationship between # and 7 can be expressed in a similar manner
a8 the scalar product of another dyadic ¢¢ with the vector #, the dyadic
this time being the prefactor of the product. We have

¥ =DC -F+DCs-7+---=(DCy +DsCo+---) 7

¥ =gc , oc= DT [A:5)

The operator ¢¢ is obtained from ¢ by interchanging the vector
231
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sets Cy, G- - - and Dy, D, - - - and is called the dyadic conjugate to @.
Hence, by definition

f.Q=Qc-f [A.e]

for every . The definitions A-3 and A4 do not require #- ¢ = ¢ - 7,
i.e., the commutative law need not hold for the scalar product of a vector
and an arbitrary dyadic.

The operator ¢ is a sum of expressions of the type CD. Such a con-
stellation of two vectors, with no symbol indicating scalar or vector mul-
tiplication between them, is called a dyad. The term dyadic, which we
have introduced earlier, refers accordingly to a sum of dyads, i.e., to a
dyadic polynomial. The first vector of a dyad is called the antecedent
and the second vector the consequent.

Two dyadics ¢ and  are said to be equal if

F-o=7-§ for all values #
or
¢ F=yY.F for all values [A:7]
or
§-¢p-F=8-Y-# forall values 3 and #
Utilizing this definition it is readily seen that
C+C)D=CD+CD, CO+D')=CD+Ch" (A8
Hence the associative law holds for the combination of vectors in dyads.
Let ¢ = ;U;ﬁ; and Y = ;Cfﬁf be two dyadics. Thesum ¢ + ¢

is defined as follows.

FeQtFyaio+y) [A9)
According to Equations A-7 we have thus the rather trivial result
o+Y= ;(055:' + CiDy) [A-10)

It is easily seen that
(@ +¥)e = @c+ Yo [A-11)

Let us express the vector 7 in terms of a set of three given vectors
&y, 8y, 83 which do not all lie in a plane, i.e., we set # = 1,8; + 233, +
Zolls. The relation A-4 may then be written in the form

¥ =z,8- ¢+ 22fia- @ + 2383 @ [A-12]

Since the operator ¢ has significance only with reference to the linear
relationship between # and #, it is evident from Equation A-12 that
the three scalar products d; - ¢ completely define the operator. The
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three scalar products are, of course, vector quantities and may be called
the vector components of ¢. The consideration just given permits the
following restatement of the defintion A-7.

al'Q::al‘w
o=Y if &%-9p=23-Y [A-13])
aa.Q=a3.\p

where 3, 3z, 33 are any three vectors which are not coplanar. We shall
designate the vector set reciprocal to @y, 82, 83 by by, ba, b3. (Reciprocal
vectors are discussed in section 14.) The dyadic b,(a;-¢) +
ba(ag - @) + ba(as - ¢) is, a8 a consequence of Equations A-13, identical
with ¢, and the same statement evidently applies to the dyadic
(@ - 61)a, + (@ - 62)32 + (¢ - b3)35. Hence we may set

¢ = b1 A, + boA; + b3As = Bydy + Bada + Bsls

A;j=2;-9, Bi=¢-b

According to Equations A-14 any dyadic can be reduced to a sum of not
more than three dyads. Any three vectors not all lying in a plane can be
used as antecedents or as consequents of these three dyads. We shall
refer to Equations A-14 as the trinomial form of the dyadiec. The
vectors By, Ba, B; will be called the antecedent vector components and
Ay, 4, A3 the consequent vector components of the dyadie. A dyadic
desoribes a linear relationship between two vectors # and #'; we may say
that the dyadic transforms vector ¥ into vector #. Using this termi-
nology there is a simple interpretation of the vector components of a
dyadic: the antecedent vector components are the transformed vectors
by, b, b3, whereas the consequent vector components are the transformed
vectors &,, &, 3z.

It is of importance to note that the laws of algebra applicable to linear
combinations of dyads also will be valid for the corresponding scalar and
vector products. In other words, a linear equation satisfied by dyads
will remain valid if each dyad is replaced by the scalar or by the vector
product of its two vectors. Suppose that ZC ;D; and ZU' D] are any

I

{A-14]

two expressions for the same dyadie. Replac\ng all dyads by the corre-
sponding scalar or vector products the following result is obtained.

If
Q= ;5:‘5:' = ;Cﬁ-ﬁf

then
ov = ;ijﬁ,- = Zj:(’f}xﬁf; = —(¢pc)v [A-15)
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and

Ps = 2105' D; = ;0; D} = (pc)s

¢v is called the vector and @s the scalar of the dyadic. As seen by
Equations A-15 these quantities have values which are independent of
the particular form in which the dyadic is expressed, i.e., they are
invariant quantities.

A dyadic is said to be zero if #- ¢ = O for every ¥. It follows from
Equation A-13 that the sufficient and necessary condition is 4; = 4, =
A = 0. A dyadic which is zero can thus be reduced to a form which
vanishes identically, i.e., ¢ = 0. A dyadic is called an idemfactor if it
transforms every vector ¥ into # (whether ¥ is used as prefactor or post-
factor). An idemfactor, which will be denoted by the symbol I, is
hence defined by

F-1=1-F=F f{orevery? [A-16]

The trinomial form of an idemfactor is readily found. Using Equa-
tions A-14 and A-16 we have
I = 5,2 + badiz + 632, (A-17]
Let
#=F-¢ and ¥ =%.¢
where

¢ =300 md y= 30D

The relationship between 7'’ and # must then be linear and may accord-
ingly be expressed by means of a dyadic which will be called the scalar
product of ¢ by Y and denoted by ¢ - . The scalar product of two
dyadics is thus defined by

’-" = §. Q
P=#y [A-18]
=5, (@-¥)
From the definition one finds
oY= ,Z;(ﬁ:- CHC;D; [A-19)

When both ¢ and  are reduced to trinomial form, ¢ being expressed in
terms. of the antecedent vector components and § in terms of the conse-
quent vector components, the scalar product of ¢ by ) assumes a simple
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form. If we have
o= By wd ¢=3hd

then
¢ Y = BiA] + BA; + Ba4; [A-20)

It is clear that the commutative law does not apply to scalar products of
dyadics. One writes conveniently @? for the product ¢ - ¢, ¢* for the
product ¢ - ¢ - ¢, and so on. Suppose that Y =1 in the product
¢-V; theng-1= B3, + Bgd, + Bsiig = ¢, and similarly I- ¢ = ¢.
We may, in other words, replace the earlier definition of an idemfactor by

¢o-I=1-0=¢ [A-21)

for every ¢@.

The concept of the vector product of a vector and a dyadic may be
introduced in the following manner. Let 7 and #, be any two vectors
and ¢ & dyadic. The expression ¥’ = (Fx#) - ¢ describes a linear
relationship between 7 and FxF; then the relationship between ¥
and 7 is also linear (since the vector product of two vectors is a linear
vector function of either vector in the product). The dyadic deseribing
the relationship between 7 and # must, of course, change with 7. It
will be denoted by ¥, x ¢ and called the vector product of #; by ¢. The
defining equation is

(Fxiy)-@=7-(F1x9) {A-22]
Let ¢ = ;C’ ;D;. From the definition it follows that
Fyx Zj:@;ﬁ; = ;(’-'1 = C;)D; (A-23]

It is readily shown that (f;x @)c = —¢@c * ¥, and hence that
Fe(Fix@) = FxF) @ =—(pcxF) F=—@c- (Ff1xF) [A-24]
Setting ¢ = I one finds the particular result,
Py =F e (Pxl) = —(AxF) -7 [A-25])

showing that the vector product of two vectors can be written as the
scalar product of either vector with a dyadic.

2, The Nonian Form of Dyadics

We have seen that any dyadic can be reduced to the trinomial form
of Equations A-14 where either the antecedents or the consequents can
be set equal to any three vectors which do not all lie in & plane. The
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three vectors &, &, 03 define a general oblique coordinate system. The
vector components of the dyadic may, of course, be referred to this
system or to the reciprocal system b,, bs, 63. For present purposes the
latter alternative is more convenient. We set therefore @ = ;E,ﬂ,«

and B; = ;¢{j6,‘. Hence

o116131 + ¢12058; + $13628;
@ = +é21b1ls + ¢22038; + 23830, [A-26]
+¢a10185 + ¢aabolls + daaballa

When a dyadic is expressed in this manner, as a linear combination of
the nine dyads ;a;, it is said to be given in nonian form and the nine
coefficients ¢;; are called the scalar components of the dyadic. When
all dyadics are referred to the same vector set 8, &,, @3 (and by, b5, b3),
i.e.,, when only one reference frame is used, it will naturally suffice to
specify the scalar components of the dyadics and one obtains then the

matrix representation
¢11 d12 d1a
¢ =\ o ¢22 ¢ [A-27]
¢31 P32 a3

as a simplified form of Equation A-26. The matrix form of an idem-

factor is clearly
100
I=[{0 10 [A-28)

0 01

The results obtained in the preceding section are readily rewritten
in terms of the nonian form. Let ¥ = > r{a; 7= ;z,ﬁ,-, o=

;
;2}:4’;,-5,-&.-, and Y = ;;w,-,-ﬁ,-a.-. The relation defining the dyadic
¢ is of the type #' = # - ¢ and this may be written

x = ;‘».-,z,- [A-29]
The definition A-13 gives
¢ =Y when ¢; =y [A-30]
for every set ¢, . Similarly
kp = };};kmﬁ,m [A-31)

o+Y= Z:);,(w + ¥ip)ba; {A-32]
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ov = Z'_;m,-ﬁp a; [A:33)

@s = 22 0ib; 8 = 2bu [A-34]

@ ¥ = ST (Cobulbe = ¥ @ = LT (Thupulbils 1435

We note in particular that the scalar of a dyadic equals the sum of the
diagonal components and that the matrix form of the product ¢ -
has & structure analogous to the expression for the product of two corre-
sponding determinants.

8. Complete and Incomplete Dyadics

Consider a dyadic¢p = B, + B.a, + Baﬂs = 81411 + b4, + 5313.
The determinant of the dyadic, denoted by |@|, is defined as the triple
scalar product of the three antecedents times the triple scalar product
of the three consequents, i.e.,

|| = (B1B2Bs)(@:8285) = (b1b2b5)(A14245) {A-36]

Now
. d11 d1a dus
(B1B2B;) = (Bibobs) | d21 22 28
$31 ¢3z @33
Since (5,6203) (8:3:83) = 1 we have therefore
én d12 i3
|l = | da1 d22 ¢23 | = l@el [A-37)
$31 @32 P33
It follows from Equation A-35 that
lo - ¢l = lol ¥ [A-38)

A dyadic is said to be complete (or non-singular) if |q;| #= 0 and
incomplete (or singular) if |q)| = 0. Since &, 85, 83 do not all liein a
plane, the vector components of an incomplete dyadic must be coplanar.
One vector component can then be expressed as a linear combination
of the two others, ie., A3 = k1A; + k2A. 1f |p| = 0 ¢ may conse-
quently be expressed as a sum of not more than two dyads.

¢ = 6 + kib) Ay + (B2 + keba)A3 = Oidy + C.4, [A:39]

If 7 - ¢ = O for every 7, the dyadic @ is said to be zero, and we write
¢ = 0. All the components ¢;; must then vanish. Hence, |¢| =0,
and we have a special case of a singular dyadie. If in Equation A-39
A, and A or C, and C; are parallel vectors the incomplete dyadic can be
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reduced to a single dyad and the dyadic is then said to be linear, An
incomplete dyadic which is neither zero nor linear is called planar.
Clearly, linear dyadics can be considered special cases of planar dyadics.

Linear Dyadics. A linear dyadic is synonymous with a single dyad,
ie, ¢ =CD. It is evident that a linear dyadic transforms every
vector # into a vector parallel to the consequent when ¥ is used as pre-
factor and into a vector parallel to the antecedent if 7 is used as post-
factor: £+ (CD) = (7. C)D and (CD) -# = (- D). A linear dyadic
is said to be unilinear, or uniaxial, if the antecedent and the consequent
are parallel vectors. One sees that the equation 7 - ¢ = 0, in addition
to the trivial solutions # = 0 and ¢ = 0, has the following solution:
¢ is a linear dyadic and  is any vector normal to the antecedent. Simi-
larly the equations #- ¢ = 0 = ¢ - ¥ are simultaneously satisfied if ¢is
a unilinear dyadic and # any vector normal to its axis.
_ Planar Dyadics. A planar dyadic has the general form ¢ = C,D, +
C2D,. The linear relationship # = # - (C,Dy 4 C,D,) evidently corre-
sponds to a transformation of a vector # into a vector # lying in the
plane of the consequents. Similarly (€15, + C3D;) - ¥ gives a vector
in the planc of the antecedents. A planar dyadic s said to be uniplanar
if antecedents and consequents all lie in a plane. The equations
#-¢ =0=¢"F are obviously simultaneously satisfied if ¢ is uni-
planar and ¥ normal to the plane of ¢.

Equation A-38 shows that the scalar product of two complete dyadics
is a complete dyadie, while the scalar product is incomplete if either or
both factors are incomplete.

4. Symmetrical, Anti-Symmetrical, and Reciprocal Dyadics

A dyadic is said to be symmetrical if ¢ = ¢c¢ and anti-symmetrical if

¢ = —¢c. Inusing Equations A-15 and A-38, if
¢ =¢c then @ov =10
if
® = ~¢c then @s=|p|=0

Thus no complete dyadic can be anti-symmetrical and it is easily seen
that anti-symmetrical dyadics cannot be linear. Let ¢ = 5,4; +
6,42 + b34; be anti-symmetrical. We may then set

¢ = 3¢ — ¢c) = o
3614, — Ayby + B34z — Aby + 6345 — Agbs) [A40)

Consider next the linear relationship # = #-¢. By using the repre-
sentation A-40 and the identity (F-8;)A; — (- A,)b; = #x (A;x§;),
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one finds readily
f.Q = —-%fx¢y [A'41]

This result shows that an anti-symmetrical dyadic is planar and com-
pletely defined by its vector. By comparing Equations A-25 and
A+41 it will be noted that an anti-symmetrical dyadic can be expressed
in the form

o= —%or-1=14I~¢y [A-42]
Any dyadic can be written as a sum of a symmetrical and an anti-
symmetrical part by means of the identity
¢° =@ + ¢c)
' =13 - oo
The dyadio reciprocal to ¢ is denoted by the symbol ¢~ and defined
by

¢ = Qs + th [A-43)

¢ ¢ =I=¢"9 [A-44]
Since |I| = 1, it follows from Equation A-38 that ¢ exists only if ¢ is
complete. Clearly, if
¢ = hiAy + b2 A5 + 535
then
o' = A7'8 + A5'0; + A3, [A-45]

where A7, A3, A3 is the vector set reciprocal to Ay, Ag, As. Suppose
that the linear relationship #' = 7 - ¢ is given. The converse relation-
ship is then expressed by # = #' - ¢~!. The reciprocal of a product of
dyadics is easily seen to be the product of the reciprocal dyadies taken
in the reverse order, i.e.,

(Q.q;.x...)—ln...x-l.q;—l.q,—i [A-46]

The analogous statement applies to conjugate dyadics as a consequence
of the definition A-6, i.e.,

(Q'¢’X"')C="'XC \Pc'q)c [A-47]

Since @c - (@7')c = (@”' - ¢)c =1, one has (¢7")c = (¢po)7}, and
one may thus write ¢¢' without ambiguity.

Let us next investigate how a dyadic transforms its own vector. 1Itis
. seen from Equation A-41 that @y - @* = 0 and hence

o7 9 =qv-9° = iov- (@ + ¢c) [A-48)
Setting ¢ = 5,4, + D243 + 6345 and hence gy = by % 4y + 63 A3 +
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b3~ A; the right side of Equation A-48 is readily expanded and we find
ov ¢ = lo|(@x A7 + 8% 45" + 22~ 45") = |o|(gz")v [A49)

6. Some Properties of the Dyadics ¢ = ¢’

In this section we shall discuss dyadics for which ¢ = @z'. We
must then have @' = ¢¢. The trinomial form of @z® is readily
obtained from Equation A-45 and hence

@ = bidy + bada + bads = 84T + 847" + 845" = 5! [A-50]

Bince ¢ - ¢! =1, it follows that |¢p~'| = ]ﬁ On the other hand

locl = |q>| Accordingly Equation A-50 demands that

_ 1 _ (Lidad;)
lol = m: lo| = @) %1 [A-51]

Since 4,, A;, A3 are the transformed vectors @,, 8, &; it follows that
the transformation ¢ = ¢c' preserves volumes,

Since ¢c = ¢!, we may write # = . = ¢! -7. Taking the
square of the vector ¥ we find

r’3=f.¢.¢—1.i=rz [A‘52]

showing that linear dimensions are preserved. (The preservation of
volumes is obviously a necessary consequence of the preservation of all
linear dimensions.)

A transformation leaving all lincar dimensions unchanged is called a
rotation. Any rotation is thus characterized by @ = ¢z'. The rota-
tion is said to be proper if |¢| = +1 and improper if |Q| = —1,

If we change the algebraic sign for all nine scalar components of a
proper dyadic ¢, we obtain the dyadic —¢ which isimproper. There is
accordingly an improper dyadic for every dyadie which is proper and a
proper dyadic for every one that is improper. The simplest proper
dyadic is the idemfactor. The corresponding improper dyadic is —1I
which transforms any vector ¥ into —F and hence represents a simple
inversion. Any improper dyadic can be considered as the sealar produet
of the corresponding proper dyadic with —I for we have

_¢=¢.—I=—I.¢ [A'53]

A solution 7 of the equation ¥-¢ = 7 represents a point which is
transformed into itself. The trivial solution of this equation is # = 0.
Let us investigate if there are other points which are invariant under
transformations of the type ¢ = ¢z'. If#-¢ = #, thenalso? = ¢ - #
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(because q;" = @c), and we must accordingly look for simultaneous
solutions of the equations

Fep-D=(@-1-F=0 (A-54]

These equations have a non-trivial solution 7 > 0 only if ¢ — I is an
incomplete dyadic. Setting ¢ = 614 +- 642 +534; we have
p—1= b6, (A; — @) + b2(A3 — 82) + b3(A3 — 83). The condition
to be imposed upon ¢ is [q)— 1] = 0. This determinant is readily
evaluated using Equation A-50 and one finds

lo =1 =1 —os)el -1 =0 [A-55]

This equation is satisfied by all proper dyadics and by the improper
dyadic for which ¢ s =-+1. When ¢ — I is incomplete it is either zero,
unilinear or uniplanar. Clearly, ¢ — I is zero if ¢ = I and Equa-
tions A-54 are then satisfied by any vector . It is easily seen that
¢ — 1 is unilinear if ¢ is improper and ¢s = +1. In this case Equa-
tions A-54 are satisfied for any vector 7 which is normal to the axis &
of ¢ — I. This particular improper dyadic can be written in the form

¢ =1-—2un [A-56)

The transformation represented by this dyadic is called a reflection and
the invariant plane normal to @ is the reflection plane.

The dyadic ¢ — I is uniplanar if |¢p| =4-1 and ¢ = L. Equations
A-54 are then satisfied by ¥ = k#l where % is any scalar quantity and @
the unit vector normal to the plane of ¢ — I. This unique direction @
is the proper rotation axis. If we define a proper rotation axis by the
statement k% - ¢ = ¢ - k% = k@, then every direction in a reflection
plane is a proper rotation axis.

A direction % is said to be an improper rotation axis if

ki-¢=¢ ki = —kii [A-67]
for every k. Since
lo +1| = (1 + ¢s)(o| + 1) [A-58)

Equations A-57 can be satisfied if ¢ is improper or if ¢ is proper with
¢s = —1. Equations A-57 are satisfied for any direction Zif ¢ = I,
for any direction % in a unique plane if |@| = +1 with ¢s =— 1, and
by a unique direction % if || = —1and ¢ » —L

Equation A-49 shows that the vector ¢y is parallel to the proper
rotation axis of a proper dyadic and also parallel to the improper rota-
tion axis of the corresponding improper dyadie.
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Any dyadic ¢ = @z’ can be written in the form
¢ = +{ua + (I — aa) cos ¢ + I sin o} [A-59]
where the upper sign corresponds to a proper and the lower sign to an
improper character. # is the proper or improper rotation axis and ¢ is

called the rotation angle. The scalar and the vector of the dyadic
become

Os = x(1+2co8p), Qv = F2sinef [A-60]



APPENDIX B
ELEMENTS OF GROUP THEORY

1. The Group Postulates
Suppose that a collection of elements
Ci, Cy - *s Ci: e [B'l]

is given, This collection, which may consist of a finite or an infinite
number of elements, is said to be closed if there is given an associative
law of combination such that with any two elements of the collection,
taken in a definite order, is correlated a third element of the collection.
Let C; and C; be two elements and let Cj be the element associated
with the pair C;, Cy taken in this order. The relationship is symbolically
written

Ci-Cy = Cy (B-2)

and C, is ealled the product of C; by Ci. The term product is used in an
abstract sense and does not imply ordinary multiplication. In accord-
ance with the postulate that the law of combination is associative we
may write

Ch:Ci=(Cj-Cu) - C;=Cj-C-Cs=C;-(C::C;) (B

The validity of the commutative law is neither assumed nor implied.
Unless we have information to the opposite effect, it is therefore to be
expected that the produets C;- C; and Cj - C; represent different ele-
ments of the collection. The commutative law may be valid as far as
the product of certain elements is concerned, i.e.,

Cp-Cq=0Cq:-Cy [B-4)

and the elements C, and C, are then said to be commutative. If the
relation B-4 holds for any two elements of the collection B-1, the colleo-
tion is said to be commutative or Abelian with respect to the imposed
law of combination.

Some examples of closed collections are:

1. The collection of all integers (positive, negative, and zero) with
ordinary addition as law of combination.
II. The same collection as in example I, but with ordinary multi-
plication as the law of combination.
243
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III. The collection of all elements ¢/® where n is a given integer
whilej = 0, 1, - - - n — 1 and with multiplication as law of combination.

IV. The collection of all vectors Ly8y -+ Lally + Ljliz where Ly, Ly, Ly
are any three integers (positive, negative, and zero) and &, &,, 33; the
law of combination is vector addition.

Since the commutative law holds for scalar addition and multiplication
as well as for vector addition, it follows that all four collections are
Abelian. It is readily seen that the collection IV is no longer closed if
the law of combination is changed to vector multiplication (unless we
impose additional restrictions, for instance that &,, 23, 83 shall be orthog-
onal unit vectors).

We shall give a fifth example of a closed collection.

V. The collection of all dyadics of the type

o110131 + ¢120622; + 613650,
® = +énbilz + $22b:82 + d23bs2s
+¢a1b1d3 + $azballs + $2aballs

where #@;, 8, 3; are given vectors, by, by, b3 the reciprocal vectors, and all
¢;x integers (positive, negative, or zero). The law of combination is
scalar multiplication of dyadics (as defined in Equation A-35).

Since scalar products of dyadics do not obey the commutative law,
the collection V is non-Abelian.

A closed collection is said to be a group if: for every element C;
there is an element E, called the identity element, such that C;-E =
E - C; = Cy; and for every element C; there is an element Cj™?, called
the inverse or réciprocal of Cj, such that C; - C;! = C;!.C; = E.

For the purpose of illustration let us find out if the collections given
in the examples are groups. In the first example the integer zero is
clearly the identity element and —n is the inverse of the element n.
The collection given in I is thus a group. In the second example the
integer 41 satisfies the conditions imposed upon the identity element;
but since the inverse of the element 7, i.e., 1/n, is not an element of the
collection, it follows that the collection is not a group. The reader
easily verifies that the collections given in examples III and IV are
groups. The collection of example V has the idemfactor as identity
element. FHowever, the collection is not & group unless || = £1,
then otherwise the collection does not contain the reciprocal elements.

In the following we shall indicate the group nature of a collection by
enclosing the collection (or the single symbol representing the collec-
tion) in parentheses. The number of different elements in a group
(which may be finite or infinite) is called the order of the group. We
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shall write C3 for C; - C;, C} for Cj- C;- Cj and so on. Clearly, if C is
an element of a group (@), all powers of C must be contained in (@).
All powers of an element C need not be different, however, for there may
exist a finite integer n such that

C"=E [B-5]

Then C*! = C, C**2 = (C?, and so forth. Hence, if n is the smallest
integer for which the relation B-5 holds, there are only n different powers
of C. Since ¢V-C* 7 =C"7.C/ = E, C"/=C"7 i the element re-
ciprocal to C/. An element C which satisfies Equation B-5 is said to be
of order n, and the collection of all powers of C evidently is a group of
order n

) =(,C--,C C" (= E)) (B-6]

A group of the type shown in B-6, in which all elements are powers of a
single element, is called a cyclic group. All cyclic groups are Abelian,
but the converse statement is not true.

2. Subgroups

If a collection consisting of some elements of a group (@) satisfies
the group postulates, the collection is called a subgroup of (G). Every
group has two trivial subgroups, namely, the group itself and the group
consisting of the identity element alone.

We showed that the collection given in example I is a group and it is
readily seen that the collection of all even integers (including gzero) is
a subgroup.

Suppose that (H) = (E, H;, Hy, - - ) is a subgroup of (G) and let X
be an element of (@). By the products X .- (H) and (H) - X one under-
stands the collections

X - H)=X,X-H,X -Hy, -

H)-X=X,H,-X,Hz2-X,+++
All the elements of either collection are evidently different from one
another, and they are all elements of (&). The two collections of B-7
are not in general identical.

If X liesin (H) all elements X - (H) (or (H) - X) must also lie in (H),
but since all are different X - (H) and (H) must be identical, i.e.,

X -(H)=(H)-X=(H) (B8]

(B-7

for any element X of any group (H).
Suppose now that the element X of Equation B-7 is an element of (@)
which does not lie in the subgroup (H). The collection X - (H) is
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then called a right coset of (&) under the subgroup (H), whereas (H) - X
is a left coset. It is easily shown that the subgroup (H) and the coset
X - (H) (or the coset (H) - X) can have no common element: if there
were & common element one would have H; = X - Hy, hence X =
H;- Hi', and X would lie in (H) contradicting our assumption. Thus,
if n, is the order of (H), the two collections (H) and X - (H) contain
together 2n; elements of (@). If Y is an element of (@) not lying in
(H) nor in X - (H), there must be a coset Y - (H). Continuing this
process all elements of (@) will eventually be used up; in other words,
all elements of (@) will have been gathered into cosets as follows.

@ =H,X-(H),Y - H),- -
@ =H), H)-X,H) Y,

We shall refer to Equations B-9 as expansions of the group (@) in right
or left cosets under the subgroup (H). Each coset contains n; ele-
ments, and it follows that the order of the group (@) is a multiple of the
order of the subgroup (H). The ratio between the orders of (@) and
(H)) is called the index of (H) in (@). Hence the index is equal to the
number of cosets in the expansion, The cosets in right and left expan-
sion may be different, i.e.,, X - (H) # (H) - X, Y Y’, and soon. The
expansions of Equations B-9 will be conveniently written as follows.

@) = (H),X'(H), Y-(H):.-= (H)[E’)X) Y,.-]
@=H),H)-X,H)-Y---=[E',X,Y'-- ] (H)
where the collections E, X, ¥, ---and E, X, Y/, - - - need not be identi-

cal, nor are they necessarily groups.
When (H) is a subgroup of index two we have

@ =H),X - (H)=(H), H)-X

[B-9]

[B-10]

and henece
X H=H)-X or H=X1'H) X [B-11}

Let X and Y be any two non-commuting elements of a group (G).
The two products X - ¥ and Y - X are then two different elements of
(@), ie,,

A=X.Y, B=Y.X [B-12]

The two elements A and B, i.e., the two products X-¥ and V. X,
are called conjugate elements, Eliminating ¥ we have

B=X1'.4.X or X-B=4-X [B-13]
which can be used instead of Equations B-12 as definition of conjugate
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elements. Similarly if
K)y=X'.H)-X or X-(K)=(H)-X [B-14]

(K) and (H) are called conjugate subgroups; (H) is assumed to be a
subgroup of (G) and X any element of (@). It is readily proved that
(K) actually is a subgroup of (G). Suppose that H;- H; = Hy. Then
X1.H;-X- X' H;-X=X"'-H; X and (K) consequently is a
closed collection. Since X~!-E-X = E the collection (X) contains
the identity element. Finally X' -H;-X-X™'.H;!.X = E show-
ing that (K) contains the inverse of any elements. Hence the collec-
tion (K) is & group, and since all elements of (K) evidently are elements
of (@), (K) is a subgroup of (G).
Suppose that a subgroup (H) of (@) satisfies the condition
H=X1' H- -X [B-15)

for every element X of (G). (H) is then said to be an invariant (or
selfconjugate) subgroup of (@). It is shown by Equation B-11 that
any subgroup of index two is an invariant subgroup.

Imagine & group (G) with an invariant subgroup (H) to be expanded
in cosets. According to the definition B-15 we shall then have

G =H),X-(H),Y-H),- - .
= (H), (H)-X, (H)-Y,:-- (B-16]

i.e., right and left cosets are identical. We shall next prove that the
collection of cosets in the expansion B:16 is a group. It needs to be
shown that the collection of cosets is closed, that it contains an identity
element, and that it contains the inverse of any element, Let X .- (H)
and Y - (H) be any two cosets in the expansion. It is clear that the
expansion also must contain the cosets X - Y- (H), X! - (H), and
Y~1. (H) (these cosets need not be different from X - (H) or Y - (H)
or from one another). Since X:-(H)-Y-(H)=X-(H)-(H)-Y =
X-(H)-Y=X-Y-(H) (where we have made use of the assumption
that (H) is an invariant subgroup) it follows that the collection of
cosets is oclosed. Since (H):(H)= (H) and (H)-X.-(H) =
X (H) = (H) - X, the subgroup (H) itself is the identity element of the
collection of cosets. Finally X- (H)-X'. (H) = (H) showing that
X . (H) and X! . (H) are inverse elements. In accordance with B-10
we shall write

@ =H)-E,XY,--)
= (E’: X, Y- (H)

where, as a consequence of the proof just given, (E', X, ¥, ---)is 8

[B-17]
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group. We have here written E’ instead of E to indicate that E’
represents any element of (H). (We must have E’ - (H) = (H), and
this condition is satisfied if E’ is any element of (H).) The group
(E',X,Y---) is called the factor group of (), and it is usually desig-
nated by the symbol (G/H), i.e.,

(H) - (G/H) = (G/H) - (H) = (G) (B-18]

Let (K) and (L) be two subgroups of a group (@) such that (K) and
(L) have no other common element than the identity and such that the
order of (@) is the product of the orders of (K) and (L). It can then
be shown that

@) = (K)- (L) = (L) - (K) (B-19]

and (@) is said to be the direct product of the subgroups (K) and (L).
In accordance with this terminology the group (@) in Equations B-17
and B-18 is written as the direct product of the invariant subgroup (H)
and the factor group (G/H). The statement in Equation B-19 is
evidently proved if it can be shown that all elements in (K) - (L) (or
in (L) - (K)) are different from one another, Suppose then that two
elements are equal, say K;- L; = K, - L,, where the pair of subscripts
1, j is different from the pair p, g. It follows that K;'- K; = L, - L.
The left side of this equation represents an element of (X) while the
right side is an element of (L). Since, by postulate, the identity E is the
only common element of (K) and (L), we must have { = j and p = g¢.
Hence all elements of the collection (K) - (L) are different and the col-
lection (X) - (L) must be identical with the group (@).

Conversely: if (K) and (L) are known to be two groups having no
other common element than the identity, then the product (K) - (L)
is a group if

(K)- (L) = (L) - (K) (B-20]

This condition must be used in connection with the synthesis of new
groups from a set of given groups,

8. Isomorphic Groups

A group (@) is said to have an n : 1 isomorphism with a group (g) if
the following' conditions are fulfilled. To any one element X; of (@)
corresponds & unique element z of (g), but to any one element z of (g)
correspond n elements Xy, Xj, < -+ Xj-++ X, of (@). To the product
X;- Y3 in (@) corresponds the product z - y in (g) where z corresponds
toX;andytoY;. If (@) hasal: 1isomorphism with a group (g), the
two groups (@) and (g) are said to be simply isomorphie.
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The elements Hy, Hz, -+ Hj+++ H, in (@) which correspond to the
identity element in (g) form an invariant subgroup (H) of (G).

This theorem is readily proved. Since both H; and H) correspond
to the identity element e in (g) also H; - H corresponds to e. Hence
Hy, Hy, - - - H, form a subgroup (H) of (@). If G;isany element of (@)
and g; the corresponding element of (g), then the elements Gi'- (H)-Gj
of (G) correspond to the element gj*-e-g; = e of (g). But the sub-
group (H) of (@) corresponds to the identity element of (g). Conse-
quently (H) = Gj!- (H) - G; and (H) is an invariant subgroup.

Clearly, a group (G) has an » : 1 isomorphism with the factor group
(G/H) where n is the order of the invariant subgroup (H).

Suppose that (G) and (G’) are simply isomorphic groups. If (H)
is a subgroup of (G), it is obviously true that the collection (H’) in
(@) corresponding to (H) in (@) is a subgroup of (¢"). Similarly, if
(@) can be written as the direct product of two subgroups, the isomor-
phic group (@) can be written as the direct product of the two corre-
sponding subgroups.
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PHYSICS

General physics

FOUNDATIONS OF PHYSICS, R. B. Lindsay & W. Margenau. Excellent bridge between semi-
popular works & technical treatises. A discussion ot methods of physical description, con-
struction of theory; valuable ftor physicist with elementary calculus who is inferested in
Ideas that give meaning to data, tools of modern physics. Contents include symbolism, math-
ematical equations; space & time foundations of mechanics; probability; physics & -con-
tinua; electron theory; special & general relativity; quanium mechanics; causality. *‘Thor-
ough and yet not overdetajled. Unreservedly recommended,” NATURE (London). Unabridged,
corrected edition. List of recommended readings. 35 lllustrations. xi 4+ 537pp. 53 x 8.

5377 Paperbouno $3.00

FUNDAMENTAL FORMULAS OF PHYSICS, ed. by D. H. Menzel. Highly useful, fully inexpensive
reference and study text, ranging trom simple to highly scphisticated operations. Mathematics
Integrated into text—each cnapter stands as short textbook ot field represented. Voi. 1:
Statistics, Physical Constants, Special Theory of Relativity, Hydredynamics, Aerodynamics,
Boundary Valua Problems in Math. Physics; Viscosity, Electromagnetic Theory, etc. Vel, 2:
Sound, Accustics, Geometrical Optics, Electron Optics, High-Energy Phencmena, Magnetism
Biophysics, much more. Index. Total of 800pp. 536 x &. Vol. 1 §595 Paperbound 32.25

Vol. 2 8596 Paperbound $2.25

MATHEMATICAL PHYSICS, D. H. Menzel. Thorough one-volume treatment of the mathematical
techniques vital for classic mechanics, electromagnetic theory, quantum theory, and rela-
tivity. written by the Harvard Protesser of Astrophysics for jumior, senior, and graduate
courses, it gives clear explanations of all those aspects of function theory, vectors, matrices,
dyadics, tensors, partial differential equations, etc., necessary tor the understandlng of the
various physical theories. Electron theory, relatlvhy, and other topics seidom presented
appear here in considerable detail. Scores of definitions, conversion factors, dimensional
constants, etc. “More detailed than normal for an advanced text . . . excellent set of sec-
tions on Dyadics, Matrices, and Tensors,” JOURNAL OF THE FRANKLIN INSTITUTE. Index.
193 problems, with answers. x + 412pp. 536 x 8. §56 Paperbound $2.00

THE SCIENTIFIC PAPERS OF J. WILLARD GIBBS, All the Rublished papers of America's outstand-
Ing theoretical scientist (except for “Statistical Mechanics’' and ‘“Vector Analysis'). Vol |
(thermodynamics) contains one of the most brilliant of all 19th-century sclentific papers—the
Soo-?axe “On the Equilibrium of Heterogeneous Substances,” which tounded the science of
hysical chemlstry, and clearly stated a number of hlfhl{ important natural laws for the first
ime; 8 other papers complete the first volume. Vol {1 includes 2 papers on dynamics, 8 on
vector analysis and multiple algebra, 5 on the electramagnetic theory of light, and 6 miscella-
neous papers. Biographical sketch by H. A. Bumstead. Total of xxxvi + 718pp. 5% x 8%.
§721 Vol | Paperbound $2.80
$722 VYol | Paperbound $2.00
The set $4.50

BASIC THEORIES OF PHYSICS, Peter Gabriel Bergmann. Two-volume set which presents a
critical examination of important topics in the major subdivisions of classical and modern
physics, The first volume is concerned with classical mechanics and electrodynamics:
mechanics of mass points, analylical mechanics, matter in bulk, electrostatics and magneto-
statics, electromagnetic interaction, the field waves, srecial relativity, and waves. The
second volume (Heat and Quanta) contains discussions of the kinetic hypothesis, physics and
statistics, stationary ensembles, laws of thermodynamics, early quantum thecries, atomic
sgectra probability waves, quantization In wave mechanics, approximation methods, and
abstract quantum theory. A valuable supplement to any thorough course or text.

Heat and Quanta: Index. 8 figures. x + 300pp. 536 x 8V%. $968 Paperbound $2.00
Mechanics and Electredynamics: Index. 14 figures. vii + 280pp. 53 x BlA,

$969 Paperbound $1.85

THEORETICAL PHYSICS, A. S. Kompaneyels. One of the very few thorough studles of the
sublect in this price lange. Provides advanced students with a comprehensive theoretical
bachkground, Especially strong on recent experimentation and d ts in q m
theory. Contents: Machanics (Generalized Coordinates, La%ranga's Equation, Collision of
Particles, efc.), Electrodynamics (Vector Analysis, Maxwell's equations, Transmissicn of
Signals, ‘I’heory of Relativity, etc.), Quantum Mechanics (the Inadequacy of Classical Mechan-
lcs, the Wave Equaticn, Motien in a Central Field, Quantum Theory of Radiation, Quantum
Theories of Dispersion and Scattering, elc.), and Statistical Physics (Equilibrium Distribution
of Molecules in an Ideal Gas, Boltzmann statislics, Bose and Fermi Distribution,
Thermodynamic Quantities, elc.). Revised to 1961. Translated by George Yankovsky, author-
lzed by Kompaneyets, 137 exercises. 56 figures. 529pp. 53 x BY%,. $972 Paperbound $2.50

ANALYTICAL AND CANONICAL FORMALISM IN PHYSICS, André Mercier. A survey, in one vel-
ume, of the variational principles (the key principles—in mathematical form—from which
the basic laws of any ono branch of physics can be derived) of the several branches of
rhysical theory, together with an examinaticn of the relationships among them. Contents:
he lagranxlan Formalism, Lagrangian Densities, Canonical Formalism, Canonical Form of
Electredynamics, Hamiltonian Densilies, Transformations, and Canonical Form with Vanishing
Jacoblan Oeterminant. Numerous examples and exercises. For advanced students, teschers
etc. 6 figures. Index. viii + 222pp. 53b x 8%. $1077 Paperbound 31.15
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Acoustics, optics, electricity and magnetism, electromagnetics, magneto-
hydrodynamics

THE THEORY OF SOUND, Lord Rayleigh. Most vibrating systems likely to be encountered In
rracﬂce can be tackled successfully by the methods set forth by the great Nobel laureats,
ord Rayleigh. Camplete coverage of cxperimental, mathemaltical aspects of sound theory,
Partial contents: Harmonic motions, vibrating systems in general, lateral vibrations of bars
curved plates or shells, applications of taplace’s functions to acoustical problems, fluid
friction, plane vortex-sheet, vibrations of solid_bodies, etc. This 4s the first inexpensive
edition of this great reference and study work, Bibliography. Historical introduction by R. B.
Lindsay. Total of 1040pp. 97 figures, 538 x 8.

§292, 5293, Two volume set, paperbound, $4.70

THE DYNAMICAL THEORY OF SOUND, H. Lamb. Comprehensive mathematical treatment of the
physical aspects of sound, covering the theory of vibrations, the general theory of sound, and
the equations of motion of strings, bars, membranes, pipes, an resonators. Includes chap-
ters on plane, spherical, and simple harmonic waves, and the Helmhoitz Theory of Audition.
Complete and self-contained development for student and specialist: all fundamental differ-
ential equations solved completely. Specific mathematical details for such important phenom-
ena as harmonics, normal modes, forced vibrations of strings, theory of reed pipes, etc. Index.
Bibliography. 86 diagrams. viii + 307pp. 538 x 8. $655 Paperbound $2.00

WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. A general method and applica-
tion to different problems: pure physics, such as scattering of X-rays of crystals, thermal
vibration in crystal lattices, electronic motien in metals; and also preblems of electrical
engineering. Partial contents: elastic waves in 1-dimensional lattices of point masses.
Propagation of waves aleng 1-dimensional lattices. Energy flow. 2 dimensional, 3 dimensional
lattices. Mathieu's equation. Matrices and propagation of waves along an electric line.
Continuous electric lines. 131 illustrations. Bibliography. Index. xii + 253pp. 5% x 8.

$34 Paperbound $2.060

THEORY OF VIBRATIONS, N. W. Mclachlan. Based on an excepticnally successful graduate
course given at Brown University, this discusses linear systems having 1 degree of freedom,
forced vibrations of simple linear systems, vibration of flexible strings, transverse vibra-
tions of bars and tubes, transverse vibration of circular plate, sound waves of finite ampli-
tude, etc. Index. 99 diagrams. 160pp. 5% x 8. $190 Paperbound $1.50

LIGHT: PRINCIFLES AND EXPERIMENTS, George S. Monk. Covers theory, experimentation, and
research. Intended for students with some background in general physics and elementary
calculus. Three main divisions: 1) Eight chapters on geometrical optics—fundamental con-
cepts (the ray and its optical length, Fermat's principle, etc.), laws of image formation,
apertures in optical systems, photometry, optical instruments etc.; 2) 9 chapters on physical
eptics—interference, diffraction, polarization, spectra, the Rayleigh refractometer, the
wave theory of light, etc.; 3) 23 instructive experiments based directly on the theoretical
text. “Probably the best intermediate textbook on light in the English language. Certainly,
it is the best bock which includes both geometrical and physical optics,” ). Rud Nielson,
PHYSICS FORUM. Revised edition. 102 probl and s. 12 appendices. 6 tables. Index.
270 illustrations, xi +489pp. 536 x 8V2. $341 Paperbound $2.%50

PHOTOMETRY, Jehn W. T. Waish, The best treatment of both ‘‘bench” and *illumination*
hotomelry in English by one of Britain's foremost experts in the field (President of the
rntemational C ission on lllumination). Limited to those matters, theoretical and prac-
tical, which affect the measurement of light fiux, candlepower, illumination, etc.,” and
excludes treatment of the use to which such measuremenis may be put after they have been
made. Chapters on Radiation, The Eye and Vision, Photo-Electric Cells, The Principles of
Photometry, The Measurement of Luminous Intensity, Colorimetry, Spectrophotometry, Stellar
Photometry, The Photometric Laboratory, etc. Third revised (1958) edition. 281 illustrations.
10 appendices. xxiv + 544pp. 5%2 x 9Ya. §319 Paperbound $3.060

EXPERIMENTAL SPECTROSCOPY, R. A. Sawyer. Clear discussion of prism and grating spectro-
graphs and the techniques of their use in research, with emphasis on those principles and
echniques that are fundamental to practically all uses of spectroscopic equipment. Begin-
ning with a brief history of spectroscopy, the author covers such topics as light sources,
spectroscopic apparatus, prism spectroscopes and graphs, diffraction grating, the photo-
graphic process, determination of wave length, spectral intensity, intrared spectroscopy,
spectrochemical analysis, etc. This revised edition contains nes malerial on the production
of replica gratings, solar spectroscopy from rockels, new standard of wave length, etc.
Index. Bibliography. 111 illustrations. x + 358pp. $38 x 8%. $1045 Paperbound $2.23

FUNDAMENTALS OF ELECTRICITY AND MAGNETISM, L. B. Loeb. For students of physics, chem-
istry, or engineering who want an introduction to electricity and magnetism on a higher level
and In more detall than general elementary physics texts provide. Only elementary differential
and integral calculus is assumed. Physical laws developed logically, from magnetism to
electric currents, Ohm's law, electrolysis, and on to static electricity, induction, etc. Covers
an unusual amount of materlal; one third of book on modern material: solution of wave equa-
tion, photoelectric and thermicnic effects, etc. Complete statement of the varicus electrical
systems of units and interrelations. 2 Indexes. 75 pages of problems with answers stated.
Over 300 figures and diagrams. xix +669pp. 536 x 8. S745 Paperbound $3.50
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MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written
by one of this century’s most distinguished mathematical physicists, this is a practical
introduction to those developments of Maxwell's electromagnetic theory which are directly
connected with the solution of the partial differential equalion of wave motion. Matheds of
solving wave-equation, polar-cylindrical coordinates, diffraction, transformation of ccordinates,
hemogenegous solutions, electromagnetic fields with moving singularities, etc. Index, 168p1p.
5% x 8. S14 Paperbound $1.78

PRINCIPLES OF PHYSICAL OPTICS, Emst Mach., This classical examination of the propagaticn
of light, color, polarization, etc. offers an historical and philosophical treatment that has
never been surpassed for breadth and easy readability, Contents: Rectilinear propagation of
light. Reflection, refraction. Early knowledge of vision. Dioptrics. Composition of light.
Theory of color and dispersion. Periodicity. Theory of interference. Polarization. Mathematical
representation of properties of light, Propagation of waves, etc. 279 illustrations, 10 por-
traits. Appendix. Indexes. 324pp. 536 x 8. S178 Paperbound $2.00

THE THEORY OF OPTICS, Paul Drude. One of finest fundamental texts in physical optics,
classic offers thorough coverage, complete mathematical treatment of basic ideas. Includes
fullest treatment of application of thermodynamics to optics; sine law in formation of
Images, transparent crystals, magnetically active substances, velocity of light, apertures,
effects depending upon them, polarization, optical instruments, etc. Introduction by A. A.
Michelsen, Index. 110 illus. 567pp. 53 x 8. §532 Paperbound $3.00

ELECTRICAL THEORY ON THE GIORS) SYSTEM, P. Cornalius. A new clarification of the funda-
mental concepts of electricity and magnetism, advocatmlg the convenient m.k.s. system of
units that is steadily ﬁ:inlng followers [n the sciences. liustrating the use and effectiveness
of his terminology wi numerous applications to concrete technical problems, the author
here expounds the famous Giorgi system of electrical physics. His lucid presentation
and well-reasoned, cogent argument for the universal adoglion of this system form ona of
the finest pieces of scientific exposition in recent years. 28 figures. Index. Conversion tables
for translating earlier data into modern units. Translated from 3rd Outch edition bx L. J.
Jolley. x + 187pp. 52 x 834, $909 Clothbound $6.00

ELECTRIC WAVES: BEING RESEARCHES ON THE FROPAGATION OF ELECTRIC ACTION WITH
FINITE VELOCITY THROUGH SPACE, Hainrich Hertz. This classic work brings together the
original papers in which Hertz—Helmholt2’s protegé and one of the most brilliant figures
in 19th-century research—probed the existence of electromagnetic waves and showed experi-
mentally that their velocity equalled that of light, research that helped I:g the groundwork
for the development of radio, television, telephone, telegraph, and other modern technological
marvels, Unabridged republication of original edition, Authorized translation by O, E. lones.
Preface by Lord Kelvin, Index of names. 40 llustrations. xvii + 278%9. 53 x 8¥a.

57 Paperbound $1.75

PIEZOELECTRICITY: AN INTRODUCTION TO THE THEORY AND APPLICATIONS OF ELECTRO-
MECHANICAL PHENOMENA IN CRYSTALS, Walter G. Cady, This is the most complete and sys-
tematic coverage of this important field in print—now regarded as something of scientific
classic. This republication, revised and corrected by Prof. Cady—one of the foremost cen-
tributors In this area—contains a sketch of recent progress and new material on Ferro-
electrics, Time Standards, etc. The first 7 chapters deal with fundamental theory of crystal
alectricity. 5 Important chapters cover basic concepts of piezaelectricity, inciuding tom-
parisons of various competing theories in the field, Also discussed: plezoelectric resonators
(theory, methods of manufacture, influences of air-gaps, etc.); the piezo oscillator; the
properties, history, and observations relating to Rochelle salt; ferrcelectric crystals; misce!-
laneous agpllca!ions of piezoelectricity; pyroelectricity; etc. “A great work,” W, A. Wooster,
NATURE. Revised (1963) and corrected edition. New preface by Prof. Cady. 2 Aggendlces.
Indices. )llustrations. 62 tables. Bibliography. Problems. Tofal of 1 + 822pp. 5% x 814,
$1094 Vol. | Paperbound $2.80

S1095 Vol. Il Paperbound $2.50

Two volume set Paperbound $5.00

MAGNETISM AND VERY LOW TEMPERATURES, H. B. G. Casimir. A basic work in the literature
of low temperature physics. Presents a concise survey of fundamenta)l theoretical principles,
and also points out promising lines of Investigation. Contents: Classical Thecry and Experi-
mental Methods, Quantum Theory of Paramagnetism, Experiments on Adiabatic Demagnetiza-
tion, Theoretical Discussion of Paramagnetism at Very Low Temperatures, Some Experimental
Results, Relaxation Phenomena. Index. 83-item bibliography. ix + 95pp. 5% x 8. i
§943 Paperbound $1.35

SELECTED PAPERS OM NEW TECHNIQUES FOR ENERGY CONVERSION: THERMOELECTRIC
METHODS; THERMIONIC; PHOTOVOLTAIC AND ELECTRICAL EFFECTS; FUSION, Edited by Sumner
N. Levine. Brings toaofher in one volume the most important fapers (1954-1961) in modern
enargy technology. Included among the 37 papers are general and qualitative descriptions
of the field as a whole, indicating promising lines of research, Also: 15 Fapers on thermo-
electric methods, 7 on iharmionlc, 5 on photovoltaic, 4 cn electrochemical effect, and 2 on
controlled fusion research, Among the contributors are: Joffe, Maria Telkes, Heroid, Herring,
Dauglas, Jaumot, Post, Austin, Wiison, Pfann, Rappaport, Morehcuse, ’Jcmeniull. Moss,
Bowers, Harman, Von Doenhoef. Preface and introduction by the editor. Bibliographias.
xxviil + 451pp. 646 x 9V, $37 Paperbound $3.00
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SUPERFLUIDS: MACROSCOPIC THEORY OF SUPERCONDUCTIVITY, Vol. |, Fritz London. The
major work b‘ one of the founders and great theoreticians of modern quantum rhyslcs.
Consolidates the researches that led to the present understanding of the nature of super-
conductivity. Prof. London here reveals that quantum mechanics Is operative on the macro-
scoplc plane as well as the submolecular level. Contents: Properties of Superconductors
and Their Thermodynamical Correlation; Electrodynamics of the Pure Superconducting State;
Relation between Current and Field; Measurements of the Penstration Depth; Non-Viscous Flow
vs, Superconductlv|t¥; Micro-waves in Superconductors; Reality of the Domain Structure;
and many other related topics. A new epilogue by M. J. Buckingham developmen

in the field up to 1860. Corrected and expanded edition. An agpreclation of the author's
life and work by L. W. Nordhelm. Blography by Edith London. ibliograph‘ of his publica-
tions. 45 figures. 2 Indices. xviii + 173pp. 5% x B%. $44 Paperbound $1.75

SELECTED PAPERS ON PHYSICAL PROCESSES N IONIZED PLASMAS, Edited by Donald H.
Menzel, Dirocter, Harvard College Obscrvatory. 30 important parers relating to the study of
highly ionized gases or plasmas selected by a foremost contributor in the field, with the
assistance of Dr. L. H. Aller. The essays include 18 on the physical processes in gasecus
nebulae, covering problems of radiaticn and radiative transfer, the Balmer decrement,
glectron temperatives, spectrophotometry, efc. 10 papers deal with the interpretation of
nebular spectra, by Bohm, Van Vieck, Aller, Minkowski, etc. There is also a discussicn
of the intensities of *forbidden” spectral lines by George Shoriley and a paper concern-
ing the theory of hydrogenic spectra by Manzel and Pekeris, Othar contributors: Goldberg,
Hebb, Baker, Bowen, Ufford, Liller, etc. viil + 374pp. 6%8 x SY. S60 Paperbound sz.si

THE ELECTROMAGNETIC FIELD, Max Masen & Warren Weaver., Used constantly by graduate
engineers. Vector methods exclusivel(y: detailed treatment of electrostatics, expansion meth-
ods, with tables converting any quanfity into absolute electromagnatic, absolute electrostatic,
ractical units. Discrete charges, ponderable bodies, Maxwell field equatiens, etc. Introduc-
jon. Indexes. 416pp. 5% x 8. S185 Paperbound $2.25

THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT
HEAT, H. Llorentz. Lectures delivered at Cofumbia University by Nobel Jaureate Lorantz.
Unabridged, they form a historical coverage of tho theory of free electrons, motion,
absorption of heat, Zeeman effect, propagation of light in moiecular bodies, inverse Zeeman
effect, optical phenomena in moving bodies, etc. 109 pages of notes explain the more
advanced sections. Index. 9 figures. 352pp. 538 x 8. $173 Paperbound $2.00

FUNDAMENTAL ELECTROMAGNETIC THEORY, Ronold P. King, Professor Applied Physics, Rarvard
University. Original and valuable intreduction to electromagnetic theory and to circuit
theory from the standpoint of electromagnetic theory. Contents: Mathematical Description
of Matter—stationary and nonstationary states; Mathematical Description of Space and of
Simple Media—Field Equations, Integral Forms of Field Equations, Electromagnetic Force,
ete.; Transformation of Fleld and Force Equations; Electromagnetic Waves in Unbounded
Reglons; Skin Effect and Internal Impedance—in 2 solid cylindrical conductor, etc.; and
Elactrical Circults—Analytical Foundations, Near-zone and quasi-near zone circuits, Balanced
two-wire and four-wire transmission lines. Revised and enlarged version. MNew preface by
the author. S appendices (Differential ogeralom Vector Formulas and Identities, etc.).
Problems. Indexes. Bibliography. xvi <+ 580pp. 53 x 8V2. $1023 Paperbound $3.00

Hydrodynamics

A TREATISE ON HYDRODYNAMICS, A. B. Bassot. Favorite text on hydrodynamics for 2 genera-
tions of physiclsts, hydrodynamical enginecrs, oceanographers, ship designers, atc. Clear
enough for the beginning student, and thorough source for graduate students and engineers on
the work of d'Alembert, Euler, Laplace, l.agranfe. Poi Green, Clebsch, Stokes, Cauchy,
Helmhoitz, 3. 3. Thomson, Love, Hicks, Greenhill, Besant, tamb, etc. Great amount of docu-
mentation on entire theory of classica hydredynamics. Vol I: theory of motion of frictionless
Iit}ulds. vortex, and cyclic irrotational motion, etc. 132 exercises. Bibliography. 3 Appendixes.
xil + 254%;:. vol 11; motion in viscous liquids, harmonic analysis, theory of tides, etc. 112
ibliography. 4 Appendixes. xv -+ 328pp. Two volume set. 53 x 8,

$724 Vol | Paperbound ﬁ.ﬂ

exercises,

$§725 Vol I Paperbound $1.75
The set $3.30

HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard refer-
ence work on dynamics of liquids & gases. Fundamental thecrems, equations, metheds,
solutlons, background, for classical hydrodynamics. Chapters Include Equations of Motion,
integration of Equations in Special Gases, lrrotational Motion, Motion of Liquid in 2 Dimen-
sions, Motion of Solids through Liquid-Dynamical Theory, Vortex Motion, Tidal Waves, Surface
Waves, Waves of Expansion, Viscosity, Rotating Masses of liquids. €xcellently planned, ar-
ranged; clear, lucid presentation. 6th enlarged, revised edition. Index. Over 900 footnotes,
mostly bibliographical. 119 figures. xv + 738pp. 6% x 9Va. $256 Paperbound $3.75
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HYDRODYNAMICS, H. Oryden, F. Mumaghan, Harry Bateman. Published by the National
Research Councll in 1932 this encrmous volume offers a complete coverage of classical
hydrodynamics. Encyclopedic in quality. Partial contents: physics of fluids, motion, turbulent
flow, compressible fluids, motion in 1, 2, 3 dimensions; viscous fluids rotating, laminar
molfon. resistance of motion threugh viscous fluid, eddy viscosity, hydraulic flow in chaanels
of various shapes, discharge of gases, flow past cbstacles, atc. Bibliography of over 2,500
iHems. Indexes. 23 figures. 634pp. 53 X 8. $303 Paperbound $2.75

Mechanics, dynamics, thermodynamics, elasticity

MECHANICS, J. P. Den Hartog. Already a classic among introductory texts, the M.LY. profes-
sor’s tively and discursive presentation is equally valuable as a beginner’s {ext. an engineerin

student’s refresher, or a practicing engineer’s raference. Emphasis In this highl‘y readable tex

is on illuminatlng fundamental ‘rrinciples and showing how they are embodied in a great
number of real engineering and design problems: trusses, losded cables, beams jacks, hoists,
etc. Provides advanced material on relative motion and gyroscopes not usual In introductory
texts, ‘“Very thoroughly recommended to al! those anxious to improve their real understanding
of the principles of mechanics.” MECHANICAL WORLD. Index. List of equations. 334 problems,
all with answers. Over 550 diagrams and drawlngs. ix + 462pp. 5% X B.

§754 Paperbound $2.00

THEORETICAL MECHANICS: AN INTRODUCTION TO MATHEMATICAL PHYSICS, ). S. Ames, F. D.
Murnaghan. A mathematically rigorous development of thecretical mechanics for the ad
vanced student, with constant practical applications, Used In hundreds of advanced courses.
An unusually tﬁorouah coverage of gyroscopic and baryscoric material, detalled analyses of
the Corlolis acceleration, applications of uxrange's equations, moticn of the double pen-
dulum, Hamilton-Jacobi partial differential equations, group velocl? and dispersion, otc.
Special relativity is also Included. 159 problems. 44 figures. Ix + ngf' 53 x 8.

5461 Paperbound $2.25

THEORETICAL MECHANICS: STATICS AND THE DYNAMICS OF A PARYICLE, W. D. MacMillan.
Used for over 3 decades as a self-contained and extremely comprehensive advanced under-
graduate text in mathematical physics, physics, astronomy, and deeper foundations of engi-
neoring. Early sections reguire only a noviled e of geometry; later, a working knowledge
of caiculus. Hundreds of basic problems, Including projectiles to the moon, escapa velocity,
harmonic  motlon, ballistics, falling bodies, transmission of power, stress and strain,
elasticity, astronamical problems. 340 practice problems plus many fully worked out examples
make it possible fo test and extend principles developed In the text. 200 figures. xvil <+
430pp. 536 x 8, $467 Paperbound $2.25

THEORETICAL MECHANICS: THE THEORY OF THE POTENTIAL, W. D, MacMillan. A comprehensive,
well balanced presentaticn of polential thecry, serving both as on introduction and a refer-
ence work with regard to specific problems, for physicists and mathematicians. No prior
knowledge of integral relations Is assumed, and all mathematical materlal |s developed as it
bocomes necessary. Includes: Attraction of Finite Bodies; Newtonian Potential Function;
Voctor Ficlds, Green and Gauss Theorems; Attractions of Surfaces and Lines; Surface Distri-
butlon of Matter; Two-Layer Surfaces; Spﬁerlcal Harmonics; Ellipsoidal Harmonics; etc. *Tha
great number of particular cases . . . should make the book valuable to geophysicists and
others actively engaged in practical applications of the potential theory,” Review of Scientific
Instruments. Index. Bibliography. xiii + 469pp. 53 x 8. 86 Paperbound $2.50

THEORETICAL MECHANICS: DYNAMICS OF RIGID BODIES, W. D. MacMillan. Theory of dynamics
of a rigid body Is developed, using both the geometrical and analytical methods of instruc.
tion. Begins with exposition of aigebra of vactors, it goes through mementum principles,
moticn in space, use of differential equatlons and infinite series fo solve more sophisticate
dynamics problems. Partial contents: moments of inertia, systems of fres Rartlcles, motion
parallel to a fixed plane, rolling moticn, methed of periodic solutions, much more. 82 figs.
199 problems. Bibliography. Indexes. xii + 476pp. 5% x 8. 9641 Paperbound $2.50

MATHEMATICAL FOUNDATIONS OF STATISTICAL MECMANICS, A. 1. Khiachin. omw a pracise
and rigorous formulation of problems, this book supplies a thorough and up-to-date exposi-
tion, ﬁpmvlﬂes analytical tools needed to replace cumbersome concepis, and {furnishes
for the first time a logical step-by-stap introducticn to tho subject. Partial contents: georm
otry & kinematics of the ghase space, ergadic problem, reduction to theoq of probatllity,
n?plica!lon of central limit problem, [deal monatomic %as, foundation of thermo-dynamics,
dispersion and distributicn of sum functions. Key to notations. Index. vili + 179pp. 5% x 8.

$147 Paperbound $1.50

ELEMENTARY PRINCIPLES IN STATISTICAL MECHANICS, ). W. Gitbs. Last work of the great
Yale mathematical physicist, still one of tha most fundamental treatments available for
advanced students and workers In the field. Covers the basic principle of consorvation of
rrobablmy of phase, theory of errors in the calculated phases of a system, the contribu-
lons of Clausius, Maxwell, Boltzmann, and Gibbs himself, and much more. ncludes valuable
comparison of statistical mechanics with thermodynamics: Carnot's cycle, mechanicat defini-
tions of entropy, efc. xvi + 208pp. 5% x 8. S707 Paperbound $1.45
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PRINCIPLES OF MECHANICS AND DYNAMICS, Sir William Thomson (Lord Kelvin) and Pet
guthrie Tait. The Iprlm:iples and theories of fundamental branche(s of classl)cal physlg
explained by two of the greatest physicists of all time. A broad survey of mechanics, with
material on hydrodynamics, elasticity, potential theory, and what is now standard mechanics
Thorough and detailed coverage with many examples, derivations, and toplics not included
in more recent studies, Only a knowledge of calculus’is needed to work through this book.
Vol. | (Preliminary): Kinematics; Dynamical Laws and Principles; Experience (observation,
experimentation, formation of hypotheses, scientific method); Measures and Instruments;
Continuous Calculating Machines. Vol. 11 (Abstract Dynamics): Statics of a Particle—
Attraction; Statics of Solids and Fiuids. Formerly Titled “Treatise on Natural Philosophy.”
Unabridged reprint of revised edition. Index. 168 diagrams. Total of xlii + 1035pp. 536 x 8%a,
Vol. I: $966 Paperbound $2.35
Vol, 11: $967 Paperbound $2.38
Two volume Set Paperbound $4.70

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einsteln. Reprints
from rare European journals. 5 basic papers, Including the élemantary Theory of the
Brownian Movement, written at the request of Lorentz to provide a simple ex 1anation.
Translated by A. D. Cowper. Annotated, edited by R, Firth, 3pr. of notes elucidate, give
history of previeus investigatiens. Author, subject Indexes. 62 footnotes. 124pp. 53 x 8.

$304 Paperbound $1.28

MECHANICS VIA THE CALCULUS, P. W, Norris, W. S, Legge. Covers aimost everything, from
linear motien to vector analysis: equations determining motion, linear methods, compounding
of simple harmenic motions, Newton's laws of motion, Hooke's law, the simple pendulum
motien of a particle in 1 plane. centers of gravity, virtual work, friction, kinetic energy of
rotating bodies, equilibrium of strings, hydrostatics, sheering sfresses. elasticlty, etc. 550
problems. 3rd revised edition. xii + 367pp. 6 x 9. $§207 Clothbound $4.93

THE DYNAMICS OF PARTICLES AND OF RIGID, ELASTIC, AND FLUID BODIES; BEING LECTURES
ON MATHEMATICAL PHYSICS, A. G. Wehster. The reissuing of this classic fills the need far
a comprehensive work on Jynamlcs. A wide ronge of topics is covered in unusually great
depth, aﬁp&ylng ordinary and partial differential equati Part | considers laws of motion
and methods applicable to systems of all sorts; oscillation, resonance, cyclic systems, etc,
Part 2 is a defailed study of the dynamics of rigid bodies. Part 3 introduces the thecry of
potential; stress and strain, Newlonian potential functions, prostallcs. wave and vortex
motion. atc. Further contents: Kinematics of a point; Lagrange's equations; Hamiiton's prin-
cipte; §ystems of vectors; Statics and dynamics of deformable bodies; much more, not easily
found together in one volume. Unabridged reprlntln* of 2nd edition. 20 pafes of notes on
differential eq;:anons and the higher analysis. 203 illustrations. Selected bib iography. Index.
xI + 588pp. 53 x 8. $522 Paperbound $2.43

A TREATISE ON DYNAMICS OF A PARTICLE, E. J. Routh, Elementary text on dynamics for
baginning mathematics or physics student. Unusually detailed treatment from elementary defi-
nitions to motion in 3 dimensions, emphasizing concrete aspects. Much unique material im-
ortant in racent applications. Covers impulsive forces, rectilinear and constrained motlen in
dimensions, harmonic and parabolic motion, degrees of freedom, closed orbits, the conical
pendulum, the irinciple of least action, Jacobi's method, and much more. Index. 559 problems,

many fully worked out, incorporated Into text. xili + 418pp. 53 x 8,
$696 Paperbound $2.25

DYNAMICS OF A SYSTEM OF RIGID BODIES (Elemntar{ section), E. J. Routh. Revised 7th edi-
tion of this standard reference. This volume covers the dynamical principles of the subject,
and its more elementary afplications: finding moments of inertia hg integration, foc of
Inertia, d'Alembert’s principle, imputsive forces, motion in 2 and 3 dimensions, Lagrange's
equations, relative indicatrix, Euler's theorem, large tautochronous motions, etc. Index. 55
figures, Scoras of preblems. xv + 443pp. 5% x 8. S664 ﬁaperbound $2.50

DYMAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edi-
tlon of a classic reference ald, Much of its material remains unique. Partial contents: moving
axes, relative motion, oscillations sbout equilibrium, motion. Motion of a body under no
forces, any forces. Nature of motion given by linear equations and conditions of stability.
Free, forced vibrations, constants of integration, calculus of finite differances, variations,
precession and nutaticn, motion of the moon, motion of string, chain, membranes. 64 figures.
498pp. 53 x 8. $229 Paperbound $2.45

DYNAMICAL THEORY OF GASES, James Jcans. Divided into mathematical and physical chapters
for the convenience of those not expert in mathematics, this volume discusses the mathe-
matical theory of gas In a steady state, thermodynamics ‘Boltzmann and Maxweli, kinetic
tneoq quantum theory, exponentials, etc. 4th enlarged edhmn. with new material on quan-
fum fleory. quantum Jynamics, etc, Indexes, 28 figures. 444pp. 6¥4 x 9Va.

8136 Paperbound $2.7%

THE THEORY OF HEAT RADIATION, Max Planck. A pioneering work in thermodynamics, provid.
Ing basis for most later work, Nobel laureate Planck wrltes on Deductions from Electro-
dmamlcs and Thermodynamics, Entropy and Probability, Irreversible Radiation Processes, etc.
Starts with simple experimental laws of optics, advances to problems of spectral distribu-
tion of energy and irreversibility. Bibliography. 7 illustrations, xiv + 2249;. 5% x 8.

$546 Paperbound $1.75
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FOUNDATIONS GF POTENTIAL THEORY, 0. D, Kelln{gl. Based on _courses given at Harvard this
is suitable for both advanced and beginning mathematicians. Proofs are rigorous, and much
material not generally avaliable elsewhere is included. Partial contents: ferces of gravity,
fields of force, divergence theorem, properties of Newtonian potentials at points of free
space, potentials as solutions of lapluce's equatiens, harmonic functions, alectrostatics,
electric Images, logarithmic potential, etc. One of Grundlehren Series. ix + 5849:). 53 x 8.

§144 Paparbound $2.00

THERMODYNAMICS, Enrico Formi, Unabridged reproducticn of 1937 edition. Elementary in
treatment; remarkabia for clarity, orgenization. Requires no knowledge of advanced math
beyond calculus, only famillarity with fundamentals of thermometry, calorimetry. Partiat
Contents: Thermcdynamic systems; First & Second laws of thermodynamics; Entropy; Thermo-
dynamic potentlals: phase rule, revarsible electric cell; Gaseous reactions: van't Hol} reaction
box, principte of LeChatelier; 'I‘hermodynamlcs of dilute solutions: osmotic & vapor prassures,
beiling & freezing points; Entropy constant, Index. 25 preblems, 24 illustrations. x + 160919.
5% x & $361 Paperbound $1.78

THE THERMODYNAMICS OF ELECTRICAL PHENOMENA IN METALS and A CONDENSED COLLEC-
TION OF THERMODYNAMIC FORMULAS, P. W. Bridgman, Major work by the Nobel Prizewlnner:
stimulating conceptual Intreduction to aspects ot the electron theor{ of metats, giving an
Intuitive understanding of fundamental relationships concealed by the formal systems of
Onsager and others. Elementary mathematical formulations show clearly the fiundamental
thermodynamical relationships of the electric field, and a complete phenomenological theory
of metals is created. This Is the work in which Bridgman anncunced his famous *‘thermo-
motive force'’ and his distinction between “driving’ and “‘working” electromotiva force.
We have added in this Dover edition the author’s long unavailable tables of thermo-
dynamic formulas, extremely valuable for the speed of reference they atlow. Two works
bound as cne. Index. 33 figures. Bibliography. xviii + 256pp. 53 x 8. $723 Paperbound $1.75

TREATISE ON THERMODYNAMICS, Max Planck. Based on Pianck's original papers this offers
a uniform polnt of view for the entire field and has been used as an Introduction for
students who have studied clementary chemistry, physics, and calculus. Refscting the earller
apgroaches of Helmholtz and Maxwell, the author makes no assumplicns regarding the
nature of heat, but begins with a few empirical facts, and from these deduces new physical
and chemical laws. 3rd English edition of this standard text by a Nobel laureste. xvi +
297pp. 536 x 8. 8219 Paperbound $1.85

THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. A wealth of practical illustration
combined with thorough discusslon of fundamentals—thecry, appiication, sgaclal problems
and sclutions. Partial Contents: Analysis of Straln & Stress, Elasticity of Solid Bodies,
Elasticl? of Crystals, Vibration of Spheres, Cylinders, Propagation of Waves In Elastic SoIIJ
Media, Torsion, Theory of Continuous Beams, Plates. Rigorous treatment of Volterra's theory
of dislecations, 2-dimonsional elastic systems, other topics of modern Interest. “For years
the standard ftreatise on clasticity,” AMERICAN MATHEMATICAL MONTHLY, 4th revised edi-
fion. Index. 76 figures. xviii + 643pp. 64 x 9Va. $174 Paperbound $3.28

STRESS WAVES IN SOLIDS, M. Kolsky, Professor of Applied Physics, Brown Universlt(. The
most readable survey of the theoratical core of current knowledge about the propagafion of
waves in solids, fully correlated with experimental research, Contents: Part I—Elastic Waves:
propagation in an extended plastic medium, propagation in bounded elastic media, experi-
mentat investigations with elastic materials, Part 11—Siress Waves In Imperfectly Elastic
Media: internal friction, experimental investigations of dynamic elastic pro, erties, plastic
waves and shock waves, fractures produced by stress waves, List of symbols. Appendix.
Supplemented bibliography. 3 full-page plates. 46 figures. x + 213pp. 5% x 8%4.

$1098 Paperbound $1.75

Relativity, quantum theory, atomic and nuclear physics

SPACE TIME MATTER, Mermann Woyl. “'The standard ftreatise on the general theory of rela-
tivity" (Nature), writien by a world-renowned scientist, provides a deep clear discussion of
the Ig}ical coherence of the general theory, with introduction to all the mathematical tocls
needed: Maxwell, analytical geometry, non-Euclidean geome , tensor cafculus, etc. Basls is
classical space-ﬁme, before absorption of relativity. Partial contents: Euclidean space,
mathematical torm, metrical continuum, relativity of time and space general theory. 15 dia-
grams. Biblicgraphy. New preface for this edition. xviii + 330pp. 5% x 8,

§267 Paperbound $2.25

ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Rerzberg. Excalient general survey for chemists,
physicists specializing in other fields. Partial confents: simplest line specira and elements
of atamic thgory, building-up principle and pericdic system of elements, I;{perﬁne structure
of spactral lines, some experiments and applications. Bibilography. 80 figures. Index. xli
<+ 257pp. 53 x 8. S115 Paperbound $2.00
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THE PRINGIPLE OF RELATIVITY, A. Einstain, H. Lorentz, H. Minkowski, H. Weyl. These are
the 11 basic papers that founded the general and special theories of ralativity, all trans-
fated into English. Two papers by Lorentz on the Michelson experiment, electromagnetic
phenomena. Minkowski's SPACE & TIME, and Weyl's GRAVITATION & ELECTRICITY., 7 epoch-
making papers by Einstein: ELECTROMAGNETICS OF MOVING BODIES, INFLUENCE OF GRAVI.
TATION IN PROPAGATION OF LIGHT, COSMOLOGICAL CONSIDERATIONS, GENERAL THEORY, and
3 others. 7 diagrams. Speclal notes by A. Scmmerfeld. 224pp. 5% x 8.

S81 Paperbound $2.00

EINSTEIN'S THEORY OF RELATIVITY, Max Born. Revised edition prepared with th -
tion of Gunther Leibfried and Walter Blem. Steering a mlddlap c:urse betweane :uoggtf’i%::l
popularizations and comrlax analyses, a Neobel laureate explains Einstein’s theories clearly
and with special inslﬁh . Easily followed by the layman with a knowledge of high school
mathematics, the book has been thoroughly revised and extended to modernize those sac-
tions of the well-known original edition which are now out of date. After a comprehensive
raview of classical physics, Born's discussion of special and general theories of relativity
covers such toplics as slmuftaneity. kinematics, Einstein’'s mechanics and dynamics, relativity
of arbitrary moticns, the goometry of curved surfaces, the space-time continuum, and many
others. Index, lllustrations, vii + 376pp. 536 x 8. §$769 Paperbound $2.00

ATOMS, MOLECULES AND QUANTA, Arthur E. Ruark and Hareld C. Urey. Revised (1863) and
corrected edition of a work that has besn a favorite with physics students and teachers for
more than 30 years. No other work offers the same combination of atomic structure and
molecular physics and of experiment and thecry. The first 14 chapiers deal with the ori ins
and major experimental data of quantum theory and with the development of conceptions
of atomic and molecular structure prior to the new mechanics, These sections provide a
thorough Intreduction to atomic and molecular theory, and are presented lucidly and as
simply as possible. The six subsequent chapters are devoted to the laws and basic ideas of
quantum mechanics: Wave Mechanics, Hydrogenic Atoms in Wave dech Matrix Mech
jcs, General Theory of Quantum Dynamics, etc. For advanced college and graduate students
In ghyslcs. Revised, corrected republicatlon of original edition, with supplementary notes
g; he authors. New preface by the authors. S appendices. General reference list, Indices.
8 figures. 71 tables. Bibliographical material in notes, etc. Total of xxili + 810pp.
5% x 8%. $1106 Vol. | Paperbound $2.50
S1107 Vol. {1 Paperbound $2.50
Two volume set Paperbound $5.00

WAVE MECHANICS AND ITS APPLICATIONS, N. F. Mott and |. N. Sneddon. A comprehensive
intreduction to the theory of quantum mechanics; not a rigorous mathematical exposi-
tion it progresses, instead, in accordance with the physical problems considered. Many topics
difficult to find at the elementary level are discussed in this book. Includes such matters
as: the wave nature of matier, the wave equation of Schridinger, the concept of stationary
states, properties of the wave functions, effect of a magnetic field on the energy leveis of
atoms, electronic spin, two-body problem, theory of solids, cohesive forces in ionic crystals,
collision problems, interaction of radiation with matter, refativistic quantum mechanics, elc.
All are treated both g)hyslcally and mathematically. 68 ijllustrations. 11 tables. Indexos.
xil + 393pp. 53 x 8%4. $1070 Paperbound $2.35

BASIC METHODS IN TRANSFER PROBLEMS, V. Kourganoff, Professor of Astrophysics, U. of
Paris. A coherent digast of all the known methods which can be used for approximate or
exsct solutions of transfer problems. All methods demanstrated on one particular problem
—Miine's problem for a plane parallel medium. Three main sections: fundamental concepts
(the radiation field and its Interaction with matter, the absorption and emission coefficients,
atc.); different methods by which transier problems can be attacked; and a more general
preblem—the non-grey case of Milne’s problem. Much aew material, drawing upon declassi-
fied atomic energy reports and data from the USSR. Entirely understandable to the student
with a reasonable knowledge of analysis. Unabridged, revised reprinting. New preface by
the author. Index. Bibliograghy. 2 appendices. xv 281pp. 536 x 82,

$1074 Paperbound $2.00

PRINCIPLES OF QUANTUM MECHANICS, W. V. Housten. Enables student with working knowl-
edao of elomeniary mathematical physics to develop facility in use of quantum mechanics,
understand publishad work in field. Formulates quantum hani¢s in terms of Schroedinger's
wave mechanics. Studies evidence for quantum theory, for inadequacy of classical me-
chanics, 2 postulates of quantum mechanics; numerous important, frultful applications of
quantum mechanics in spectroscopy, collision problems, electrons in solids; other topics.
“One of the most rewarding features . . . is the interlacing of problems with text,' Amar,
J. of Physics. Corrected edition. 21 illus. (ndex. 296pp. 53 x 8. $524 Paperbound $2.00

PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Wemeor Helsenberg. A Nobel laureate dis-
cusses &uantum theery; Heisenberg's own work, Compton, Schroedinger, Wilsen, Einstein,
many others. Written for physicists, chemists who are not specialists in quantum theorr.
only elementary formulae are considered In the text; there is a mathematical appendix
for specialists.” Profound without sacrifice of clarity. franslated by C. Eckart, F. Hoyt. 18
figures. 192pp. 5% x B. $113 Paperbound $1.38



Catalogue of Dover Books

PHYSICS, HISTORIES AND CLASSICS

A HISTORY OF PHYSICS: IN ITS ELEMENTARY BRANCHES (THROUGH 1925), INCLUDING THE
EVOLUTION OF PHYSICAL LABORATORIES, Flerlan Cajori. Revised and enlarged edition. The only
first-rate brief history of physics. Still the best entry for a student or teacher into the ante.
cedents of modern theories of physics. A clear, non-mathematical, handy reference work which
traces in critical fashion the developments of ideas, theorles, techniques, and apparatus from
the Greeks to the 1920's. Within each perlod he analyzes the basic foplcs or mechanics,
ll'ght, electricity and magnetism, sound, atomic theory and structure of matter, radioactivity,
efc. A chapter on modern research: Curie, Kelvin, Planck’s quantum theory, thermodynamics,
Fitzgerald and Lorentz, speclal and general relailvity. J. 1, Thomson's model of an atem,
Bohr's discoveries and Jater results, wave mechanics, and many other matters. Much biblio-
graphic dstail in footnotes. Index. 16 figures. xv 4 454». 53 x 8. T970 Paperbound $2.00

A HISTORY OF THE MATHEMATICAL THEORIES OF ATTRACTION AND THE FIGURE OF THE EARTH:
FROM THE TIME OF NEWTON TO THAT OF LAPLACE, I. Todhunter. A technical and detailed review
of the theories concerning the shape of the earth and its gravitational pull, from the earliest
investigations in the seventeenth century up to the middie of the nineteenth. Some of the
ﬁreatest mathematicians and scientists “in history applied ihemsalves to these uestions:
ewton (‘“Principia Mathematica™), Huygens, Maupertuis, Simpson, d'Alembert, etc. Others dis-
cussed are Poisson, Gauss, Plana, Lagranga, Boit, and many more. Particular emphasis is
placed on the theorles of Laplace and Lesendre, several chapters baing devoted fo Laplace’s
**Mécanique Céleste” and his memeirs, and several others to the memoirs of Logendre. Impor-
fant to historians of science and mathematics and fo the speclalist who desires background

information in the field. 2 volumes bound as 1. Index. xxxvi + 984pp. 5% x 8.
§148 Clothbound $7.50

OPTICKS, Sir Isaac Newton. In its discussions of light, raflection, color, refracticn, theories
of wave and corpuscular theories of light, this worl fs packed with scores of insights and
discoveries. In its precise and practical discussion of construction of optical agparatus,
contemporary understandings of phenemena it is_truly fascinating to modern physicists,
astronomers, mathematiclans. Foreword by Albert Einstein. Preface by |. B. Cohen of Har.
vard University. 7 pages of portraits, facsimile pages, lstters, etc. cxvi + 414%. 5% x 8.

$205 Paperbound $2.25

TREATISE ON LIGHT, Christiaan Huygens. The famous original formulation of the wave
theory of light, this readable book is one of the two decisive and definitive works In the
field of ligh sﬁewtnn's “Optics” Is the other), A scientific glant whose researches ranged
over mathematics, astronemy, and Ehyslc:. Huygens, in this historic work, covers such
toplcs as ra{s propagated In straight lines, reflection and refraction, the spreading and
velocity of light, the nature of opaque bodies, the non-spherical nafure of light in the
atmosphere, properties of iceland Crystal, and other related matters. Unabridged republl-
catlon of original 9912) English cdition. Translated and introduced by Silvanus P. Thompson,
52 jllustrations. xil + 129pp. 5% x 8. S179 Paperbound $1.80

FARADAY'S EXPERIMENTAL RESEARCHES IN ELECTRICITY. Faraday's historic series of papers
containing the fruits of years of original experimentation in electrical theory and electro-
chomistry. Covers his findings in a variety of areas: Induction of elaclric currents, Evoly-
tion of electricity fram magnetism, Now electrical state or condition of matter, Explication
of Arago's magnetic phencmena, New law of electric conduction, Electre-chemical ds-
composition, Electricity of the Voltalc Pile, Static Induction, Nature of the electric force
or forces, flature of electric current, The character and directien of the electric force of
the Gymnotus, Magneto-glectric spark, The magnetization of light and the Hlumination of
magnetic lines of force, The possible relation of gravity to electricity, Sub-terraneous electro-
telograph wires, Some points of magnetic philosophy, The diamagnetic conditiens of flame
and_gases, and many other matters. Cemplete and unabridged republication. 3 vols. bound
as 2, Originally reprinted from the Philosophical Transactions of 1831-8. Indices. illustra-
tions. Total of 1463pp. 5% x 8. §783-4, Clothbound $17.50 (tentative)

REFLECTIONS ON THE MOTYIVE POWER OF FIRE, Sadi Carnot, and other papers en the 2nd
faw of thermodynamics by E. Clapeyron and R, Clausius. tarnot's "'Reflactions’ laid the
fruuudwork of modern thermodynamics, Its ncn-technical, mostly verbal statements examine
ho relations between heat and the work done by heat in engines, establishing conditions for
the economical working of these engines, The Sapers by Clapeyron and Clausius here reprinted
added further sefinements to Carnot’s work, and {ed to its final acceptance by physicists. Selec-
tions frem posthumous manuscripts of Carnot are also included. All papers in English., New
introduction by E. Mendoza. 12 illustrations. xxil + 152pp. 5% x 8.

$661 Paperbound $1.50

DIALOGUES CONCERNING TWO NEW SCIENCES, Galllao Galilel. This classic of experimental
sclence, mechanics, enginearing is as enjoyable as it is important. A great historical docu-
ment glving Insights Into one of the world's most orlﬁinal thinkers, it is based on 30 years’
experimentation. 1t offers a lively exposition of dynomics, elasticity, sound, ballistics,
strength of materials, the scientific methed. “'Superior to everything else of mine,” Galileo.
Trans. by H. Crew, A. Salvio. 126 diagrams, Index. xxi 4 288pp. 53 x 8.
S99 Paperbound $1.78
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TREATISE ON ELECTRICITY AND MAGNETISM, fames Clork Maxwell. For more than 80 years
a seemingly Inexhaustible source of leads for physicists, mathematicians, engineers. Total
of msqu. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathe-
matical Theory of Electricity, Electrical Work and Energy in a System of Conductors, General
Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics,
Resistance, etc. ‘“The greatest mathematical physiclsf since Newton,” Sir James Jeans. 3rd
edition. 107 figures, 21 plates. 1082pp. 5% x 8. $636-7, 2 volume set, paperbound $4.00

A HISTORY OF THE THEORY OF ELASTICITY AND YHE STRENGTH OF MATERIALS, 1. Todhunter and
K. Pearson. For over 60 years a basic reference, unsurpassed in scope or authority. Both a
history of the mathematical theory of elasticity from Galileo, Hooke, and Mariotte to Saint
Venant, Kirchhoff, Clebsch, and Lord Kelvin and a detailed prasentaiion of every important
fnathematical centribution during this period. Presents prcofs of thousands of theorems and
laws, summarizes every relevant treatise, many unavailable elsewhere. PracticalI{oa book apiece
is devoted to modern founders: Saint Venant, Lamé, Boussinesq, Rankine, Lord Kelvin, F.
Neumann, Kirchhoff, Clebsch. Hundreds of pages of technical and physical treatises on specific
apptications of elasticity to particular materials. [ndispensable for the mathematician,
physicist, or engineer working with elasticity. Unabridged, corrected reprint of original 3-
volume 1886-1893 edition. Three volume set. Two indexes. Appendix to Vol. |. Total of 2344pp.
53 x 83. §914-916 The set, Clothbound $15.00

DE MAGNETE, William Gilbert. This classic work on magnetism founded a new science. Gilbert
was the ﬁrs‘ to use the word ‘“electricity’”, to recognize mass as distinct from weight, to
discover the effect of heat on magnetic bodies; invent an electroscope, differantiate
between static electricity and magnetism, conceive of the earth as a magnet. Written by
the first great experimental scientist, this lively work is valuable not only as an historical
landmark, bul as the delightfully easy to follow record of a perpetually searching, ingenious
mind. Translated by P. F. Mottelay. 25-page biographical memoir. 90 figures. lix -+ 368pp.
5% x 8. 8470 Paperbound $2.00

ASTRONOMY

THE INTERNAL CONSTITUTION OF THE STARS, Sir A. S. Eddington. Influence of this has been
enormous; first detailed exposition of theory of radiative equilibrium for stellar interiors,
of all available evidence for existence of diffuse matter in interstellar space. Studies quantum
theory, polytropic gas spheres, mass-luminosity relations, variable stars, etc. Discussions of
equations paralieled with informal exposition of intimate relationship of asirophysics with
great discoveries in atomic physics, radiation. Introduction. Appendix. Index. 421pp. 5% x 8.

§563 Paperbound $2.78

PFLANETARY THEORY, E. W. Brown and C. A. Shoek. Provides a clear presentation of baslc
metheds for calculating planetary orbits for today's astronomer. Begins with a careful expo-
sition of specialized mathematical toﬁlcs essential for handling perturbation theory and then
goes on to {ndicate how most of the previous methods reduce ultimately to two general
calculation methods: obtaining expressions elther for the coordinates of planetary positions
or for the elementis which determine the perlurbed paths. An example of each is given and
worked in detail. Corrected edition. Preface. Appendix. Index. xii 4 302pp. 536 x 8V4.
$1133 Paperbound $2.25

CANON OF ECLIPSES (CANOM DER FINSTERNISSE), Prof. Theodor Ritter von Oppolzer. Since
Its original publicaticn in 1887, this has been the standard reference and the most exten-
sive single volume of data en the calculation of solar and lunar eclipses, past and future.
A comprehensive introduction gives a full explanation of the use of the tables for the
calculations of the exact dates of eclipses, etc. Data furnished for the calcutation of 8,600
solar and 5,200 lunar eclipses, going back as far as 1200 B.C. and giving predictions up to
the year 2161, Information is also given for partial and ring eclipses. All calculations based
on Universal (Greenwich) Time. An unsurpassed reference work for astronomers, scientists
engaged in space research and developments, historians, etc. Unabridged republication, with
corrections. Preface to this edition by Donald Menzel and Owen Gingerich of the Harvard
College Observatory. Translated by Owen Gingerich. 160 charts. Ixx + S38pp. 83 x 11Va.

S114 Cfothbound $10.60

THEORY OF THE MOTION OF THE HEAVENLY DODIES MOVING ABOUT THE SUN IN CONIC
SECTIONS, Karl Friedrich Gauss. A landmark of theoretical astronomy by the great German
scientist, Still authoritative and invaluable to the practicing astronomer. Part | develops the
relations between the quantities on which the motion about the sun of the heavenly bodies
derends—relatious peftainin% slmplg to position in the orbit, simply to position in space,
between several places In orbit, and between several places in space. The calculation meth-
ods of Part 11 based on the groundwork of Part | include: determination of an orbit from
3 complete cobservations, from 4 observations (of which only two are complete), determina-
tlon of an orbit satisfying as nearly as possible any number of cbservations whatever, and
determination of orbits, taking into ~ccount the perturbations, Translation of ‘‘Theorla
Motus" and with an appendix by C. H. Davis. Unabridged republication. Appendices and
tables. 13 figures. xvili + 376pp. 6%2 x 9Va. S$1056 Paperbound $2.95
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THE GALACTIC NOVAE, C. Payne-Gaposchkin, Prof. of Astronomy, Harvard Univ. A work that
will be the standard raference scurce for years to come. Gathers together all the pertinent
data, results recorded by countless observers of galactic novoe over the centuries, In order
to formulate a valid starling point for an interprefation of the nova process. Covers informa-
tion and statistics on known novae, their varlations in luminosity, distribution in the sky,
spectral changes, etc.; symbiotic novae; frequently-recurrinf variables of the U Geminorum
ond Z Camelopardis class; supernovas; comparison of spectral changes; theories and inter-
Eretations of these phenomena, etc. “‘A comprehensive summary of everything that Is now
nown about these stars,”” SCIENCE. Bibliographical references. Preface. Indices. 49 figures.
6 plates. 101 tables. x + 336pp. 53 x 834. §1170 Paperbound $2.45

BINARY STARS, R. G. Altken. Still the definitive work in the field of double star astronamy.
Written by the director of the Lick IJbsamtm{l {considered the father of the medern study
of binary star systems), this book sums uﬁ the results of 40 years of experience in the
field, plus the work of centuries of research. Includes historical survey of major discoveries
and contributions of the past, cbservational methods for visual binary stars, the radial
velocily of a star (by Or. J. H. Moore), eclipsing binary stars, known orbits of binary
stars, some binary systems of special interest, the origin of binary stars. Much Informaticn
on methods of spacfrum analysis, orbit plotting, use of the telescope, and other practical
matters, Usoful for classroom study and advanced hobbyists, etc, Revised edition, cor-
rected and with addltional notes by Prof. J. T. Kent. New preface, 50 iables, 13 figures,
4 fuli-page plates. Bibliographies. Appendix. Indices. xii + 309pp. 5% x 8.

$1102 Paperbound $2.00

THE NATURE OF COMEVS, N. B, Richter. An authority on comets presents a concise, but
thorough survey of the state’ of our present-day knowledge of comets and cometary acﬁvlly.
Based on over 20 years of research, this is a middle-fevel account that even the layman
can appreciate, providing a fund of information on historical thecries (from 1700 to the
gresenl; statistical research on total number of comets, orbital forms, perturbations caused
y Jupiter, comet groups, etc.; the structure of a comet; comets as processes of cosmic
decay; origin and formation of comets; etc. Also: a lengthy introduction on modern theories
by Dr. R. A, Lyttleton, much technical data and observational material of specific comets,
supplementary tables, and the like. Revised (1963) edition, Translated and revised by Arthur
Beer, 69 illustrations, including 54 photogtaphs o comets, tails, spectra. 41 tables. Bibllog-
raphy. Index. xli + 221pp. $1111 Ciothbound $10.00

CELESTIAL OBJECTS FOR COMMON TELESCOPES, Rev. T. W. Webb. Classic handbook for the
use and pleasure of the amateur astronomer, Of Inestimable aid in locating and identifyin
thousands of celestial objects. Vol. I, The Solar System: discussions of the principle an
operation of the telescope, rmcedures of obsarvations and telescope-photography, spectros-
copy, etc., precise location information of sun, moon, planots, metecrs. Vol. I, The Stars:
alphabetical listing of constellations, information on double stars, clusters, stars with un-
usual spectra, variables, and nebulae, etc. Nearly 4,000 objects noied. Edited and exten-
sively revis b{ Margaret W. Mayail, director of the American Assp. of Varishble Star
Observers, New Index by Mrs. Mayall giving the location of all objects mentioned in the
text for Epbch 2000. New Precession Table added. New appendices on the ulanetaq satel-
lites, constellation names and abbreviations, and solar system data. Total of 46 illustra.
tions. Total of xxxix + 606pp. 5% x 8. Yol. I: T917 Paperbound $2.25
Vel. : T918 Paperbound $2.25

Two Volume Set Paperbound $4.50

ASTRONOMY AND COSMOGONY, Sir James leans. A modern classic which is still of encrmous
value to everyone in astronomy, etc,, this Is Jean's last and most famous exposition. The
summation of a lifetime's devotion to science, it presents his final conclusions on a host
of J:roblems ranging over the whole of descrlpflve astronomy, astrophysics, stellar dynamics,
ani cosmolo%y. Contents: The Light from the Stars, Gaseous Stars, the Source of Stellar
Enerq, Llquid Stars, The Evolution of the Stars, The Configuration of Rotating Masses, The
Evolution of Binary éystems, The Ages of the Stars, The Great Nebulae, The Galactic S siems.
Variable Stars, etc. New preface by L. Motz, Columbia U. 16 full-page photographic {llustra-
tions. xv + 428pp. 5% x B%. §923 Paperbound $2.43

ASTRONOMY OF STELLAR ENERGY AND DECAY, Martin Johnson. Middle level treatment of
astronomy as Interpreted by modern atomic physics. Part One is non-technical, examines
hysical properties, source of ener%’yl, spectroscopy, fluctuating stars, various models and
fhwios, etc. Part Two parallels these topics, providing their mathematical foundation.
*Clear, concise, and readily understandable,” American Library Assoc. Bibliography. 3 indexes.
29 illustrations. 216pp. 5% x 8. $537 Paperbound $1.50

MATHEMATICAL THEORIES OF PLANETARY MOTIONS, Otto Dzlobek. Translated by Mark W.
Harrington and William J. Hussey. Lucid account of the principles of mathematical astronomy.
It examines that part of celestial mechanics which deals with the motions of heavenly bodies
considered as material points. Contents: Solution of the Problem of Two Bodies; Formation
of the Goneral Integrals for Problem of n Bodies . . . including discussions of elliptic,

rabolic, and hyperbolic orbits, tho solution of Kepler's aquation, etc.; and sections heade
g:e General Properties of the Integrals and The Theory of Perturbations . . . which deals
with the theory of absolute perturbations, analylical development of the perturbing function,
the variation of the elements, the secular variation of the mean longitude, etc. vi + 294pp.
5% x 8Vs. $129 Paperbound $2.00
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CHEMISTRY AND PHYSICAL CHEMISTRY

ORGANIC CHEMISTRY, F. C. Whitmore. The entire subject of organic chemistry for the practic-
ing chemist and the advanced student. Storehouse of facts, theories, processes found else.
where only in specialized journals. Covers aliphatic compounds (500 pages on the proparties
and synthetic preparation of hydr bons, halides, proteins, ketenes, etc.), alicyclic com-
pounds, arematic compounds, heterccyclic compeunds, crganophosphorus and organometallic
coempounds. Methods of synthetic preparation analyzed critically throughout. Includes much of
biachemical Interest, *“The scope of this volume is astonishing,’” INDUSTRIAL AND ENGINEER-
ING CHEMISTRY, 12,000-reference index. 2387-item bibliography. Total of x 4 1005pp. 53 x 8.

Two volume sat. $700 Vol | Paperbound
§701 Vol 1l Paperbound $2.00
The set $4.00

THE MODERN THEORY OF MOLECULAR STRUCTURE, Bernard Pullman. A reasonably popular
account of recent develcpments in atomic and lecular theory. Contents: The Wave Func-
tion and Wave Equations (history and bases of present theories of molecular structure);
The Electronic Structure of Atoms (Description and classification of atomic wave functions,
etc.); Diatomic Molecules; Non-Conjugated Polyatomic Molecules; Conjugaled Polyatemic
Molecules; The Structure of Compiexes. Minimum of mathematical background needed. New
translaticn by David Antin of “‘La Structure Moteculaire.” Index. Bibliography. vii + 87pp.
5% x 8¥A. $987 Paperbound $1.00 -

CATALYSIS AND CATALYSTS, Marcel Prettre, Director, Research Institute on Catalysis, This
brief book, translated into English for the first time, is the finest summary of the principal
medern concepts, methods, and results of catalysis. Ideal intrcduction for beginning chem-
istry and physics students. Chapters: Basic Definitions of Catalysis (true catalysis and
generalization of the concept of catalysis); The Scientific Bases of Catalysis (Catalysis
and chemical thermodynamics, catalysis and chemical kinetics); Homogeneous Catalysis
(acid-base catalysis, etc.); Chain Reactions; Contact Masses; Heterogeneous Catalysis
(Mechanisms of contact calalyses, etc.); and Industrial Applicatiens (aclss and fertilizers,
etroleum and Retroleum chemistry, rubber, plastics, synthetic resins, and fibers). Trans-
ated by David Antin. Indox. vi + 88pp. 53 x 8. §998 Paperbound $1.00

POLAR MOLECULES, Pleter Dobye. This work by Nobel laureate Debye offers a complate gulde
to fundamental electrostatic field relatiens, polarizability, molecular structure. Partial con-
tents: electric intensity, displacement and force, polarization by orientation, molar polariza-
ticn and molar refraction, halogen-hydrides, polar liquids, ionic saturation, dielectric con-
stant, efc. Special chapter considers quantum theory. Indexed. 172pp. 5% x 8.

S$64 Paperbound $1.30

THE ELECTRONIC THEORY OF ACIDS AND BASES, W. F. Luder and Saverip Zuffanti. The first
full systematic presentaticn of the electronic theory of acids and bases—treating the
theory and its ramifications in an uncomplicaled manner. Chapters: Historical Bachground;
Atomic Orbitals and Valence; The Electronic Theory of Acids and Bases; Electrophilic and
Electrodotic Resgents; Acidic and Basic Radicals; Neutralization; Titrations with Indicators;
Displacement; Catalysis; Acid Catalysis; Base Catalysis; Alkoxides and Catalysts; Conclu-
sicn. Reqguired reading for all chemists. Second revised (1961) eidtion, with additionat
examples and references. 3 figures. 9 tables. Index. Blbliography xii + 165pp. 536 x 8.

§201 Paperbound $1.50

KINETIC THEORY OF LIQUIDS, J. Frenkel. Regarding the kinetic theary of liquids as a gen-
eralization and extension of the theory of solid bodies, this volume covers all types of
arrangements of solids, thermal displacements of atoms, interstitial atoms and lons,
orientational and rotaticnal motion of molecules, and transition between states of matter,
Mathematical theory is developed close to tho physical subject matter. 216 bibliographical
footnotes. 55 figures. xi + 485pp. 5% x 8. 595 Paperbound $2.85

THE PRINCIPLES OF ELECTROCHEMISTRY, D. A. Macinnes. Basic equations for almost every
subfield of electrochemistry from first principlas, referring at all times to the soundest and
most recent theories and resuits; unusually useful as text or as reference. Covers coulometers
and Faraday's tow, electrolytic conductance, the Debye-Hueckel methed for the theoretical
calculation of activity coefficients, concentration cells, standard elactrode potentials, thermo-
dynamic ionization constants, EH. rotentlomelrlc titrations, Irreversible phenomena, Planck's
equation, and much more, “Excellent ftreatise,” AMERICAN CHEMICAL SOCIETY JOURNAL.
;gighly rgmmmendhed.';agufimcu gﬁngh:dE'lAl}L.liR(%caAL Eggémiggguﬁ. 2 Indices. Appendix.
S-item tograghy. igures. es. PR, x .
srae $52 Paperbound $2.45

THE PHASE RULE AND ITS APPLICATION, Alexander Findlay. Covering chemical phenomena
of 1, 2, 3, 4, and multiple component systems, this ‘‘standard work on the subject”
(NATURE, london), has bLeen completely revised and brought "ﬂ to date by A. N. Campbell
and N. 0. Smith. Brand now material has becen added on such matters as binary, tertiary
liquid equitibria, solid soluticns in ternary systems, quinary systems of salts and water.
Completely revised to triangular coordinates in ternary systems, clarified graf?hlc repre-
sentation, solid models, etc. 9th revised edition. Author, subject indexes. 23 gures. S05
footnotes, mosily bibliographic. xii + 494pp. 53 x 8. $91 Paperbound $2.48
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THE SOLUBILITY OF NONELECTROLYTES, Joel H. Hildobrand and Robert L. Scott. The standard
work on the suh{ect; still indispensable as a reference source and for classroom work,
Partial contents: The Ideal Sclutica (including Raoult’s Law and Henry's Law, etc.); Nonideal
Solutions; Intermolecular Forces; The Liquid State; Entropy of Athermal ie'llxlna; Heat of
Mixing; Polarity; Hydrogen Bending; Specific Interactions; ‘'Solvation" and *Assaciation'’;
Srstems of Three or More Components; Vapor Pressure of Binary Liquld Solutions; Mixtures
of Gases; Solubllity of Gases in quuufs; of Liquids in Liquids; of Solids in Li ufds; Evalu-
ation of Solubility Parameters; and other topics. Corrected republication of third (revised)
edition. Appendices. indexes. 138 figures. 111 tables. 1 photograph. iv + 488pp. 5% x 84,

$1125 Paperbound $2.50

TERNARY SYSTEMS: INTRODUCTION TO THE THEORY OF THREE COMPONENT SYSTEMS, @.
Masing. Furnishes detailed discussion of representative types of 3-components systems, Soth
In sclid models (particularly metallic alloys) and isothermal models, Discusses mechanical
mixture without compounds and without solid solutions; unbroken solid solutien series;
solid solutions with solubility breaks in two binary sysioms- iren-silicon-aluminum alloys;
allotropic forms of iron in ternary system; other topics. Blbilographg. Index, 166 illustra-
tions. 178pp. 5% x 834, 631 Paperbound $1.50

THE KINETIC THEORY OF GASES, Loonard B. Lesb, University of California. Comprehensive
text and reference book which presents full coverage of basic theory and the Iimportant
experiments and developments in tha field for the student and investigator. Partial con-
fents: The Mechanical Picture of a Perfect Gas, The Mean Free Path—Clausius’ Deductions,
Distribution of Molecular Velocities, discussions of theory of the problem of specific
heats, the contributions of kinetic theory to our knowle: ge of electrical and magnetic
roperties of molecules and its apgllcalion to the conduction of electricity in gases. New
43»39 preface to Dover edition the author, Name, subject indexes. Six appendices,
570-ltem bibliography, xxxvi + 687pp. 53 x 8. §942 Paperbound $3.50

IONS IN SOLUTION, Ronald W. Gurncy. A therough and readable introduction covering all
the fundamental principles and experiments in the field, by an internationally-known author-
ity. Contains discussicns of sclvation energx. atomic and molecular lons, latlice energy,
transferral of ions, interionic forces, cells and half-cells, transference of electrons, exchange
forces, hydrogen ions, the electro-chemical series, and many other related topics.
Indispensable 1o advanced undergraduates and graduate students in electrochemistry. Index,
45 illustrations. 15 tables. vii + 206pp. 5% x 84, S$124 Paperbound $1.!3

1ONIC PROCESSES IN SOLUTION, Ronald W. Gurney. Lucid, comprehensive examination which
brings together the approaches of electrochemistry, thermodynamics, statistical mechanics,
alaclroacoustics, molecular physics, and quantum theory in the interpretation of the
behavier of ionic sclutions—the most important single work an the subject. Mcre extensive
and technical than the author's earlier work (IONS IN SOLUTION), It is a middle-level text
for graduate students and researchers in electrochemistiy. Covers such matters as Brownlan
motion in liquids, molecular ions in solution, heat of precipitation, entropy of solution,
groton transfers, dissoclation constant of nitric acid, viscosity of lonic solutions, etc.
8 illustrations. 47 tables. Name and subject index. ix + 275pp. 5% x 84,

$134 Paperbound $1.88

CRYSTALLOGRAPHIC DATA ON METAL AND ALLOY STRUCTURES, Compiled by A. Taylor and
B. ). Kagle, Westinghouse Research Laboratories. Unique collection of the latest crystallo.
fraphlc ata on alloys, compounds, and the elements, with lattice spacings expressed uni-
ormly in absolute Angstrom units, Gathers together previcusly widely-scattered data frem
the Power Data File of the ATSM, structure reports, and the Landolt-Bernstein Tables, as
well as from other original literature. 2300 different compounds listed in the first table,
Alloys and Intarmetallic Compounds, with much vital information on each. Also listings for
nearly 700 Borides, Carbides, Hydrides, Oxides, Nitrides, Also all the necessary data on
the crystal structure of 77 elements. vii + 263pp. 5% x 8. §1013 Paperbound $2.25

MATHEMATICAL CRYSTALLOGRAPHY AND THE THEORY OF GROUPS OF MOVEMENTS, Harold
Hilton, Classic account of the mathematical theory of crystallography particularly ihe geo-
metrical theory of crystal-structure based on the work of Bravais, Jordan, Sohncke, Federow,
Schoenflies, and Barlow. Partial contents: The Slereographic Projection, Preperties Common
to Symmetrical and Asymmelrical Crystals, The Theory of Groups, Coordinates of Equivalent
Points, Crystallographic Axes and Axial Ratios, The Forms and Growth of Crystals, Lattices
and Translations, The Structure-Theory, Infinile Groups of Movements, Triclinic and Mono-
clinic Groups, Orthorhombic Groups, efc. Index, 188 figures. xii + 262&). 53 x 8¥%,
§1058 Paperbound $2.00

CLASSICS IN THE THEORY OF CHEMICAL COMBINATIONS. Edited by 0. T. Benfey., Vol. | of
the Classics of Science Series, G. Holten, Harvard University, General Editor. This book
is 8 collection of papers representing the major chapters in the development of the valence
concept in chemistry. Includes essays by Wohler and Liebig, Laurent, Williamson, Frankland,
Kekuld and Couper, and two by van't Hoff and le Bel, which mark the first extension of
the valence concept beyond its pnvel{‘ numerical character. Introduction and epilogue by
Prof. Benfey. Index. 9 illustrations. New translation of Kekulé paper by Benfey. xiv -
191pp. S35 x B¥%. $1066 Paperbound $1.85
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THE CHEMISTRY OF URANIUM: THE ELEMENT, ITS BINARY AND RELATED COMPOUNDS, J. J. Katz
and E. Rabinowitch. Vast post-World War 1l collection and correlation of thousands of AEC
reports and published gapers in a useful and easily accessible form, still the most complete
and up-to-date compilation. Treats “dry uranium chemistry,’’ occurrences, preparation, prop-
erties, simple compounds, lsotoric composition, extraction from ores, spectra, alloys, etc. Much
material available onty here. Index. housands of evaluated blbllograghlca! references. 324
tables, charts, figures. xxi + 609pp. 53 x 8. 757 Paperbound $2.95

THE STORY OF ALCHEMY AND EARLY CHEMISTRY, ). M. Stillman, An authoritative, scholarly
work, highly readable, of development of chemical knowledge from 4000 B.C. to downfall
of pﬁloa ston theory in late 18th century. Every Important figure, many quotations. Brings
alive curlous, almost incredible history of alchemical beliefs, practices, writings of Arabian
Prince Onee{ade Vincent of Beauvais, Geber, Zosimos, Paracelsus, Vitruvius, scores more.
Studies work, lﬁouxht of Black, Cavendish, Priestley, Van Heimont, Bergman, Lavoisier,
Newton, etc. Index. Bibtiography. 579pp. 5% x 8. $628 Paperbound $2.435

Prices subject to change without notice.

Dover publishes books on art, music, philosophy, literature, languages,
history, social sciences, psychology, handcrafts, orientalia, puzzles and
entertainments, chess, pets and gardens, books explaining science, inter-
mediate and higher mathematics, mathematical physics, engineering,
biological sciences, earth sciences, clussics of science, ete. Write to:

Dept. catrr.
Dover Publications, Inc.
180 Varick Street, N.Y. 14, N.Y.
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